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PEEFACE. 



(Geometry, at onoe ancient and modern, is the 

science of Euclid, Archimedes and Apollonius, of 
Kepler, Desargues, Newton and Poncelet. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
bnt the modem methods may be traced to the 
ancient as their germ and source, aud thus it 
remains in a s^se still true that there is but 

one road for all, rj t^etafieTpLa iraaiv ianv 65o9 fiia. 

The modem infinitesimal calculus is an adaptation 

of the ancient method of exhaustions, the method of 
Descartes differs only in the manner of its appli- 
cation from that of ApoUonius, the idea of perspective 

was already formulated by Serenus, and the principle 
of anharmonio section with the leading properties 
of transversals are found in the leuiuuxs of Pappus 
to the lost three books of Porisms of Euclid. There 
is not however in the works of tlie Greek geometers 
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any distinct foreshadowing of Kepler's doctrine of 
the infinite^ of his principles of analogy and con- 
tinuity, or of the theory of ideal chords and points, 
at length completed by Poncelefs discovery of the 
so-called circular points at infinity in any plane. 

In the present as in a former work (1863) I 
have commenced with an elementary treatment 
of the general conic in piano, following out a 
suggestion made by Professor Adams in a course 
of lectures on the Lunar Tlieoiy delivered in 1861. 
This department of the subject has now been made 
more complete with the help of the Eccentric 
Circle, the characteristic feature of a masterly 
though neglected work of Boscovich. In the chapter 
on the Cone the focal spheres are more fully 
discussed, and the angle-properties of the sections 
as well as their metric properties arc deduced. 
The chapter on Orthogonal Projection contains 
proofs of Lambert's theorem* in elliptic motion. 
To the chapter on Conical Projection is appended 
some account of the homographic method of lie ver- 
sion, which springs out of the above mentioned con- 
struction of Boscovich. 



* It has txcn rcmarkcil that, so far as relates to the parabola^ Lambert's theorem 
is implicitly contained in Newton's Prine^ila Vb. Ill* tanaut 10. See lAgrange 
Mieam^ AmigUque tome ii. p. 28^ ed. 8 (1868—6) ; Biongham and Booth An 
MttttgUealvitmqfSSr Imae Kewtom*$ PrvM^ p. 486 (Land. 1866). 



Digitized by CjOOgle 



PBEFACB. TU 

Abundant references will be found to the works 
of authors to wliooi I am indebted. Suffice it here 
to add that my warmest thanks are due to the 
Eeverend Professor Eichard Townseud, F.R.S.y 
Fellow of Trinity College, Dublin, who has been 
at all times ready, in the midst of pressing 
engagements, to aid me with his criticism and 
advice, and has from first to last shewn as great 
an interest in the work now brought to a close 
as if it had been his own. 

C. TAYLOR. 

Jkemi&ptltim, 



BBBATA. 

• Page 42, Ex. 73 for is iwd VarieS 03. 

Paee82»Uiie25 1657 „ 1710. 

pi«e 186» note* » Le SueuT m Le Sear. 

Page 194, schoHnm „ Enutostbenes t, Eratosthenes. 

Page 206, Ex. 545 „ tWO OF morO „ tWO. 

Page2d7,Uns29 „ DjfnarMGS „ Dynamic 



CONTENTS. 



Section L Geometry before Enclid ; ; » ; xtH 

Section II. From Euclid to Serenufl . . . , - tttiv 

Section III. Kepler. Deaargue». Newton . ; ; ; Ivi 

Section lY. Modem Geometry . . . . . Ixxiii 

DEFTyiTT0>;8. 

A conic defined by focus, directrix and eccentricity 1 ; ; ; 1 

The eccentric! rimie . , ' , . S 



CHAPTER I. 
mtHTRTPTrnv nw th» mnrm. 



The three conies traced ..... 


* 


ft 


The circle a limit of the ellipse .... 


• 


7 


A conic is a curre of the second order .... 




8 


To describe a conic by the eccentric circle . . . , 




9 


The intersectiona of any line with a conic determined . , 


• 


10 


A conic is a curve of the second class 




It 


Every conic is concave to ita axis .... 




12 


Examples 1 — 10. ...... 




i> 


CHAPTER n. 






THC OBNEBAL CON 10. 






Tanf^t subtends rif;ht onf^Ie at focus .... 


1 


14 


The directrix the polar of the focus 




Ifi 


Geometrical equation to a tangent .... 
The tangent as defined by Euclid .... 


e 


n 

10 


ConstractioQ for tangents from given point 

Two tangents from any jKjint Fubtcnd e<-iual anslcfl at focus 


» 


•1 

17 



Digitized by Google 



X CONTENTS. 

PAOB 



Hamonic diviflion of any chortl by focal difltanoe of its pole and directrix . 18 

Ocometrical equation to aiiy chord ; ; ; . 13 

Length of intercept by normal on the axis , ; , . „ 

Projection of normal on focal diatancc oougtant ; ; . 2Q 

Properties of anglea subtended at focoa • . , • n 

Anple-propcrtiea of the circle dcnluccd . . . , St 

randlel chorda bisected by a right line . ; , . . 28 

OniinRtes to any diameter parallel to tangents at its extrcmitiea . 24 

The (iiamctcT of any chiml pas.~'^-." through its pole , , , 25 

The second focus and directrix^ and the centre , , . 

The centre of the parabola is at infinity . . . , 2J 

C'oiiihtiun for coiijii;^atc (Hainetcra . . ; , . ^ 

Sum of rtciprocals uf .'r^cnivnt.s df fooal chord constant . . , 2Z 

liatio of pro<hict8 of segments of inten-cctinf^ chords . , . 2S 

Intersection of a circle with a conic , . t . ^ 

Properties of }>olarB . ; j » » , 80 

The 8tnti>:ht line at infinity . , * * . . 82 

EnveIot>e of polar of any point on a oonic with respect to a conic haying 

the same focna and directrix « « i , „ 

Polar of external t>oint meets the conic in real points . . .84 

Polar equations of tangent, normal, chord and polar . ; . „ 

Examples 11—80 ; ; ; . . . 85 



nWAPTRR ITT. 

Tl¥« PAttAHnf.A. 

The parabola reganled as a central conic ... 44 

Square of principal ordinate varies as absciMa . . . • u 

Construction for two mean proportionals .... 45 

Every diameter is parallel to the axis . . . . .46 

Length of any focal chord determined .... 47 

Square of any ordinate varies as abscissa . • , .48 

Two sides of any triangle on Ixuse pnnillel to axis are as the parallel tangents 49 

Ratio of segments of any chord by a diameter . . , . „ 

Products of segments of intersecting chords are as the parallel focal chords 60 

The tangent equally inclined to axis and focal distance . , • 51 

Tangents at right angles meet on directrix .... 52 

The principal subtaugent dotible of the abscissa . . . • » 

Normal bisects angle between ft)cal distance and diameter . . „ 

The subnormal constant and equal to half latus rectum . « • 68 

The focal pcqMsndicular on the tangent .... „ 

The angle between two tangents, and their inclinations to the axia . . 54 

Two tangents with focus determine simihur triangles ... 55 

Envelope of Une cut in constant ratios by three fixed lines . . • » 

Lambert's circle through intersections of three tangents . ^ 

Steiner's property of directrix of parabola inscribed in triangle . . 66 

The parabola touching four given Uncs determined .... „ 

Proportionality of segments of two tangents by a third . . .57 

Steiner's theorem in relation to Pascal's .... 68 

The subtangent on any diameter double of the abscissa . . „ 



Digitized by Google 



CONTENTS. 


xi 


PAOR 


Tansent and diameter at any point cnt any chord proportionally 




Area of trian(;le circuiuscribcd to a {xiraboln ilctcrmincd . . . 


u 


Theorem of Arcliiiuedee on qnadroture of parabola . 


n 


Examples ol — 200 ....... 


fil 


CHAPTER IV. 




CKKTRAL OOKICS. 




The nrinclDal ordinate .... 


76 


liGn^li of minor axis of hyperbola defined .... 


76 


J^mipfti VP iironrrtv of rpntntl ronif^ 


77 


The axis or its complement a degenerate form of conic . . , 


D 


SoiKiro fif ;uiv ortlinxitG Vfiritsi us nniiliu'L of ;il)<ci*aai 


» 


Len;?th of imaf^nary di:unet<:r detined ..... 


78 


Sum or difference of focal disUincoa constant 




K^lations hetwocn setftnonta of tht; iLxis 


80 
ov 


I/enf^lis of latus rectum and any focal chord . . • 


81 


T}ie n/iniPB nambola. elliiisc livnerlxjln c\Tiln.Lncil 


82 


Tanffcnt bisiccta angle between focal diBtancee ... 


88 


uoniocni comes incerseci ai n^^uc anp;ie8 .... 


OA 


The fix."d {X'r]')endiciUftrs upon the tangent .... 


u 


Con-'t.iiit intercept on fociil I'.i^tiiiicc by ili.iniotcr j^nmllol to t.mf^^nt , 


88 


Any diameter cut harinoiiic.illy by tangent and onliuate at any point . 


87 


The director circle or orthocyclo .... 88| 165| 


280 


Irfwtia of vertex of riirht antrlcs ciremnacribed to two oonfocala 


89 


ProtJGrtv of Dolam ....... 


90 


Korm.il bi.<<x;t3 .inixlc iK-tWf'cn focal distances 


92 


licniTth of intcroent on Donnnl bv cither atim .... 


93 


Th«» niihnormAl vn.rift« im the mImcIs-iui .... 


94 


Supplemental cliords parallel to conjugate diameters . 


95 


\/OujUj4Xii€ CLiiLmviCTB corTcHpouti lo uuiLucicrs ul ngut iixigico lu iiuxiiiHry Liruiu 


OA 


One of eTcry two conjugate diamotcrs meets hyperbola 


n 


Construction for conjugate diameters containing a given angle . . 




Sum or difference of Kjuares of conju;^alc diameters constant 


11 


CJoniumto diametiir e\!)reH.se<l in terms of normaL and of focal distances 


98 


Area of conjugate pandlelognim constant .... 


99 


Product of scmnonta of .fixed tancrent bv coniumite diameters constant 


100 




101 


The hvTK'rlKila identified with the clliDSe .... 




T}if» hifdrnl dtTinition ...... 


102 


If acmitude of angle between two tangents to a conic . . . 


105 


Two tangents equally inclined to focal distances of their point of concourse 


106 


Property of the triangle formed by lines aiual to the axis and to the focal 




distances of an exteni.'U fKiint ..... 


107 


Projection of normal on focal radius con.stant . . , 


lOS 


Property of directrix deduced from bifocal definition 


110 


Construction for normal from point on minor axis 


111 


ApoUonius on foci ...... 


n 


Exam plea 201— 390 ...... 


112 



d by Google 



XII CONTENTS. 



nWAPTRR V. 




THE ASTXPTOTBS. 






PAOB 


XD6 Bay uiptoies are BeU'Conjugue ouunebcn wici cangcncs at uinnity 


14Z 


^./Onjuguic iij jXTUOias ucnnea • • • • • 


»« 


The asymptotes a degenerate siinilar oopic • . 


1 IJ 


vx)iJBLruCLion lor noruj»x ftt given point on nypcTuoia 


14 1 

li-l 


A ruuucL ui ocgiucULe oi CLiuru purmici to uxia dj iiic (tsy nipwDt'Cw cousutuu • 


no 


xTuuucb OI oisxauces oi point on curTc irom ine asy uipiOLCS consuinb • 




The curve an<l ilf^ n.~ymptotcs make eijual intercepts on any chord or tan^nt • 




Protiuct of intercepta by the curve on any chord of the asymptotes constant 


147 


Anj> uvn^eiiL coiiuiiiin i% consLant arvA wiwu uue asympvObcs . . 


1 AA 


DiHerencc of miuarcs on conjugate diameters constant . 


149 


Prodoct of segments of any chord by a parallel to an asymptote 


♦» 


The hyperbola as defined with reference to its anymptotea 


»' 


Any tangent and its normal meet asympt^>te^ ami axes on circle through centre 


160 


The conjugate paralleloK^ram haa ita diagonals on the asymptotes 


151 


Construction for hyperbola from given pair of conjugate diameters . 


152 


The two branches of a hjrperbola meet at infinity 


158 


Examples 391— 460 ....... 


154 



CHAPTER VT. 
TOT EQUILATEBAL HTFERBOLA. 



Every diameter ef}ual to its conjugate ..... 


»» 


The principal ordinate a mean proportional to the abscisses 


168 


Conjugate diameters equally inclined to either asymptote . 


169 


Diameters at right angles equal . . . . . 


170 


The normal equal to the ssemi -diameter or its conjnj^te 


♦I 


Any two diameters and tlieir conjugates contain equal angles . 


»» 


Any chord subtends equal angles at the extremities of a diameter . . 


171 


Locos of centres of equilateral hyperbolas through three points . 


f* 


Circle ronnd self-polar triangle passes through centre . . . 


» 


Conjugate parallelogram e<jual to square on axis 


172 


Locus of vertex of triangle the difference of whose base angles is constant 


f» 


Any ordinate a mean proportional to the abscisses 


178 


Product of segments of chord through any point .... 


171 


Equilateral hyperbola through three points pa&<scs through their orthocentre 


175 


Four given pcjints determine an e*iuilateral hyperbola 


176 


Construction for tangent and normal at any point . 


» 


Product of intercepts on any diameter by a tangent and ordinate, or on any 




tangent by conjugate diameters ..... 


»» 


Mechanical dcwription of rectangular hyperbola 


177 


Examples 461— 540 ....... 


178 


CHAPTER VII. 



THB 00?CB. 

Dofinifiona . . . . . ^2 

Thn o>dinat/< ....... Ul3 



Digitized by Google 



CONTENTS. 


Xlll 




PAOB 


Minor axis of section a mean proportional to diameters of circular sectiona 




ihnniK'h its rertices ..... 


IM 


Projection of section npon base has one focus on axis of cone 


u 


The plane of section formerly drawn at right angles to side of oone 


125 


The oeymptotcs ....... 


u 


Foci and directrices determined by focal spTieres 


196 


Rnm nr HiffprpnriA of ffVAl Histances conntAnt .... 


19ft 


Tangent makes equal angles with focal distance and side of cone 


200 


Anple between two tangents to section determined 


201 


The minor axia a mean proportional to diameters of focal spheres . 


2U2 


lAtus rectum varies as perpendicular from vertex of cone to plane of section . 


11 


The auxiliary circle lies on a sphere through the centres of the focal spheres 


203 


Product of focal iicr]:>endicular3 on tangent constant . 


2M 


Tlie discovery of the focal spheres .... 


u 


T^rrwlnpt r»f R/^irmpnt** f»f phnrri tHrrtilf^H Anv noint ... 


205 


Examples 541-600 ...... 


206 


CHAPTER VIII 




CUHVATURB. 




The circle of curvature cuts and touches the come at same pomt, and is the 




Circle of closest contact at that point .... 


2Ii 


Length of focal chord of curvature at any point of a come . . 


21a 


The chord of curvature in any direction deduced . . 


2U 


The game otherwise determined ..... 


212 


Length of common chord of circle of curvature and conic . 


22Q 


Orthogonal projection of chords of curvature . . . 


221 


Huyghens on evolutes 


i» 


The osculating circle named by Leibnitz .... 




Examples 601—650 .... . . 




CHAPTER IX. 




ORTHOGOITAL PHOJKCTIOX. 




Parallel lines project in the same ratio .... 


AAA 

229 


Degree and class of curve unaltered by projection . . 


230 


Areas in one plane project in constant ratio • 


231 


Plane projection defined ...... 


232 


Conjugate diameters of ellipse project into diameters at right angles in a circle 


233 


Area of ellipse to auxiliary circle as minor to major axis . 


234 


Projection of hyperbola into equilateral hyperbola . 


»i 


Properties of polars • • • . . 


n 



Locus ad quatuor lineas ...... 235 

Three osculating circles can be drawn through a given point on an clhpee . 236 
Parallel projection ...... „ 



Projection of any triangle into equilateral triangle . • . 237 

Lambert's theorem in elliptic motion • • . . „ 

Examples 651-695 ..*••.. 242 



d by Google 



xiv CONTENTS. 



HTTAPTRTt Y 
CB0B8 IIATIO AKn IWVOT.nTIfMi . 

Definition of croffs or anliarmonic ratio ., . . . 242 

Elementary properties of cross ratio ..... 262 

Four fixed rays cut any transTcrsal in oonatant crotB ratioe . . 2il 

Condition for conrumni-y of lines . , ^ . 262 

Condition for collincarity of point* ; ; ; , 253 

Harmonic tctrada , , , . . . 2M 

Harmonic properties of quadrilateral . . . . 255 

The diameter of a quatlrilateral defined . ; , , . g&6 

Pappnfl on cross ratio . . . , ^ ^ 

Involution defined . ; , j , ^ . 2S7 

Coaxal circles cut any transversal in inTolntion . . , 9.fM 

A light aRf^le turning abc>nt its summit generates a negative involtttion . *jA<t 

Gcucral r>.lM'iuus lietwccn poiiita in invulutioo . . . gfiO 

Two conjugate points vith foci form a harmonic range . . 261 

Pappna and Dcsargncs on involution . . . . ^ 

Anharmonic proT>crtic8 of conies j ; j . . 2fi2 

Newton's organic description of conies ; ; , . 268 

Maclaurin's description of conies ; ; ; . , 264 

The conjugate diameters of a conic form a pendl in involution . . 266 

Construction for four normals from given point . ._ . . „ 

Eight lines from one point meet conic at given angle . . . 2fifi 

Kewton on the Locua ad quatuor lineaa . ; ; . . ^ 

Property of polars » ; . j ; , 2fiB 

A rovr of points and their polars homographic .... 269 

Conjugate points and lines with respect to conic . . • 270 

Conjugate lines through a focus are at right angles . . • »i 

The rvcippx al of a conic is a conic ; ; ; j „ 

Two triunglca circumscribed to a conic arc inscribed in a conic ._ , 271 

The problem to drcuminacribe a triangle to a given pair of conies ia indeter* 

minabe . , ^ . . . , 222 

The problem to inscribe a triangle self-polar to one conic in a second ia 

ii'.dotfcrminate a , s , , , 228 

Gaskin's property of the orthocycle ; ; . . 224 

Conies through four points have a common self-polar triangle . . ^ 

FrC'gier'a theorem ; ; ; ; . . 22fi 

Belf-polar triangle of conies touching foor lines . ; . . 

Theorem of Dcsurgucg on involution j 2 , . 221 

Given four points on a conic, the polar of a fixed point poaaoa throngh a fixed 

point . . , . . . , 228 

Hamonic section of common tangent to osculating circle and conic . 2Z2 

Similar coaxal conies h.-xvo douhk- contact at infinity . • • u 
Conies tonching the Bame four lines subtend a pencil in invoUition at any 

point, and their orthocyclca are coaxal . . , 280 
Poles of given lino with respect to all conies touching foar given lines arc 

collinoar . . . . . . 281 

Confocal conies have four common tangents . • . . „ 

Newton's property of the diameter of a quadrilateral . . . 282 

Centre-locus of conies through four points .... 288 

Nine-point circle of u tctrastigm , « • .285 



Digitized by Google 



CONTENTS. XV 

rAOB 

Degeneration of conic into line or line-pair . ^ . 28^ 

Pascal's hexagon ; ; ; ; ; . 286 

Conairuciion of conic through five points ; ; . 

Bri&nchon'g hexagon . ; . . . . 28S 

Oongtniction for other tangents when five arc given . . 2901 

SUiiner's theorem on directrix of pantbola deduced from Brianchon'a hexagon . „ 

Tlie ori^nnal proof of Brianchon'B theorem . . 29J 

E^mplcs G'jG— 800 . . . . . . 232 



nTTAPTF.R YT 
onsmxi. pnojKnTinw 

IVfinitinnq . . . ^ , , , 802 

Dircciie-ii uf the line at infinity indeterminate .... 3U8 

r^.nrcntrii; i-in-U;s touch at tlic^ focoida . , . . „ 

The focoida are conjngate pointa with respect to reCtangiJar hyperbola . £102 

The lines joining a focna to the focoids touch the conic . . 810 

Constant relation of figure moving in a plane to the focoida . . „ 

Boscovich and Ponoelet on continuity . . . . ill 

I'lUeker's definition of the foci of plane curvca . . • u 

Fi^rurvs in lu-r-jiioclive homo;_7r:tp!iic .... 312 

Harmonic and polar properties projective . ' ♦ . . S13 

A line and two angles may be projected arbitrarily ... „ 
Projection of pencil in involution into rectangular pencil, and of any two 

pointa into focoida , ; , . . . Qlh 

Four pfjintw or lines may he i>rojectcd arbitrarily . . . iUl 
Conies touching same four lines project into confocals . . .317 

Projection of conic and point into a circle and itA centre . . SIS 
Conies through four puints project into coaxal circles, and conies having 

double contjict into concentric circles . . . .819 

Projection of angles . ^ ^ . . „ 

Pers|>cctive in one piano ...... 82Q 

Locus of centre of perspective for different planes . . . 321 

Newton on the projection of cnbics . . . . • i» 

Itcversion d.rfincd . , , . . . „ 

Points at infinity reverse into points on the base line . ... 822 

Reversiun of angles . ; . . . . 323 

FrO^^Mcr's tlicorein proved by reversion . .... 321 

C'i-se uf Newton's I)e»rrip(i't Orijnnirn proved by reversion . , fi2i 

ReverHion of Steincr's theorem on directrix of paralx)!a , . , 32ij 

llevetsion of normals, conjugate diameters, asymptotes . . 32Z 
Scholium on reversion . . . . . • 

Homographic figures may be placed in perspective . . . 328 

A conic and point may be projected arbitrarily . . . 823 

Desargues on [)olar phtnes, and on transformation ... „ 

Newton'.s nitionrtl tran.sformation ..... 330 

Examplea 801—^0 ; ; ; . . . „ 

C n A P TF . Tl \TT 

RRril'ROCATlQN AND I.N Vr.R.'IOy. 

Degree of curve cgnal to class of its reciprocal . , . . 832 

Conica through fouj poinla reciprocate into confocala . • aJ8 



Digitized by Google 



xvi CONTENTS. 

PAOR 

Homographic relation of reciprocal points and linea . . . 338 

Beciprocal relation between distances of a point from given lines and of its 

polar from their polea ; ; 2 . . 239 

Beciprocution with n,'S})Cct to a point . 2 , . . 3i0 

Reciprocala of angles snbtended at origin, and of distances from origin . 2il 

Determination of species of reciprocal conic . . . • u 

Property of the orth(x;yc1c provoil by r^riprocation . . 342 

Circle recipn>catc8 into conic with uri{^n as f(X'U8 . . • u 

Eccentricity, latns rectum, centre and directrix of redprocal of drcle . 343 

Reciprocation of coaxal circles into oonfocal conies . . . 344 

The discovery of the principle of duality .... 346 

Properties of minor directrices may be proved by zeversion . . „ 

Or by reciprocation 847 

Double reciprocation and reversion • . • • . 348 

Applications of reciprocation ..... 349 

Further properties of the minor directrices .... 352 

Inversion ....... 854 

Nine-point circle touches inscribed and escribed aides . . .355 

The cardioid ....... 856 

Osculating circles invert into osculating circles .... 867 

Examples 851— 1000 ...... 868 

INDEX. 



d by Google 



PEOLEGOMENA, 



SECTION L 

GEOMETBY BEFOEE EUCLID. 

N.B. References within square brackets [ ] occurring in the 
ProUgamina are to the jMges qf the present work, 

§ 1. The science of Gcomctrj, as its name suggests, was 
developed from the art of land surveying, to which ancient 
testimony likewise refers us for its origin. The practice of 
Bystematic land measurement is said to have been forced upon 
the Egyptians by the annual rise and fall of the river Nile, 
which from time to time left portiooB of land that bad been 
bigb and dry submerged^ or vice versa, so that the owners 
were unable to distinguish what belonged to each. Tbns 
writes Hero* the elder, oif Alexandria, aad to the same effect 
Herodotus (ii. 100], Diodoms Siculns and Strabo, as dted bj 
Bretschneider in his excellent monograph on the hbtory of 
geometiy before £nclid.t Whether the Nile altogether played 
the part attributed to it in the adyancement of science is matter 
of question, bnt it may be conceded to the concurrent testimony 
of ancient writers that the Egyptians had laid the foundation 
of concrete fact upon which the superstructure of Greek abstract 
geometry was to be reared. 



• Heroni'* Alcxandrini Gtometricortm et Stereometricorum reliquitg, p. 188 ttd, 
Hultach rlin He flourislied within the porio l B.C. I'S^-'i'iS, or later. 

t Jjit Geomeirie uni die Geometer ror Lu^litU$ (Liipiig 1870). See also 
Dr. AOman's paper on Gink Geometry from IbalM to BudBd, ia BtrwMlhttta 
Tol 111. 160-207 (OnUin 1877). 

h 



l'KOL£GOMENA. 



* §2. findemns of Rhodes (a disciple of Aristotle and m 
'* immediate predecessor of Euclid) was the primary authority 
on the early history of mathematica ;* but his writings on the 
history of geometry and astronomy, wlilch appear to have 
been composed in a philosophical spirit, now no longer survive, 
except 80 far as they arc embodied in the still extant works 
of his successors. The important list of early geoDicters given 
by Proclus Diadochusf (A.D. 412-485) in his commentary on 
the first book of Euclid's elements is Dot unreasonably thought 
to have been derived from Eudcmus. The following is the 
subetance of the passage, of which the original Greek with a 
German rendering may be found in the above mentioned work 
of Bretschneider, pp. 27-81. It is taken from lib. II. cap 4 
of the commentary, which was written in four books 

^ Geometry is said by many to have taken its rise from the 
measurements rendered necessary by the obliteration of land- 
marks by the Nile. And it is nothing strange that this and 
other sciences should have arisen from practical needs, since 
there is a general tendency in things from imperfection to 
perfection, in accordance with which law we pass naturally 
from perception to reflection and thence to intellectual insight. 
As then the Phoenicians were led on from trade and barter to 
systematic arithmetic, so the Egyptians disooTered geometry in 
the manner aforesaid. 

First Thales went to Egypt and brought over this science 
to Greece. He made many discoveries himself and suggested 
the beginnings of many to his successors, apprehending some 
things more in the abstanact but others in a limited and percep- 
tional way. Next Ameristus, brother of the poet Stesichorus, 
became famed In geometry, as Hippias of Elis relates. Pytha- 
goras, who succeeded them, transformed it into a liberal science, 
investigating its first principles and regarding theorems from 
the immaterial and intellectual standpoint. He it was who 



• Tli-s contemporar)' Thcophrastua also vrmtc something about mathematioi, 
nmongst a niuliitude of other subjectfl^ according to the statement of Diogenes 
Lacrtius (lib. v. cap. 2). 

t Notice tlM editiona lUDtioned on p. [82], and Che Litin cditkm of Baioehs 
(FMavU 1660). 
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dtflcotrered the tbeoiy of irrational quantities and the constmction 
of the regalar solids. After him came Anazagoras of Olaao- 
menas and Oenopides of Chios, who are mentioned by Plato 
as famed in mathematics. After them Hippocrates of Chios, 
who qaadrated the lonule and was the earliest writer on the 
Elements, and Theodoms of Cyrene became eminent in 
geometry. Plato, who succeecled Hippocrates, greatly encour- 
aged the study of mathematics and geometry by the frequent 
use of mathematical considerations in his philosophical writings. 
To this age also belong Leodamas of Thasos, xVrchytas of 
Tarentum and Thesetctus of Athens. Younger than Leodamas 
were Ncocleidcs and bis disciple Leo, who added much to 
the work of their predecessors. Leo also composed a work 
on the Elements characterised by the greater number and 
importance of its propositions, and he assigned the limits within 
which a construction was possible. Endozns of Cnidns, an 
associate of the school of Plato and somewhat junior to Leo, 
increased the number of general theorems, added three. new 
proportions to the three already known, and doTeloped Plato*s 
doctrine of the section (of a line], making use m his investi- 
gations of the method of geometrical analysis. Amyclas of Aiuajraii. 
Heraclea, Menajchmus (a pupil of Eudoxus and contemporary 
with Plato) and his brother Dinostratus made geometry as a 
whole still more complete. Theudius of Magnesia, a writer 
on the Elements, and Athcnfeus of Cyzicus were greatly 
distlngnisbed especially in geometry. These lived and worked 
together in the Academy. Hermotimus of Colophon carried 
on the discoveries of Eudoxus and Thestetus, and also wrote 
some things upon loci. Philip of Mende was led by Plato Lod. 
to study mathematics in relation to the Platonic philosophy. 
Thus ftir do the writers on the history of geometry bring the 
sdenoe.* 

Not much junior to the above was Euclid, who compiled 
the Elements, putting in order many cUscoveries of Eudoxus, 

* If Um hi«UM7 of EademuB bceoks off before Arlstacua, whose writmjTs pieoeded 
£iicli«r<^, \ic may eonjcctarc that it was completed beioTO 320 B.O. It is imponibltt 
to detcrmiue the precise dates of the earljr gcometeca. 

h2 
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completing many of Xlieetetus, and replacing the former lax 
demonstrations by Incontrovertible proofik He lived in tbe 
reign of the first Ptolemy, in snewer to whom be it reported 
to have said that there was no royal road to geometry.* Ho 
was therefore younger than the disciples of Plato, hot elder 
than the ocntemporaries Eratosthenes and ArchimedeSk Being 
a Platonist, he made the constmction of the Flatome hedies 
(or regular soDds) the goal of Us work upon the Elements.'^ 

TbiiM §3. Of the aboTc mentioned early geometers Thalcd, 
hS^m. Pjtliagoras, Hippocrates, Menaechmns and some othci-s deserve 
to be noticed more particnlarly. Thalcs of Miletaa, of Phoe- 
nician ancestry and the foandcr of the Ionian school of philo- 
sophy, was the first to naturalise tbe stady of geometry amongst 
the Greeks. Visiting Egyptf as a trader, be brought back 
thenoe late in life to his native place such knowledge of 
geometry and astronomy as he had been able to pick np from 
the priests. He was born about the commencement of tha 
86th Olympiad, and died (according to one accoont) at the 
great age of 90 years, or opwards. His repntation was made 
once for all by the prediction — ^to what degree of accnracy we 
know not— of an eclipse of the sun, which daly came to pass 
(28th May, 585 B.C.)}; and this well attested fact corroborates 
the statement of Diogenes Laertlus (lib. I. cap. 1) that he 
first came to be styled ao(i}6<t in the arclionshlp of Damasias. 
Although he is said by Proclus in general terms to have made 
many discoveries in geometry, the following alone are ex- 
pressly attributed to him.|l (1) Tbe circle is bisected by its 



* Tbe saying referred to (Bretechocider p. 163) is also attributed to Mensochmus, 
nbo is Mid to kftva nplied to Aknoder: "In tin ooantry, O king, then an xoftds 
MuiTM«l «al fiamthiMi, bvi in gvonMbr Hun li obb voad for aU.* 

t The foreign tmri'ls of the early Greek philoaophers are howerer BOOWtilllM 
thoiiglit to be attested bj innufflcient eTidenoei. Cf. Reooafs BiUmt Loetmru Lsot Ti. 

p. 24G (London 1880). 

X The Bgypttam had donbden supplied hira with the fMts on which hie eal- 

ealiUion was based. Diogenes Lacrtius sutcs that they hnd dboBnred mora tiMB 

1200 eclip?f«» of the snn or moon. See Brctschui iiier pp. 39, 52. 

II See Proclua on Euclid I. def. 17 and prups. 5, 15, "20 (Tboe. Taylor's Pxodtta 
Tol. I. IGa; II. 51, %, 143) ; Diogenes lAcrtios lib. I. cap. i. §§3, 6. 
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^uuneter. (3) The angles at the base of an Isosceles triangle 
«re eqnal to one aaotber. (8) When two straight linea eat one 
another the Tertical angles are eqoaL (4) A method of 
termining the distance of a ship at sea from the land, implying 
the knowledge of a theorem equivalent to Eadid i. 86. (5) 
The angle in a semicirole is a right angle.* And (6) a method 
for determining the heights of the pyramids from the lengths of 
their shadows, viz. at the moment when the sua is at an eleva- 
tion of 45" above the borizon.f 

The fact that a theorem was attributed to Thales by his suc- 
cessors does not altogether exclude the supposition that he had 
himself received it from the Egyptians ; and accordingly it has 
been thought that the second only of the above theorems was 
in^ reality discovered by him. The theorem (5) may have been 
airiTod at by the ii^gyptian geometers by supposing 6rst a 
square and then any rectangle inscribed in a cirde to be turned 
about within it ; and it is impossible to lay much stress on (1) or 
(8). The method (4) if actually known to Thales was probably 
discovered by him, but if (as has been conjectured) he was 
acquainted only with the case of the right-angled triangle^ his 
knowledge of this, as also of (6), may very well have been 
derived from the Egyptians. On the whole we may conclude 
that he probably made some advance towards that abstraction 
by which the Greek geometry, in contrast with the Egyptian, 
was to be characterised ; but more than this cannot safely be 
affirmed until we are better informed as to the "many things" 
which he is said to have discovered for himself. Thales was 
acquainted with the globular form of the earth| whieh was held 
by hb school to be at the centre of the world. 



• This ia of ooaM th» iMBBiiig of the atatoiMft llMl ht m 

t Fluten^ in his Symposium states the method in a form reqairing a knowledge 
of similar triangles and applicable at any time of the day. The most trustworthy 
part of the stoiy is that the method in its simpler form was uaed in £gjipt. It would 
MKve for an obelisk, bat aoaroely for a pyramid. 

t This view ii takaa bj Bratachneider (p. 43), who attribntee (8) tmif to Thefai 
hkaeelf. For a more appfodatiTe eatimate of hia oontribatkNUi to geometiy aee 
AsrsMlAeiMi vol. ill. 173. 
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Pjtbifforas g4^ fbe iiaiiic of Pythagoras of SamoB next arrests onr 
Mo-fioo. attention. Although the date of his birth and his age at his 
death are variously given, be was doubtless a jouDg man when 
Thales, of whom he was regarded as the successor, died. At 
the inatigation of Thalcs he visited Egypt, where he resided 
many yean, learned the Egyptian language and received in- 
stniction from the priests. AAer this he is said to hare Tisited 
or been earned eaptive to Babylon. Betorning to Samoe at a 
time when Ionia bad lost her independence, he migrated thenoe 
to Crotona in Magna Graciai where he gathered ronnd him bis 
ezdnsiye brotherhood and became the founder of the famed 
Italian school; but in course of time be was banished by the 
democr.itic party, and died shortly afterwards at Metapontum. 
We proceed to notice some of the chief discoveries in mathe- 
matics attributed to hira, remarking however that it is impossible 
to distinguish with certainty between the discoveries of the 
master and his scholars, since the doctrines of the sect were in 
the first instance communicated only to Its members, and when 
they came at length to be divulged it was the practice to 
attrilnite everything to Pythagoras himself. Hippasus, who 
offended against this rule, was lost at sea for his impiety 
(lamblichns ViL I)fihag. cap. 18). He had taken credit to him- 
self for the oonstrnction of the sphere circumscribed to a regular 
dodecahedron (ri^r iK r&v &»8eca v€Prayi»vwv], whereas every- 
thing belonged to Him {tUtu wavra '£jee6^ot;), for so they 
eall Pythagoras, and not by bis name.** 

a. The square on the hypotenuse of a right anghd triangle 
is equal to the sum of the squares on the sides containing the 
right angle. 

In honour of this great discovery, as also on some other 
occasions, Pythagoras is related to have offered a sacrifice. 
There is no evidence to support the conjecture that the theorem 
was known in its generality to the Egyptians, although it must 
be allowed to partake of an Egyptian character,* and may have 

* Tbe EgTiitiaa geometiy bad vaiy litU« that waa of an alubaot or genoral 

character, but consisted mainly in the compntation of areas or volames, and in pnch 
Fpecial confltnictions as are required for geometrical drawing. Cf. Biscnlnbr's edition 
of tbe Rhind papyrus, published under the title £xn matkematitchtt Mundbuch der 
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been first proved by an application of the Egyptian method. 
The EgTptiADB were aoqaainted with the fact that the triangle 
whose sides eontain 3, 4, and 5 units of length respectively is 
right angled (Platarch Jh Inde ei Osmde cap. 56), which 
is a special case of the theorem of Pjthagoras; and they most 
also haye been fiuniliar with the still simpler case in which 
the right angled triangle is isosceles. To prove it for this 
case, let one sqnare be supposed to be inscribed symmetrically 
in another. Then it is easily seen that the four triangles at 
the corners may be ilttcd together so as to form two squares, 
the sum of which Is equal to the area of the inscribed square} 
whence the theorem at once follows for the case in question. 

By some such method of dissection of figures the general 
theorem also was perhaps arrived at; and that it was not in 
the first instance proved by the method of fluclid might have 
been taken for granted, even without the express statement of 
Prodns in his comments upon Euclid i. 47. To prove the 
theorem generally,* let one square inscribed in another divide 
each side of the latter into segments equal to a and h respeo- 
ttvely, and let the side of the inscribed square be equal to h» 
Then the whole figure, being made up of A* and the four 
triangles, is evidently equal to A' -f Soft* Next, by considering 
the figure of Euclid ii. 4 (omitting the diagonal), we see that 
the outer square may also be cut up into two rectangles, each 
equal to a/>, and two squares equal to aud respectively. 
Hence it follows that 

and therefore A* is equal to a* 4* h\ or the square on the hypote- 
nuse of one of the triangles is equal to the sum of the squares 
upon its sides. Thus the theorem is shewn to be true for 

any right angled triangle. Pythagoras added a rule for finding 
triads of integers a, h satisfying the relation a' + i' = /<\ The 
problem of the three squares would naturally suggest an analo- 
gous problem relating to cubes; and to a special case of the 



aAm Aegypter (Ldpsig 1877), and aooompanied with a Gennaa tcanalatioD In s 
aqwate volume. 

* The proof hero giren is token fmn Bfetaehnddar'a Ctamt tric <.fc. pp. 81—2. 
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latter, the Duplication of the Cube, we shall see that the 
further progress of mathematiGS was indirectlj to a veiy great 
extent due. 

h. The three angles of a triangle are together egual to two 
right angles. 

Eudeiims, according to a statement of Proclus on Euclid I. 32, 
ascribes the discovery of this theorem to the Pythagoreans, 
together with a general proof of it not uulike that given by 
Euclid. But since Entocius,* on the authority of Geminas, 
asserts that the ancients were accustomed to prove it separately 
for the equilaterai, isosceles and scalene triangles, whilst only 
the later geometers proved it generally once for all, it has been 
conjeetnred that its tmtb may have been known even to the 
Egyptians, the general proof only being Pythagorean. Although 
the fact that the area about a point can be filled up by equi* 
latersl triangles, squares or regular hexagons, and by no other 
regular figures, is said hj Proclas (on Euclid l. 15, Cor.) to 
be a Pythagorean discovery, the positive part of it must have 
been observed by the K^^yptians, who nui.st therefore have 
known that the three angles of an equilateral triangle are 
together equal to two right angles. They may also have 
inferred the same for any right angled triangle regarded as 
the half of a rectangle; and it would then remain only to 
observe that an isosceles or scalene triangle may be divided 
into two right angled triangles. By some sudi process the 
theorem (by whomsoever diacovered) may have been first 
arrived at; or it may have been shewn experimentally that 
the six angles of any two triangles exactly fit into the area 
about a pomt 

c. The regular pohjhcdra. 

We have seen that the construction of the regular solids 
was attributed to Pythagoras by Proclus, doubtless upon the 
authority of Eudemus. Of these five figures the tetrahedron, 
the cube and the octahedron were known to the Egyptians 
and occur in their architecture; but it does not appear that 



^ Ealiey's Apollonias p. 9 ; fiKtachnoider'8 DU Gwrnetrie fe^ p. 11. 
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they were acquainted with the icosahedron or the dodecahedron. 
In the ooDBtractioa of the last mentioned soUd the regular 
pentagon is required; and with this the Pythagoreans were 
familiar, since thej used the starred peotagram,* formed by 
prodnciog its altemale sides to meet, as a secret token of 
zecognition Bjrmbolical of vyUutf the letters v, 7, 0(mu\ 
a bdng written at the five angles of the figure. Moreover 
we have seen [p. zxii] that the knowledge of the dodecahedron 
was SMd to have been possessed and divulged bj the Pytha- 
gorean Hippasus. The regular solids were also called the 
"cosmic figures," the dodecahedron being taken to represent 
the material world, and the remaining four its elements of 
earth, air, fire, and water. f 

«L The applieaiion area; 

The wapojSoXf} or application of areas is attributed in general 
terms to the Pythagoreans (Prodns on Enclid i. 44), and also 
to Pythagoras in particular, who is said to have sacrificed 
an ox, hr\ %w^paykiiaTi.»\ where the reference is either to 
this dtsooyery or to that of the theorem of the three squares 
(Euclid I. 47). An area, according to Proclus, was said to 
be aj>pUtd to a right line when an equal area was described 
upon the line as base ; but the term was also used more 
generally to include the cases in which the base of an area 
placed upon a given line was in excess {vTrep^oXtj) or defect 
(IXXci^is) of the line to which it was ^' applied." Although 
it has not been made out wherein consisted the importance 
of the discovery in the hands of the Pythagoreans, we shall 
see that it played a great part in the system of ApoUonius, 
and that he was led to designate the three conic sections by 
the Pythagorean terms Parabola, Hyperbola, Ellipse. It is 
not however to be thought that Pythagoras or his school had any 
acquaintance with these curves, although, through a misunder- 
standing and conseqnent misreading of the tenn irapa^oXij of 



* On the Polygonss HoUe* see Chasles Aper^ kuttorique pp. 476 — 87 (187C). 
f See Boeck's Platonica corporis mundani fabrica <fe. (Heidelberg 1809). 
I Plutarch on Epicureanism, cap. 11. See Plut. Op. iv. 1338, ed. DUhoer (Pane 
IMl), viMn lbs ntawding wtpi roi x**/>^o* "Hit vo^a/SoX^e ooeaBi 
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areas, he has been supposed to have anticipated Archlraedes 
(whose name, as it happens, follows in the immediate context) 
in his disooveiy of the quadrature of the parabola. 

e. Ineammengurabtlitif and proportum.* 

To Pythagoras, as we have seen [p. xix], was attributed the 

theory of incommensurable magnitudes, which may be regarded 
as a corollary from his theorera of the three squares (Euclid l. 47). 
He was also acquainted with the doctrine of proportion, and 
is related by Plutarch to have solved the problem, to describe 
a rectilinear figure equal to one and sirailar to another given 
figure (Euclid Vi. 25), and on this occasion also to have offered 
asacrifioe; but whether he completed the tbeoxy of proportion 
hj extending it to the case of incommensurable magnitudes 
we are unable to say. lamblichns states that in the time of 
Pythagoras three kinds of proportion only were knowni tib. 
^the arithmetic, the geometric, and in the thud place the 
sahcontrary, as it was then called, bnt which was i^erwards 
called the harmonic by the associates of Archytas and Hippias." 
Further on he remurks of the so called "most perfect" or 
musical" proportion, 

a + 6 2ah , 

which combines in itself the three former, that it was said to 
be a discovery of the Babylonians and to have been brought 
by Pythagoras to Greece. To him belongs the credit of com- 
bining the Eastern science of arithmetic, which he esteemed 
so highly, with the Egyptian science of geometry. 

/. The circle. 

Iamblichns,t giving however no details, says that although 
Aristotle may not have squared the circle the problem was 
at anj rate solved by the Pythagoreans. This problem, as 
we learn from the Rhind papyrus (ed. Eisenlohr vol. i. 98, 117), 
had already engaged the attention of the Egyptians, who 
estimated the circle on a diameter of nine units to be equal 



• Sec Bre;=rViiiei'ler pp. 7'), 83. 

t See the cjitruci from SimpUcius on Aristotle given by Brctachacider, p. 108. 
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%o the sqnare on a line containing eight, thos making ir equal 
to 3^1. Having regard to the perfect sjmmetiy of the sphere 
mod the circle, Pythagoras apeaki of the one as the most 
beaatifiil of solids and the other of plane figures (Diogenes 
Laertins lib. Yiii. cap. 1); bat there is no ground for the 
statement sometimes made that he speaks of the circle as the 
mazimnm plane figure having a given perimeter and of the 
sphere as the maximum solid having a given surface.* 

§5. The further deyelopment of geometry was due in great loql 
measure to repeated attempts to square the drde, to trisect 
an angle and to dnpUeate the cube, which led to the discovery 

of various geometrical loci. Thus Pappusf ascribes to Dinos- 
tratus and Nicoracdes the use of the quadratrix for squaring 
the circle; and Proclus (on Euclid i. 9) relates that Nicomedea 
trisected a given angle by means of the conchoid (of which 
he had himself discovered the genesis and investigated the 
properties), others used the quadratrix of Hippias or Nicomedes 
for the same purpose, whilst others by means of the spiral of 
Archimedes divided a given angle in any given ratio* The 
problem of the duplication of the cube, as we shall see, was 
solved by the intersections of parabolas or other conies, and 
peibaps actually led to the discovefy of the sections of the 
cone. It is to be noticed that the construction of' such a curve 
as, for ezamplej the quadratrix implies the conception of the 
idea of a Locua^ of which beforo the time of the above mentioned 
Hippias of EUs, a contemporary of Socrates, there is no trace, 
although the idea must have presented itself in a rudimentary 
form in the construction of a circle by the most obvious method. 
The earliest writer on loci was llermotimus of Colophon, one 
of the BuccesBors of Eudoxus [p. xixj. 

§ 6. Hippocrates of Chios is referred to by Aristotle [Eth IC(1 nippocratM 
£ndem. VIl. 14) in illustration of the fact that there are persons iM-iso. 
who aro wanting in intelligence in some respects although not 



* For on actual mcntkm of tlMie tlieoninB see IPtspgm CoOteUo lib. v. (toL I. 

pp. 3ir,. 350 ed. Hultsch). 

t CoUtctio lib. ir. prop. 25 (toL 1. 251, od. Hultsch). 
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in others. The geometer shewed his simplicity by allowing 
himself to be defrauded by the donaniera of Byzantium ; or, 
according to Johannes Philoponus, he was robbed by pirates, 
went to Athens to obtain redress, there ft^aented the schooU 
of the philosophers and made such progress in geometiy that 
he ventured to attack the problem of the quadrature of the 
circle. It is related by lambUdias that Hippocratet wae 
expelled from the ichool of the PTthegomne for haTing taagbt 
for hire. 

Hippocratet it celehrated as haviog rednoed the proMem 
of the daplioation of the cobe to the Mmpler form in whidi 

it was thenceforth attempted by geometers. By the dapltcation 
of the cube was signified the construction of a cube of twice 
the volume of a given cube: a problem which may possibly 
have first presented itself in architecture, or may have arisen 
speculatively in the course of an attempt to find an analogue 
in space to the Pythagorean property of squares (Euclid I. 47). 
Eutokius, commenting upon the second book of Archimedes 
De Sphcna et Cylindro^ adduces a series of solutions of the 
problem, including the solution of Eratosthenes given in hb 
letter to king Ptolemy n. together with a twofold tradition as 
to the origin of the problem (Archimedis Op, p. 144^ ed. 
Torelli). Minos of Crete, aocordmg to one of the ancient 
tragedians, ordered a sepulchre for his son Glancus, and then, 
deeming the proposed dimensions of the (cubical) struc t u re 
inadequate, directed the architect to make it ezacUy twice as 
large. At a later period — so the story runs — the people of 
Delos, in time of pestilence, were commanded to construct a 
new cubical altar twice as large as one already existing, and 
accordingly at their request the philosophers of the Academy 
set to work to solve this "solid problem" [p. xxxiii], which 
was found to tranacend the power of the known geometry of 
the straight line and circle. It involved in effect the extraction 
of a cnbe root, or the solution of the cubic equation x*^2a\ 
Hippocrates reduced it to the problem of finding a pair of mean 
proportionals to two given magnitudes a and 5, that is to say, 
of determining x and y so as to satisfy the relations, 

a ; a?«af : y = y : J, 



Digitized by CjOOgle 



8ICTI0N L 



zxiz 



which evidently imply also tbe relation a^s»a*b. It does not 
appear that be himself carried tbe solution any further, hot the 
|irobleiii was afterwards attacked in this form by geometers, 
and in particnUur it was Bolved by MenBchmna in two ways with 
the help of the conic sections, of which he was the discoverer. 
The problem of the duplication of the cahe went by the name of 
the Bdum Problem owing to the above mentioned tradition con- 
necting it with one of the altan at Deloe. 

Hippocrates is also celebrated as baving, in bis attempts to 
square tbe circle, quadrated the lunule contained by the cir- 
cumscribed semicircle of an isosceles right angled triangle and 
tbe semicircle described outwards on one of its shorter sides as 
diameter. By an extension of his method it may be shown 
that the circumscribed semicircle of a scalene right angled 
triangle contains with the semicircles described in like manner 
on its two shorter sides two lonules which are together eqnal 
to the area of the triangle; bat it does not clearly appear that 
the theorem in this more general form is rightly ascribed to him. 
In his further attempts to square the circle, he succeeded only in 
shewing that the problem could be solved if the lunule bounded 
by an arc equal to a sixth part of the circumference and the 
semicircle described outwards upon the chord of the are as 
diameter could first be squared. All this is fully discussed in a 
passage of Simplicius,* a commentator on Aristotle, which is 
given at length by Bretschueider, pp. 100-121. Simplicius 
gives a long extract from Eudemus, interspersed with references 
of his own to Euclid, from which it appears that Hippocrates 
made use of the following propositions in his researches. (1) 
Circles are to one another as the squares of their diameters. 
(2) Similar segments (defined as those which are the same 
finctional part of the circumference) contain equal angles. And 
(8) similar segments are to one another as the squarea of their 
bases. It is posnble, as has been suggested, that by the angle 
in a segment he means the angle subtended by the ^ord of the 
segment at the middle point of its arc, not knowing that the 
angle subtended at any point of the arc is constant and equal to 



* Simplicius, on AmtoUc J)c phygica au»cuitati<m€f fol. 12a (Yenetiit 1526). 
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half tlie angle at tbc centre ; although prima facie it wouH 
appear that, knowing alreadjr so much, be must have beea 
acqoalnted with thia also. 

§7. The same passage of Stmpliciut contaim an acscount 
^* of the method hj which Antipho, perhaps the well known 
opponent of Soerates, attempted the qnadratare of the oirde. 
He first inscribed say a square in the circle, then (bisecting 
each quadrant) an octagon, then a 16-gon, and so on continually, 
till at length he supposed a regular inscribed polygon to be 
arrived at, having an infinity of infinitesimal sides, which was 
to be regarded as coincident with the circle. Although his 
principles were regarded as unsound by the ancient critics, he 
had in fact introduced the fundamental idea of intinitesimalg 
into the geometry of curves, and had virtually proved (1) that 
the areas of circles are as the squares of their diameters — as 
his contemporary Hippocratea had also somehow arrived at; 
and (2) that their circumferences are proportional to their 
diameters. On the quadrature by Bryao, a contemporary 
iophiat, who regarded the circle as intermediate to an inscribed 
and a drcnmacribed n-gon, and then applied the method <^ 
Antipho, see Bretidmeider's JHe Ge(m, vor EM. pp. 126 ff. 

Plato §8. Plato, although not greatly distingnished for his own 
42«-34ii. discoveries in geometry, became the founder of a school which 
was soon to carry the science to unknown heights. lie indeed 
devised an organic solution of the problem of the two mean 
proportionals, depending upon a double application of a pro- 
perty of the right angled triangle, and gave a rule of his own 
for coustructing right angled triangles having their sides com- 
mensurable (ProduB on Euclid I. 47) ; but he rendered far 
greater service to geometry by bis systematic treatment of its 
definitions and primary ideas, and by the impulse which he gave 
to the Btndj amongst hia disciples by insisting upon a knowledge 
of it aa a prerequisite for metaphysical speculation, writmg up 
(as it is said] before his Teatibule, itafifth a^w/UrpfiTo^ tlairn 
/tov T^y 0TC717K. To Plato are attributed the propositions 
Knolid VIII. 11, 12. One of his diBciples Thefldtetns, who had 
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been led by him to the study of incommeDsurablc quantities 
in connexion with proportion, became the author of the propo- 
iitions Euclid z. 9, 10. Another, Mensechmus, developed the 
germs of itereometiy received from him and was led, in what 
way we can only conjecture, to the dtecoveiy of the conic 
sections, whidi is sometimes erroneously attributed to Plato 
himself, owing to a misunderstanding of the term r^¥ fofi^^^ 
the Meticnj in a passage quoted above from Proclns [p. xix], 
where it refers not to the cone but to the right line. Archytas 
of Tarentum, a contemporary of Plato, propounded a solution of 
the Delian problem, and is said to have been the first to iipply 
the method of organic description to geometrical tif^^urcs ; a 
method which Plato (notwitlmtanding his own application of it 
as above mentioned] condemned, as tending to materialise 
geometry and bring It down from the region of eternal and 
incorporeal ideas. It was one of bia sayings, rov Oeov asl 
y§mfiWp€Z¥, which Plutarch discusses in his QumL Conviv. 
lib. YIII. q. 2. Plato is said (Diogenes Laert. lib. ill. cap. 1) 
to have introduced the method of geometrical analysis, and to auii*. 
have communicated it to Leodamas of Thasos. 

$9. MensBchmus,* a hearer of Eudoxns and contemporaiy 
with Plato, is expressly said by Produs (on £uclid I. def. 4), tsf^iw. 
upon the authority of Geminus, to have been the discoverer 
of the conic sections, which were accordingly at first named 
after him the '^MensBchmian triads " [p. 194]. He also applied 
them in two ways to the solution of the problem of the two 
mean proportionals [pp. 45, 189], to which the Delian problem 
had been reduced by Hippocrates of Chios. It remains to 
consider whether, he in the first instance regarded the curves 
in question as plane loci or as sections of a cone. In favour 
of the former view it may be urged that, as georaetera before 
and after him were led to the discovery of the quadratriz, 
the conchoid and other plane loci in their attempts to square 
the circle or trisect the angle, so Mensschmus may have dia- 

* The anecdote which brings Mcnaechmus into relation with Alexander the Gnat 
[p. xx] is cooristent with the suppoeitioa that he was a yoonjer oootemiKffiuy of 

Plato. 
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covered his triad of curves in considering bj means of what 
loci* the construction of a pair of mean proportionals to two 
given magnitudes might be effected. This implies the use of 
the method of geometrical analysis, which was said to have 
been discovered hj Plato [p. xxxi] ; and aooordbglj we find that 
Entokios, who gives in detail the two eolations bj Menachmoa 
of the problem of the two means (Archimed. Op, pp. 141-8| 
ed. Torelli), represents hun as having employed the method 
in both eases. Bat it is more important to notice that it was 
used by Eudozus, of whom Menaechmas was a hearer [p. xix]. 

(1) The problem being to find the two magnitudes x and jf 
which with two given magnitades a and b constitute the con- 
tmoed proportion 

a : x^x : y«y t 
it was seen that the relations af^ajf and jf^hx were to be 
satisfied. Being then, as we have seen reason to condadoy 
already fomiliar with the idea of a loeas, Menaehmns had 
virtaally discovered the parabola regarded as the plane locus 
determined by the relation x* = ay, and it was evident that 
by the intersection of two such curves the required construction 
could be effected [p. 45]. 

(2) In his second solation of the problem he makes use of 
a parabola and a rectangular hyperbola [p. 189], the latter carve 
being regarded as possessing the property that the prodaet 
of the distances of any point on it from the asymptotes is 

constiint ; whence it is interred by Bretschneider [Die Geom. 
vor Eukl. p. 162) that the asymptotes of the liyperbola must 
have been discovered very soon oft' r the curve itself became 
known. Bat when we consider that the assumed relations, 

a : xssxiy^y : 
are evidently eqaivalent to xy^ah and x^ = ay^ it commends 
itself as a not less simple hypothesis that, having ahready formed 
the conception of the curve a^s^y, Menachmus was further 
led by the conditions of the problem to attempt the construction 

* We ham Men, fioa liis aoqnaintance with the quadratriXf that Dino8tnta% the 
brother of Mensechmua — not to mention Hippias of Elis in the pfeoeding eantoiT^ 
mut have been familuur with the idea of a locua [p. xxriij. 
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of the curve satisfying the relation xy = ab. This at any rate 
seems to be the only property of the hyperbola with which he 
can be safely assumed to have been acquainted. The ellipse 
does not occur in either of his solutions. To construct his loci 
he may now have had recourse in the first instance to the 
organic methods reprehended hj Plato,* not at first perceivbg 
that they could be more simplj constrocted hj catting the right 
cone hy planes. It is less natural to rappoaef that the 
dUcoTOij of their genesb from the oome MenaBchmm, or his 
foUoweri, should hsre thought it neossssiy to traoe them hy 
mechanical applianoes, of saeh * mitore as to he almost immedi- 
ately rejected and forgotten. Bot even If he never bo traosd 
them, he m$j still have disooveted fhem as plane locL Their 
aetoal deseriptioot was ftlt to be a difiiealtj many centuries 
later. 

§10. The conic sections, in whatsoever way first discovered, 
soon came to be regarded as " solid loci," and problems which 
required them for their solution were called " solid problems." 
The first writer on the subject was Aristaaus the Elder, who 
distinguished the three conies as the sections of the acute-angled, 
right-angled and obtuse-angled right cones respectively by 
planes drawn at right angles to their sides [p. 195]. He is 
said by Pi^nsll to have written five hooks of Conio 'Elementa, 
and five (u continoation?) npon Solid Loci,§ thus prepsring the 
way for the woHl of Endid on Conies, fie also institnted a 
compsrison of the regular polyhedra,1F to which EnoUd may 
have been mdebted in the thirteenth and last book of his Elements. 
We assign to Aristans the date bxl 890, to indicate that be 
waa intermediate to Euclid and Mensechmus. 



• Plutarch Qtutst. Conviv. lib. viii. q. 2 ; Vita MmwIIi, Ga|i. 14. 

f BretBchneider Die Geom. vor Eukl. p. 143. 

X Eatodas (on ApoUonii Comka I. 20, 21) lemarkB that it WM ofteD neoMMiy, 
^ fkf ieroplm9 vm» ^^mmt, to dateribe ft omio bj poinl^ and Uiat this aiii^ Im 

dOM by mean» of the relntiotifl y* = px, ic 

H CnlUctio lib. VII, §29 Ac. (Tol. II. 672—6. ed. Hultach). 

§ Viviani [p. 221], in a Secunda divituUio ie. (FlorenU 1701), attempted to reator* 
the Loca Solida of AmtaBoa. 

t Bee piap.S of tiw 10-0811041401 book olBooIUniSlMNiiti. 



( xxxlv ) 



SECTION II. 

FBOH EUGUD TO SERENUS. 

Euclid §1. The birthplace of the geometer EncUd, WMnetimes 
mi eonfoiinded with his namesake of Megara, is miknowii. He 
lived under the fint Ptolemy (B.C. 828—384), about two eentnriee 
after the death of PTthagorss; and we find him estahlisfied at 
Alexandria, '^etwa im Jahre 806, als den ersten Mathematiker 
seiner Zeit.*** Of the Tarions lost works attribnted to him we 
' maj mention (1) his treatise on Conietj which formed the 
nocleas of the great work of Apollonius, and (2) the three 
books of PorismSj to "wliicLi we shall again refer in speaking of 
Pappus. His 1,T0i')(^€La or ElemeiUs was written in thirteen 
books, to which a fourteenth and a fifteenth (by Ilypsicles of 
Alexandria) are soraetlmes appended. The books 1-6 are too 
well known to need description. Books 7-9 are on the pro- 
perties of numbers ; book 10 on incommensurable magnitndes ; • 
and bookd 11-13 on stereometiy. Book 10 commences with 
the proposition, that If from the mafor of two given maffmt»ide$ 
more than its kotJif he tahm atoay, and from the remamder more 
ihan it$ haffi and so on eontmually; a remainder w3I ai length 
he arrived at loAtcA ie Uee than the minor given magnitiuk* 
Since the minor gi^en magnitode maj be assumed to be as 
small as we please, the proposition is seen to embody the idea 
of convergent series and the principle of the method of ex- 
haustions." 'J'hc book ends with the proposition that the 
diagonal and the side of a square are incoramonsurable. The 
12th book contains applications of the method of exhaustions 
to plane and solid figures, and it is shewn that the areas of 



• Bee UoriU Cantor'a £it0lMl md few Jakrimimp, 8 (Zeitaohztft. t Halh. v. 
Flijiik.8opiai.1867). 
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cirdes are as the sqoareB of tlieir Siameten (prop. 2), every cone 
is the tbird part of a ^linder liaving the same base and altitude* 

(prop. 10), and the volnmes of spheres are as tiie cnbes of their 

diameters (prop. 18). In the 13th book, which is a sequel to 
the 4th, it is shewn that there are but five regular poljhedra, 
such as can be inscribed or circumscribed to a sphere. The 
editio princeps of the '^roix^ia was published at Basel in 1533 
[p. 82]: the Arabic version at Rome in 1594. The Oxford 
GnBco-Utin editioOf by David Gregory, of the extant works of 
Euclid was issaed in 1703: it contains the Elements, Data, 
Introdactio Harmonica, Sectio Canonis, Phaenomena, Opticay 
Catoptrica^ De Divistonibos Liber, De Levi et Ponderoso 
frigmentnm. Notice also Pflyrard's Le$ CBworm tPMieUde^ en 
greoy m laim et enfimifaie (Paris 1814-18). 

To what extent fiudid was himself a discoverer we are 
nnaUe to say, bot in his Iflmnents he is to be regarded mainly 
aa a compiler. Hb system as a whole must however have been 
more or less original in its conception ; and the best testimony 
to its superior methoti and completeness is tlie subsequent 
neglect and disappearance of the cognate works of his pre- 
decessors. But his work, although the most ancient on the 
^Toixela still surviving, must not be supposed always to 
preserve the most ancient methods of proof. Thus the theorem 
of Thales (Euclid i. 5) cannot have been first proved in the 
manner of Euclid ;t whilst Prodns expressly states that the 
theorem of Pythagoras was not originally proved as In 
Ibdid X. 47* It was also perhaps first shewn more briefly than 
by Endid that drdes are as die sqoares and spheres as the 
cnbes of theur diameters. 

§2. Ardiimedes of Syracuse was bom in the year 387 B.c.| ArehioMdM 
According to Plutarch ( Vtta Maroelli cap. 14) he was related tn^-oM, 



• XUi theorem, as we shall see, was diacoTeved Xndosiu [p. xxxriii]. 

t The more direct way of deducing it from piop. 4 fii mentioaed by Flodiu^ in 
oonnezion with the name of Pappus. 

X Nokloesof tteflfs end inAa of AirhfTnudm (and of ApoUoaius) are contaiMd 
to OuMiEadidn,*. Jd Miw d br i. See alM> HeObeiBli aitkls on hit knowladgs 
of tba Xi^Mmm In tho ZritocAr./. Matk, «. Pkgtik (April 1880). 

c2 



zzzvi 



PBOLEOOMENA. 



to king Hiero, whilst Cicero on tbe other hrad speaks of bim- 

as " humilera homunculnm" {Tu»c. Disp. lib. V. cap. 23). He 
was a master not only of geometry, but also of theoretical and 
applied mechanics. By bis scientific conduct of the defence of 
Syracuse against the Komans the siege was protracted for two 
years, till at length the city was carried by a surprise from the 
land sidoi and Archimedes fell by the band of a soldier (212 B.C.). 
Hb grave was marked by the figure of a sphere inscribed in a 
cylinder, in commemoration of bit most cherished disooTeries, 
and by that sign it was recognised by Cicero in the coarse of 
his qonstonhip in Sicily. His woiks^ aooordmg to the Chrnoo- 
latin edition of Torelli (Ozon. 1792), are as follows: 

(1) Dc Planorum JEquxlihrm.* Two books, with the tract 
Quadratura Paraholes placed between them (pp. 1-60). 

(S) De Sphcara et CyUndro. Two books (pp. 61-201). 

(3) CireuU Dmtntio (pp. S08-216). 

(4) />e (pp. 217-255). 

(5) De ConMibus et SpharouUbuB (pp. 257-318). 

(6) ArenartuB (pp. 819-333). 

(7) De m qum m Ilumido vehuntur. Two books, in Ladn 
only (pp. 333-354). 

(8) Lemmata^ translated from the Arabic (pp. 355-361). 

(9) Opera tneehamea^ nt cuj usque mentio ab antiqnis scrip- 
toribns facta est (pp. 363-370). 

We learn also from one of the scattered notices of Archimedes 
in the Coilerf/'o of Pappus (lib. V. §34 vol. I. p. 352, ed. Ilultsch) 
that he discovered thirteen semi-regular polyhedra, bounded by 
regular but not similar polygons — one of them, for example| 
by 20 triangles and 12 pentagons, another by 30 squares, 20 
hexagons and 12 decagons. But his greatest achievements in 
geometry were his approximate quadrature and rectification of 
the circle, his quadrature of the parabola, and bis applications of 
the method of exhaustions to the quadrics of revolution. 



* To tUs treatiae and to (S) and (8) an appended the oommeataiiea of Evtocina 
ofAacalon (540 A.D.). 
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§3. In the introduction to his treatise Terpaytovtafi OT Parabola 
no^a/SoX^fy as later scribes have entitled it, Archimedes 
remarks that none before him, so fiir as he knows, has attempted 
to qoadrate the Mgroent cat <^ by a right line from the ^ section 
of a right-angled cone/* for so be calls the parabola [p. 195]. 
His theorem, wbidi was first arri?ed at by mechanical con* 
siderations and afterwards proved by pure geometry, is stated 
as follows: 

The segment contained hy any rvjht line and the section of a 
right-angled com is equal to /our'thirds of the triangle which has 
the same base and altitude as the segment. 

a. In the mechanical proof he shews first that a triangle 
€D£ sospended from a lever of equal arms AB and BO^ so as 
to have its side DE vertical and in a line with the fnlcrmn 
is balanced by an area equal to one-third of its own saspended 

from A (prop. -7} ; and that the parallel sided trapezium cut off 
from the triangle CUE by two vertical lines drawn at horizontal 
distances h and k from B is balanced by an area suspended at ^ 

h h 

intermediate to and of the trapeziam (prop. 18). 

Lastly, supposing a parabolic segment on BU as base to be 
suspended with its vertex downwards, he arrives at the reqoired 
quadrature by successive applications of the foregoing theorems 
after the manner of the method of exhaustions. 

h* The following is a sommary of his second and purely 
geometrical proof of the same theorem (props. 20-24). If F 
be the vertex [fig. p. 58] and QQ the base of a segment of a 
parabola, the triangle QPQ is greater than half the segment. 
Take away this triangle from the segment, and from the 
remaining segments PQ and FQ' take away their corresponding 
trianglcH, and from the four remaining segments their corre- 
sponding triangles, and so on continually. Thus at length 
(Euclid X. 1) we arrive at a remainder less than aoy assignable 
magoitude.* Now the sum of all the above mentioned triaugies 



* By tiuB continual subtraction the area of the MgmdiK is at length exhauettd, 
ficace the toxm method of exkuiatioas." 
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18 + ^ -f* p ^) ^PQVi ^ linu^ of this when ii 

18 infinite is iAPQQ', which is acoordingly the area of the 
segment. Notice that at the end of prop* 8 he alludes to an 
existing treatise on Conies : These things are proved iv roSs 
KmviKoU 2TO<;^eio»9|*' as he does igain in De Conoid, €t 
Bpkmnid, props. 8, 4. There is no reason to think, as some 
have done, that he is referring to a treatise of his own.* 

Tteiptet. g4. In the introductions to some of his treatiseS| Archimedes 
refers to what had been done by earlier geometers. Thus in 
the introduction to the Quadrallura JParabolu (p. 18)| havbg 
stated as his primsiy lemma^f that th$ exoea qf cm ma{ftdtudB 
oner emoiher may he eontmnalfy added to iteelftUl ike mm eoBomde 
esuy auign»i magwUnde^ he remaiks that it had been applied by 
those before him, yis. to prove that circles and spheres are as 
the squares and the eubes respectively of theur diametns, and 
that any pyramid or cone (Euclid xil. 7, 10) is the third part of 
the prism or cylinder having the same base and altitude. In the 
introduction to De SphcBra et Cylmdro lib. I. (p. 64), he gives 
the Important information that the cubatures of the pyramid and 

EodozTu ^the cone (Euclid XII. 7, 10) were discovered by Eudoxus.f 
m. These properties preexisted in the figures, but (though many 
notable geometers lived before Eudoxus) no one had discovered 
them. In like manner, none before Archimedes had discovered 
that the surface of a sphere is equal to four times the area' of 
one of its great circles (prop. 35) ; the volame of a sphere to two 
thuds of the cwcnmscribed cylinder having the same altitude, 
and its soxfiuse to two thuds of that of the cylinder (prop. 87) ; 
tiie soiftoe of any segment of a sphere to the area of tlie circle 
whose radius is Uie line finom the vertex of the segment to any 
point on its base (props. 48—9); and the volume of the solid 
sector determined by any segment to the cone whose base and 



• Oanptn fht fnMiictoiy Bann^ of Aitodai on ApoSknii CbntM Qp. 1^ 

HaUey). 

t See also /)e Helicilnu (p. 220). 

i Eudoxua of Cnidos floaiiahed in the I03id Olympuul, aud died abont 067 B.a, 
aooording to BtdbtdomidtK Di§ Qmm, vor BM, ^ IM. 
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altitude are severally equal to the surface of the segment and 
the radius of the sphere (prop. 50). 

In lib. II. it is proved that the volume of any segment of a 
•phere Is equal to that of a cone of certain altitude described 
upon its base (prop. 3) ; aod the theorems now established are 
Applied to BoWe the problems: to find a piano area equal to the 
eorfeoe of a given sphere (prop, l), to describe a sphere equal 
to a given oone or 07linder (prop. S),* and to divide a given 
sphere into segments whose muiiom or volumes shall be in a 
given ratio (props. 4, 5). 

§5. In the dreuU Dmmma it is shewn, that any oirde is ^^irr ' 
eqnal to the right angled triangle whose sides about the right 
angle are equal to the radius and the dienmferenoe of the circle 
(prop. 1) ; a drcle is to the square on its diameter as ,11 to 14, 

approximately (prop. 2); and that the circumference exceeds 
thrice tlie diameter by a fraction of it less than f and greater 
than 1^ (prop. 3j. These last results are obtained by regarding 
the circumference of a circle as Intermediate in length to those 
of its circumscribed and inscribed 96-gon8. Thus we see that 
Archimedes treated the problem both as a quadrature and a 
rectification of the circle; and he shewed, not only that tt is^ 
nearly equal to 3|, but that it is leas ikem ^ and greater 3f f . 
We may therefore fairly say that his approximation was exact 
to three places of decimals, since the mean of his two limits 
gives V equal to 8.1418 &o. The approximation in the Bhind 
papyrus makes it greater than 8.16 xxvi]. 

§6. In the treatise De HeUcibua he defines his helix or^^^ 
spural (rsa^) as generated by the double motion of a point, 
whtdi moves uniformly outwards firom a fixed origin, in the 
direction of a radius vector which itself rotates uniformly about 
that origb. Suppos'mg the geumtiog point to start from the 



* A solution of the problem of the two mean proportionals being here pr^ 
•Opposed, Entocius (pp. 135-149) gives the methods of Plato, Hero, Philo of 
^jriantiuia, Apollouiua, Diocles, Pappus, Sponis, Menaechraus, Archytiw, EratosUiotiea 
•nd Hicomedea, rejectiug that of Eudoxus (pp. loj, 149), perhaps for ia&uilicicafc 
WMon (Bwtwhnridwr iMe Gtom, vor EM, p. 166). 
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origin 0 and to arrive at the point A after n complete revo- 
lutions of the radius vector, he shews that the intercept made 
hj the tangent at A upon the radius vector at right angles to 
OA 18 equal to n times the circumference of the circle described 
with OA as radius (prop. 19], thus effecting the rectification and 
quadrattire of the cirdo with the help of his spiral | and in 
pcop. SO he prow tlie ooffesponding tfaeorem for anj other 
poflitioii OR of the ndins Tector.* The qnadnitiire of the 
spiral is determiiied in props Si-88« From the mtiodacdon to 
this treatise we learn that there were other able geometers in 
the time of Archimedes, with whom he was in correspondence ; 
and that there were also pretenders addicted to claiming more 
than their due, for whose discomfiture ho propounded false 
theorems, of which examples are given (p. 218). 

His spiral affords the simplest illustration of the generation 
of curves by an angular compounded with a linear motion, 
according to the idea of Plato, who "establishing two most 
simple and principal species of lines, the right and the circular, 
composes all the rest from the mixture of these" (Pi*oclus on 
Euclid I. def. 4). Desargues (1639 A.D.) threw oat the svnf^ 
gestion that a oonio might be thus described| hot assigned no 
law of moTementf On Boberval's role for drawing the 
tomgmlt to a carve at anj pouit| regarded as the Ime of the 
resultant of all the movements of the point, see Qiades* Apergu 
hiBton^e p. 58 (1875). 

Theooooidi. §7. The book De Conoidibus et Sphceroidibus contains 
various theorems on the cubature of the quadrlcs of revolution, 
the sphere having been already dealt with in a separate work. 
The figure generated by the rotation of a " section of the right 
angled cone" about its axis, that is to say, the paraboloid of 
revelation, is called the right angled conoid; the hyperboloid 
of revelation is called the obtuse angled conoid ; but the " acute 
angle conoid," as it shonld be called, is mora briefly termed the 



* Thus in efiEect he determinas the trigonometrical Ungeat of the angle between 
OR and tlie tangent to the corre at B, 

t Boodm (Ewrw A IKMOiyMt vol X. S27| 2M. 
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spheroid. It is shewn that the areas of ellipses are as the 
j^NxlQcts of their axes (prop, 7) ; that an infinity of right cones 
or flinders can be drawn so as to contain a given ellipse 
(props. 8-10); and that the plane sections of the conoids and 
and spheroids aro conies (props, 12-15). The book condudes 
with a series of propositions on their cabatnro (props. 21*34)| 
wliicli aro proved by a process doselj related to the method 
of integration. 

§8. The method of ezhanstions employed by Endid and«S£^, 

Archimedes involved a tedions reducHo ad ahnsrdum^ and was 
perhaps first elaborated as a means of verification rather than of 
discovery. The idea of regarding a curve as a limiting form of 
polygon was propounded, for the case of the circle, by Antipho 
[p. xxx], in the fifth century B.C. ; and the fact that circles are 
as the squares of their diameters was thus rendered intuitive^ 
presupposing only a well known relation between the areas of 
nmiUr rectilmear figores. As regards this property of circles 
and the analogous property of spheres, the proo& given by 
Endid may be sapposed merely to have established more rigidly 
what bad been already divuMd by a sammaiy procoM; bat the 
use of the method of exhanstions was more apparent in the 
actnal evaluation of Tolomes and areas. Ghranted| for example, 
that a curvilinear plane area might be regarded as divided into 
rectilinear elements by an uifinity of consecottve ordinates, the 
summation of its elements could not welt have been effected 
directly before the invention of some form of algebraical calculus. 
Instead of regarding the small elements of a curve as ulti- 
mately rectilinear, the ancients would (in the case supposed) have 
proceeded somewhat as follows. Project every ordinate upon 
the next before and the next after it by parallels to the axis of 
abscissa : thus two sets of parallelograms are constructed^ to 
which the area of the curve Is intermediate: suppose the difference 
between the two sets to be indefinitely diminished by increasing 
the number of ordinatesi and then apply the method of reductio 
ad aknurdum^ as above mentioned. For actual cases of the 
subdivision of sorfiuses by paialld planeS| and theur cnbaturo 
by this method, see Jk Conoid, et SphcerM props. The 
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stereometrlcal work of Archimedes was revived and continued 
by Kepler, whose Nova Stereometria prepared the way for the 
modero fonuB of the infinitesinial calculas. 

Apcdknim §9. Apollonlus of Perga was born In tlie reign of Ptolemy 
947— MS. Euergetes (247-222 B.C.), studied at Alexandria under the 
successors of Euclid, and flourished in the reign of Ptolemy 
Philopator (222-205 B.C.). Of his various works* the most 
famous was the Keovc/ra, which gained for him (according to 
G^miDUsjt the title of the Great Geometer. In the account of 
this work given by Pappus,} it is divided into two tetrads of 
books, the fonser founded on Euclid's four books of ComoBf and 
the latter topplementaiy to them. ApoUonius 'm like manneri 
in his introdnctoiy letter to Eudemna, draws a distinction 
between books 1-4, which he describes as elementary, and the 
remainder, which were we/»MU0'ui0TMM»re/>a, at the same time 
pointing out that the former also contained very much that was 
new. The Oxford edition by Halley (1710) contains books 
1-4 with the commentary of Eutocius, in Greek and Latin 
(pp. 1—250) ; and in a second part, books 5-7 translated from 
the Arabic and lib. Viii. restitutus" (pp. 1—171). The volume 
concludes with the two books of Scrcnus on the Cylinder and 
the Cone, in Greek and Latin (pp. 1-88). The contents of the 
several books of the Conies of ApoUonius are specified below. 
The most striking evidence of his geometrical power is afforded 
by the fifth book, in which he solves the problem of drawing 
normals to a conic from an arbitrary point in its plane, and 
evaluates the coordinates of what we call the Centre of 
Curvature at any pomt of a conic. To have worked out such 
results with the means at his disposal is an achievement not 
unworthy of the greatest of geometers in any age. 

(a) Book I. A conical superticies is detined as the surface 
generated by an infinite right line, which passes throuc^h a 
fixed vertex and moves round the circumference of a given 



• Sec tlw notices in tbs CoUaetto of Hppmi sad of. OutoA EutUd «. §, 

Jahrhumkrt pp. 44-64. 

f HaUey'a Apollonii Conka p. 9. Geminas lived about 150 B.C. (Caator p. 52). 
t CbOMv TOh vn. § 30 Cvol n. p. 672, ed. Hvltwh). 
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circle : the term Cone is used speciallj of the finite portion of 
the snperfices between the vertex and the circle or base. The 
Axis is the line from the vertex to the centre of the bue. The 
plane through the axis at right angles* to the base cuts the 
cone and its base in a triangle, which is called *^ the triangle 
tbrongh the axis;" and eveiy ebord of the cone at right anglea 
to the plane of this triangle is bisected bj it (prop. 5). Any 
plane at right angles to the plane of the triangle tbrongh the 
axis meets the conical surface in general in one of the three 
cnrves fbrmeriy distinguished as the sections of the right, obtuse 
and acute angled cones respectively. These names being thus 
found to be iutappropriate, others have to be suggested in their 
place. The new names may be briefly explained as follows 
[p. 82], The Parabola is so called because at every point of it, 
if p be the parameter, y* is equal to px ; the Hyperbola because 

is greater than px ; and the EUipsef because is less than 
pae (props. 11-13). He Is now practically independent of the 
oone, and starts afresh from the relation between the ordinate 
and the abscissa. See also props. 20— 21. It is shewn later in 
ihe book| that the tangent to a conic at any point and the 
ordmate of the point to anj diameter divide the diameter 
harmonically (props. 84—88} ; and lastlj a eonstroction is giTen 
for describing two conjugate hyperbolas with a given pair of 
conjugate diameters (prop. 56). 

In the use of coordinates} by the ancients, — as for example ^JfJjJJ* 
by Apollonius in this book, and in a more striking way in his 
fifth book — the form of procedure was strictly geometrical 
throughout. Hence we sec more clearly the importance of the 

* Aft«r prop. 5 this plane b called briefly "a plane through the axia." There i« 
thawme lasiiy of ftetement ia dd, 10^ whan tfM ii|^t Um UwctiDg a ejsum ol 
panlkl chords <rf my onrw Una (vdlvqt ««|MrtfXi|t y^ouM'tt) in one plana to daSnad 
ai a diameter; whereapon Eutocius reoBarics that ba xi|^4j uSdMimptmo, tp aonlllda 

the cylindrical helix and the sphere. 

f If the three conies were fir»t discoYcred in the order in which ApoUonina 
(pe^iapB following Euolid and Aiiitmia) here intradnoea them, thk tends zafiher to 
aqiport the ooDjeetnze that th^ were discovered «fi piano [p. sxsii], rinoa fho 

contemplation of the cone, which was regarded as a finite figure (Euclid xi. dcf. 18), 
would have revealed the ellipse first instead of last. Geminus (Proclufl on Euclid L 
def. 4) called the cUipae dvptot, from its shape. Cf. cissoid, conchoid, cardioid. 
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irapa^oXrj of areas [p. xxv.]. In its simplest form thii 
amounted to finding the line which in conjunction with a given 
line detennines a rectangle, or other parallelogram (Euclid i. 44), 
of given area, which corresponds to the algebraical division of a 
given product by one of its factors. A farther use of the term 
occmrs in the determination of the fod of a central oonic which 
ikpollonins calk ^' the pobte arismg 7^ frapafiol^^^ pimeta 
€x appUeaUmie/acieu Here the problem is to divide the azb 
into segments whose product is eqaal to the fourth part of ^ the 
figore'* [p. 82], or to determine x and y from the relations 
x±y^2a and xy = h\ The application to a given line of a 
parallelogram deficient or exceeding hy a parallelogram similar 
to a given one is the subject of the propositions Euclid VI, 
27—29. For an extension of the method to an indefinite series 
of magnitudes, see Archimedes J)>' Conoid, ct Sphcvroid. prop. 3. 
Thus the " application" of areasy so far as it went, was to the 
ancient geometry what algebra, which deals with products and 
factors, is to the geometry of Descartes. 

(b) Book II. The asymptotes are thus defined: on the 
tangent to a hyperbola at any point JP take FT and P J", each 
equal to the parallel semi-diameter; then the Imes CTand CT*f 
and these alone, being produced to infinity, do not meet but 
approach mdefinitely near to the curve (props. 1, 2, 14). 
Through a given point a hyperbola can be drawn so as to have 
a given pair of Unes for asymptotes (prop. 4). The opposite 
intercepts made on any straight line hy the curve and its 
asymptotes are equal to one another, and the product of two 
adjacent intercepts is equal to the square of the parallel semi- 
diameter (props. 8-11). The product of the distances of any 
point on the hyperbola from its asymptotes is constant (prop. 12). 
A line parallel to an asymptote meets the curve in one point 
only (prop. 13). The tangents to conjugate hyperbolas at the 
eitremities of any two conjugate semi-diameters meet on one 
or other of the asymptotes (prop. 21). The diameter through 
tbe point of concourse of any two tangents to a conic bisects 
their chord of contact (props. 29-30). Supplemental chords of 
a hyperbola are parallel to conjugate diameters (prop. 37). 
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Given a central conic, to find its centre and axes (props. 45-8); 
and to draw a tangent making a given angle with the axis 
(prop. 50), or with the diameter through its poiot of contact 
(propA. 51-3). 

(o) Book III. The diameten throagh aaj two points of a 
eoDie COD tain eqoal triangles with the tangents at those points 
(prop. 1). The rectangles contained by the segments of any 
two intersectiDg chords of a conic are as the squares of the 
parallel tangents (props. 16—58). Any chord through the inter' 
section of two tangents to a conic is cut hannonically* hy their 
point of concourse and their chord of contact (props. 37—40) : the 
special case of any chord through the intersection of a tangent 
and an asymptote is treated separately in props. 34—36. Thus 
a substantial contribution is made to the theory of polars, 
afterwards completed by Desaigaes. Any three tangents to a 
parabola cnt one another proportionally (prop. 41). Two 
tangents being drawn at the extremities of any diameter, the 
product of their segments by any third tangent is equal to the 
square of half the oonjogate diameter (prop. 42). The tangent 
to a hypeibola cnts off a constant area from the space between 
the asymptotes (prop. 43). The foci of a central conic, or 
''puncta ex applicatione frusta," are determined and thev 
principal properties prored in props. 45-53 [p. Ill]; bnt 
since the process of " application" fails when the axes become 
infinite, he do^s not detect the existence of Oie focus of the parabola. 

This third book is said by Apollonius, in his preface to the 
entire work (p. 8), to contain many wonderful theorems, for 
the most part new ; and he adds tliat Euclid was not able to 
construct the Locus ad tres et quatuor lineas generally,! but only 
some special case of it, and that indifferently ; for in fact it was 
not possible to complete the construction without our further 
disooTcries,^' where the allusion is doubtless to props. 16-23 
[p. 266j. From the extant works of Apollonius we learn 
nothing about the nature of this Zoct», and even the com- 



* The cxpreadon " harmonicaUy" is however not used by ApoUonioa. On poUn 
with xeqwct to a dide see § 13 (/). 

t The pnxrf to tba oate of the dxcle pnsente no difficulty [p. 88fi]. 
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mentator Eutociua cannot explain the allusion (p. 12). Pappus 
however informs us what the problem really was, and states 
clearly that the locus in question is a conic. He then speaks 
of the locus analogously related to more than four given lines 
[Collectio p. 680, ed. Haltach). Goiuidering the distances of a 
poist from six given liiiM| we may aay that the solid contained 
by three of the diitaaoes wiet as that oontaioed by the re- 
iwMnwg three; but we cannot go on to more than six given 
lines, and aay: ^if the ratio of the oontent of fonr of the 
^tanees to the content of the remainder be given, — nnoe there 
Is not anything that is contained by more than three dimensiona. 
Nevertheless, men a little before onr time have allowed them- 
selves to interpret snch things, signifying nothing at all 
comprehensible, speaking of the product of the content of such 
and such lines by the square of this or the cojxtent of those. These 
things might however be stated and shewn generally by means 
of compounded proportions &c." These predecessors of Pappus, 
a^JSaic were not to be confined to three dimensions, were evidently 
geometry, algebraic geometers, who considered lines not directly as sacb, 
but only in their numerical relations to a unit of length. 

(d) Book IT. JSio two conies can have more than four 
points of concoorse (props. 25, 36, 4(^, 68), or two of coneoome 
and one of contact (props. 36, 45-8, 54), or two of contact 
(props. 37, 88, 49-51, 55). Two parabolas can only tonch one 
another in one point (prop. 38). 

If the earliest writers on conies had not dealt with the 
snbjeot of this book (p. 317), and if the principal part of book S 
was also new, we may conclude that the Conies of Euclid 
contained little or nothing that is not to be found in books 1 
and 2 of ApoUonius and that the earlier Elements of Aristaeus 
were meagre, or " somewhat concisely written." Their treatises 
would have contained elementary propositions on the right coric^ 
the relation of the ordinate to the abscissa in each section, the 
property of a diameter^ some constraction of a tangent with the 
determination of its intercept on any diameter, and the leading 
properties of the asymptotes ; but nothing aboat foci, or normals, 
or the metric relations of conjugate diameters, or of intersecting 
chords of the general conic drawn arbitrarily. 
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(«) Book V. Under the title De Maxtnu's ef Mtnimia^ this 
book treats of the four NormaU (regarded as greatest or least 
ynes) that can be drawn to a conic from a given point in its 
plane, and establishes the complete analogue of £uoUd iii. 7, 8 
for the general conio. If P be vay point on a conic, N its 
projeetion npon the axis, A the nearer Tertex, AL parallel to 
NPvA tqml to ha^tke latua reeiimf and Q the point in which 
the diameter meets PY, then 

P2f* » 2 trapezium ANQL. 

From this relation between the ooordmatea PN and AK the 
fSnUowing results are elaborated. 

If the absmssa ^^be less than AL, the least right line from 

N to the curve is NA^ and the greatest is NA' the remainder 
of the axis (props. 4-6); but if AN be greater than AL^ the 
least line from N to the curve is such that its projection upon 
the axis is equal to AL in the case of the parabola, and in other 

caaea to ^ ON (props. 8—10), which is the property of the 

subnormal. The greatest lines from giren pobta on the minor 
axis of an ellipse to the curve are then considered (props. 16-22), 
and it is shewn that the intercepts upon them between the 
carve and the points in which thej meet the major axis are 
the least Imes that could be drawn from those points to the 
car?e (prop. 29). All such greatest and least lines meet &e 
conic at right angles (props. 27-33] ; and if 0 be any point on 
one of them and N be the pomt at which it meets the curve 
normally, then ON is also a greatest or least line from 0 to 
the curve (props. 12, 21, 31). Four normals (as we shall now 
call them) to a semi-ellipse, or three normals to au elliptic 
quadrant, cannot meet in cue point (props. 47—8). If 0 be any 
point in the plane of a conic whose abscissa AN is not greater 
than ALj no normal can bo drawn to the conic from 0 so as to 
£aU within the angle AON (props. 49, 50); but if AN be 
greater than AL^ then according aa ON is greater thaui equal 
tO| or less than a certain length \ no normal, or one^ or two can 
be drawn to the conic from 0 so as to &U within the angle 
uiO^* (props. 51-2). 
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To detenuine the length \ divide the Bemi-axis CA in M 
ao that 

CE . NM^ OA I AL; 

between CH and CA find two mean proportlonab* CL and 

CKy so that 

CHi CL^OLi OK^OKi OA-, 

and lastly, supposing CK to be an abscissa measured towards 
Ay and Pthe point on the curve (on the opposite side of the 
axis to 0) having CK for its abscissa, take X to PK in the 
compound ratio of CN to CM and HK to CK^ ao that 

X : PK» ON.HKi NH.OK. 

Hence, writing a and b for the semi-axesi we find that 

IT a* ' 

— V^"Mj ' IT V-OA*)^ 

or X=?^Pir*; 

aod tfaeiefore and X are equal to the ooordinitee of the 
centre of corratQre at P, which is here Tirtnally regarded aa 

the point of the ufttmate inferspctton of consecutive normahy since 
if the ordinate of 0 be climinisiK d huwevor slightly, 0 at once 
becomes a point from which two normals can be drawn. The 
locus of 0 is the c volute of the conic [p. 221]. 

When ON is less than X, he detcrmlnos a certain point 2 
having CH for its abscissa and a certain point / on FKy and 
through / he describea one branch of a rectangular hyperbola 
(pp. S9, 40), having for asymptotes the parallels through S to the 
axes of the given conic This semi-hjperbola intersects the 
oonie in t^o points X and IT, the normals at which are OX 



* The Arab interpreter gifei a oonstraction (p. 40) for two mean proportionals 
ideatiHl witli tlmfc of Bx. ISO [p. 18»1. 
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and OY [p. 265].* To determine the portions of 2 and /, 
prodnoe ON\a a point if such that 

through M draw a parallel to the transverse axis, meeting the 
ordinate through ZT in 2, and PK in O ; and upon PG take 
the point /, such that GI. G^ = :iM.MO, The rectangular 
hyperbola maj then be described. Afterwarde he considers 
other positions of the point 0 from which the normab are to be 
drawii| making nse of the same hyperbola of construction 
(props. 55, 58-83). In prop. 75 (the last hot two) it is shewn, 
that if the normals at three points PQR on the same side of the 
axis of an ellipse oointersect in 0, the normal OP nearest to 
the vertex remote from 0 is the longest line from 0 to the 
semif^llipse, and the normal OB nearest to the vertex A 
adjacent to 0 is the longest fine that can be dram fiwn 0 to 
the arc ^ 

(/) Book Ti. Similar conies being those in which corre- 
sponding ordinates and abscisssB are proportional, it is shewn 
that all parabolas are similar (prop. 11) ; as also are central 
conies the figures upon whose axes are similar (props. 13, 18). 
At the end of the book it is shewn how to cat a section of 
given form and magnitude from a given right cone (props. 28-80), 
and convenelj, how to draw a right cone similar to a given 
one throngh a given conic (props. 81-8). 

{^) Book VII. In props. 6, 7 use is made of supplemental 
chords drawn from the vertices. Cf. lib. II. 37. The sum or 
difference of the squares of conjugate diameters is constant 
(props. 12, 13]; and in the equilateral hyperbola conjugate 
diameters are equal (prop. 23). The conjngate parallelogram 
is eqoal to the rectangle contained by the axes (prop. 81). The 
relative magnitndes of conjngate diameters in various special 
eases are then discussed. 

{h) Book VIII. Of this book there is only a conjectural 

restitution. Thirty-three propositions are given, coutaiuing 

* Hallet, in a Scholion on Serenas De Sect, Coni prop. 39 (p. 69], givw a 
oon.«truction for the three nonnaU to a parabola from a giraa pointy hj moMIS Of a 

ceitaiu circle through the vertex [p. 221 J. 

d 
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various special constructions, such as : given the axis and tlie 
latus rectum of a central conic, to draw a pair of conjugate 
diameters whose ratio, or sum, or difference is given 
(props. 7-12). 

MMokw §10. In oontmaation of tbe soeoQnt of tho most brilliant 

period of ancient geometry, the century of Euclid, Archimedes 
and ApoUonius, recourse must again be had to the Collectio of 
the much later writer Pappus, for information about the lost 
three books of Porisms of Euclid. But two other names 
meanwhile demand at least a passing allusion. In the Sphcerica 
of Menelaus, a geometer and astronomer of the first century a.d., 
is found the theorem (lib. lu. lemma 1 p. 83, Ozon. 1768): 
If the aides ag^ gd, da of 9k plane triangle be met hj vkj 
transTenal in the points erh respeetively, then 

ge ; ea—gr.db : rd,ba^ 

or ike product of f&res nonroS^oMni segments of the tidee 
cf the triangle hy any tranevereal te equal to the product cf 

ihe remaining three. This was also extended to spherical 
triangles, and served as a basis for the spherical trigonometry 
of the ancients. But the property of the six segments in piano 
is here noticed on account of the great results to which it led 
long after, especially in the hands of Desargues. See also 
Chasles Apergu hutorigue Note VI. p. 291, 1875 ; Lea Porismes 
p. 107. Menelaas is mentioned in the fourth and sixth books 
of the ChUeoUo of Pappua (pp. 270, 476, 600-2 ed. Hultsch). 

rtoirmy §11. Chiudlus Ptolcmoius was "le plus c(jlcbre, sans con- 
136—139. tredit, niais non le plus verlt:il)leinent grand astronome de touto 
Pantiquitf?." Thus writes Dclambro in the Biographie. Uni- 
verseUr. (vol. 3G. Paris 1823). In a work on the three dimensions 
of bodies, Ptolemy iutrodaced the idea of determining the 
position of a point in space by referring it to three rectangular 
axes of coordinates (ibid. p. 272). Uis chief work, which he 
called a mathematical Svrrcif i9, was forther described by his 
admirers as 17 fi€ydK% and by the Arabs as Almageat (1} fuyurnjj^ 
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Id it* IDicUo JVuno, cap. 19. foL 9h. Venet 1515) he repro- 
daoes the theorem of the six segments (§ 10], which has ao» 
oordingly been ascribed to Ptolemy — and founds upon it a 
system of trigonometry, plane and spherical. For a full account 
of his works sec tome ll of Delambre's Hist, de VAstronomie 
ancienne (Paris 1817), comparing the Prcefatto to the third 
▼oltune of Hultsch's Pappus. 

1 12. The SwoYcoyi; of Pappus was formerly best known Vvpw 

in the Latin version of Commandinus, but a complete Qreek too.' 
text of its BeU'fjui'ce (with a Latin rendering) has at length been 
edited by Ilultsch.f It is a miscellany of mathematics and 
mathematical history, to which we here refer chiefly to supple- 
ment our account of Euclid by some notice of his great work, 
the lost three books of Porisms. It is customary to place 
Pappus near the end of the fourth ccntuiy of our era; but 
Hoitsch, foUowiog Usener {Bheinisches Museum vol. XXYIII. 403), 
oonslders him to have flomrished under Diocletian, 384-805 AJ>« 
A general aooonnt of the Porisms ia giren in lib. Tii (pp. 636| 
€48-80), where it ia said, that the three books were an ex« 
oeedinglj akilfnl compilation, serving for the solution of the 
more diffienlt problems: the doctrine of porisms waa subtle 
and general, and very delightftil to persons of insight and 
resource : nothing had been added to what Euclid wrote upon 
them, except that some dull persons had given their second 
redactions of a few of his propositions. Twenty-nine genera 
of porisms are specified, and it is stated that the three books 
contained 38 lemmas and 171 theorems. The 38 lemmas con- 
stitute props. 127-164 of lib. VII of the CoUecHo (vol. ii. pp. 
866-918). Their enunciations are curt and unfinished, being 
like private memoranda of the writer rather than complete 
statements, and the whole doctrine of porisms long remained an 
impenetrable secret The first great step towards theur inter- 

* Jorhispfupeitjf of atayeiiiiatagyrf fat o rib ed iiiafliroietTii.iyAlso6^-i-aA^, 

aee cap. 9, fol. r>h. 

t Pappi Alexandrini ColUciionis qua tupcrsunt, e tibris MSS, edidil ife. Frid. 
Hultw^h (BeroL 1876-8). Lib. i. is lost, but portions of it.-vin. remain. The 
«ditioii ii in thno volniBei, in whkli the test has one pagination ttaonghont On 
cndior editiona lee Vtaf. to ToL I. 

d2 
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pretation was made by Simson [Phil. Trans. May 1723), and 
the most complete work upon the subject is Cliaslcs' Les trois 
livrea de Porismes d'EucltJe retablw...confonmin> nt au sentiment 
de R, Simson sur la forme des inonces (Paris 1860), which 
Qontains a historical rhum6^ an analyais (pp. 73-81) and enunci- 
ation (pp. 87-98) of the lemmas, and a conjectural reatitation of 
the Foriami. 

§13. Passing by the lemmas 18, 20, 21, 29-33, 36-38, we 
maj gpronp the remainder as below, adhering (except in one 
partieolar) to the classification of Chades. 

(a). Four faced radiants cut any trananersal in a wuiaid 
cross ratio. 

Lemmas 3, 10, 11, U, 16, 19. Props. 129, 136, 137, 140, 
142, U5. 

Lemma 3 (p. 870) affirms, tliat if ajiy tico straight lines 
A BCD and ARC^IX he drawn across three straight lines OB^ 
OOy OD [;?. 253], then 

AB.DG : AD.BO^AB'MG' : Aiy.B'C\ 

Here we have, not quite directly stated, the theorem (a). lu 
lemmas 10 and 16 it is shewn conversely, that if [ADCD] 
as j^l^C"/)'), the line DD' passes throuf^h 0 the intei-scction 
oiBB and CC Lemma 19 is simply, that if {ABCD]=^\, 
then [AB'C'D'] = 1. Lemmas 11 and 14 follow trom 3 and 10 
respectively by taking one of the two transversals, as oBb in 
Art. 103 [p. 251], parallel to one of the three radiants. 

These Lemmas are used in the proof of lemmas 12, 13, 15, 17. 

(h). Hie opposite sides and the tico dinrjonals of any quadri^ 
lateral meet any transversal i)i three pairs of ' points in involution. 

Lemmas 1, 2, 4-7. Props, 127, 128, 130-3. 

Lemma 4 (p. 872) will serve as an example of tlie obscure 
enunciations of Pappus. The statement is as follows : 

The figure ABCDEFGIIKL, and as AF.DC to AB.CF 
so let AF.DE he to AD,EF, {I say) that the line through the 
jtoints HGF is straight. 

This is in reality a converse of (5) [p. 261]. In lemmas 1 
and 2 the transversal is parallel to a side of the quadrilateral 
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Id lemma 5 it is drawn through the points of concourse A and 
C of the opposite sides of the qaadrilateral, and the line A G 
ia divided harmonically by the two diagonals, or if parallel to 
one of them (lemma 6), ia bisected by the other. 

(c) . Theorem recvproeal to Cfta <Aove. 

Lemma 9. Prop. 135. 

Lemma 9 (p. 878) is that, if AD and AE be drawn from 
the vertex A to the base BC of a triangle, FG a parallel to 
the base meeting ^.^i? in F and AC m and H a point on 
DE sacb that 

the lines FH^ OH meet AB and AC respeetively in points 
K and L lying on a parallel to BC, 

Thb b the conyerse of a special case of the theorem| that 
A$ tkns pavrs qf mmmiita of a quadrilateral FGKL eu^end a 

pencil in involution at any point A in its plane ; the point H in 
tbe case supposed being the ceutre of the involution in which 
B£ and CD are segments. 

(d) . If a hexagon he inMcrihed in a line-fair^ its three poire of 
eppoeite eidea meet in three points lying «a a eira^h Ima. 

Lemmas 8, 12, 18, 15, 17. Props. 184, 138, 189, Ul, 148. 
Lemma 18 (p. 886) is to the e£foct, that if AJSB and CFD 
be triads of points on a straight line, the three intersectioos 

{AF, CE), {FB, ED), [BC, DA)^ 

are in a straight line. Tbe figure AFBCED may be regarded 
as a hexagon inscribed in a line-pair. Lemma 12 is the case 
in which AB and CD are paralleL Lemmas 16 and 17 are 
eonTcrse forms of 12 and 18. 

Lemma 8* (p. 878) is tbns enunciated: 

Let ABCDEFG he a /3t$fi^UKo^j and let DE he pareMd to 
BC, and EG to BF. Then BFie paraM to OG. 

That is to saj, if BG be the base of a triangle, DE (termin- 
ated by the sides through B and C) a line parallel to BC, and 
EG, BF a pair of parallels terminated bj BD and CE 
respectively or their complements, then DFy CG are parallel. 



* This lemma is isolated in Ohasles' clMsification (p. 78). 



liT 



PROLBQOICIUIA. 



In other words, if FBCGED he. a hexagon inscribed in a line" 
pair BDO, CEF, the intersections (FB, GE)^ {BG, ED), 
(C(7, J)F) are in the oeue supposed at infintiff and in geMral 
tfi one straight Une, 

(e). Hcmnomc section of a rigluUm. 

Lemmas S8-S7, 84. Fiopi. 148-153, 160. 

These Lemmss are on tiie metric reUtions of tbe segments 
of a hannonio xange ; bnt the term hannonici althon^ coined 
long before [p. zzvi], is not emplojcd. 

(/). Property ofpolars with respect to a circle. 

Lemmas 28, 35. Props. 154, 161. 

These Lemmas (pp. 904, 914) are to tbe effect, that any 
chord of a circle drawn through a fixed point without or within 
it is divided barmonicallj bj tbe point and a certain fixed 
straight line. Of this proposition, which in its entirety \a the 
foundation of the theory of polars with respect to a circle, the 
former part only was extended by ApoUonins to the conies 
(lib. in. 87). 

Focastnd §14. To Pappus we £ire further indebted for tbe earliest 
trace of a focus of the parabola, and of a directrix of any conic. 
In the CoUectio lib. VII. prop. 238 (p. 1013) is the th eorem, that 
the locns of a point in piano, who^e distance from a fixed point 
varies as its perpendicular distance from a fixed straight line, 
is a conic Thus one focus of the parabola is at length found ; 
bnt it was xeserred for Kepler to complete the theory of the 
real ^ foci'* of conies, and to give them their name. 

8«reaiii. § 15. The two books of Serenus of Antissa De Sect, Cylindri 
and De Sect, Coni respectively form a sequel to the Conies of 
ApoUonins in Halley's edition. Serenus was also a com* 
mcntator on Apollonius, and be lived before Marinus, a disciple 
of Proclus.* Many geometers in his day imagining that the 
sections of the (^linder were not identical with the elliptic 
sections of the cone, he sets to work to remoye this mis- 
apprehension. (De Sect, Cyl. props. 16-18). He then shews 

• The date 450 a. d. for Serenus may serve as a conjectunil lower limit, Baldi, 
Crtmica d€ Matematici p. 59 (Urbino 1707), boldly aadgns to lum the precise date 462. 
Sntar Guch,ivmaA,WuHiuAi^ L p. M (ZBrieh 187S) pntastfae date 900-100 M. 
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how to construct a cjlinder and a cone on coplaoar bases, so &a 
to be cut by one plane in the same ellipse or in aimiUr eUipaes 
(propi. 19-23); and furtheri given a cjlinder and a plane 
cutting it) he describes a cone having the same base and 
altitude, which is cut by the given plane in a section similar 
to that of the cjlinder (prop. 25). Props. 26-80 shew how 
to cut a cjlinder or cone in suboontrarj pairs of simUar 
ellipses. The remabing propositions De Beet. Cylindri^ although 
of still greater interest and importancOi are sometimes oyerlooked. 
The property of a harmonic pencil, indirectly stated, is applied 
in space to prove that all the tangents to a cone from one point 
have their points of contact on two generating lines (props. 
33, 34), and the idea of projection by rays emitted from a 
luminous point is suggested and illustrated by a simple case 
(prop. 35). In the book De Sect. Coni be breaks (as he tells us) 
new ground, in thoroughly discussing the triangular section 
determined by an arbitrary plane through the vertex. Thus 
he makes a step towards the generalisation of DesargueSi who 
drew his planes of section without reference tQ the fixed 
triangle through the axis.*' 

§16. The writings of Serenus suggest an answer to the PcnpooUft. 
question (Chasies Apergu histori^ue p. 74, 1875), Was the 
method of perspective* known and used by the ancients? 
Certainly not by those who doubted whether the sections of a 
<7iinder were also sections of a cone. But Serenus now shews 
that the property of a harmonic range may be transferred by 
central projection from plane to planoi and hence that any 
tangent to a conic section and its point of contact project into 
a tangent and its point of contact on any plane. The principle 
of perspective had thus been laid down, as the modem reader 
clearly sees; but if the ancients had still (as in the time of 
ApoUonius) no complete theory of polars with respect to a 
conic, and if they had not learned to look upon parallel straijjht 
lines as concurrent (Chasies Lcs Pvrismts p. 104), the method 
could not have been applied by them to much effect, had it 
been even more distinctly formulated than by Serenus. 

* For some iuformatioQ about perspective see Poudra's Uittowc de la rcrspcctict 
d modtrm (Paris 1864). 
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SECTION III. 

XBFI^EB. DESABGXJES. NEWTON. 

§1. In ibe inteml between the decadence of the Gfeek 
school of mathematics and the roTiTal of kaming In Europe, 
the Arabs presenred and commented npon the works of the old 

masters in geometry, and also applied themselves with effect 
to the uew science of Algebra,* which was so greatly to enlarge 
the domain of geometry itself in the hands of the followers 
of Descartes. Referring for supplementary information from 
tins point onward to I^Iontucla's Ilistoire dcs MatMmatiques^ 
and Chasles* Apergii histortque des M^thodes en GSomitrie^ we 
pass at once to the astronomer Kepler, who by his contributions 
to the doctrine of the infinite and the infinitesimal and his firm 
grasp of the principle of continuity is entitled to the foremost 
rank amongst the fonnders of the modem geometry. 

K«pjj^ § 2. Kepler was bom at Well in the duchy of WUrtemberg 
' (whither his parents had migrated from l^iimberg) on the 27th 
of December 1571, and died at Batisbon in the sixtieth year 
of his age in 1630. A fiiU account of his life is appended to 
IVisch's edition of his collected works} (vol. Yiii. 669~1038)« 
A famous contemporary's description makes him a man of yaried 
ability but snperficial and never incubating long over one 
discovery, " ingenii optirai, nec uni tantnm rei dediti, sed 
univcrslni plura complcctentis, ut et pluribus sesc tradidit. 
Kequo diu ot coustanterj plures ob causas, tanquam OTis gailina 



• For thf litrnitnn' of thiB subject sec Elemcntnry Algtbra iriih brirf tutieu ^ fU 
history tl/ rul. I>i7i)] by Mr. li. Potts, the editor of Euclid's ElemtnU, 

t A work, in two rolumes 4to (Puk 1758), afterwaida expanded bj Do la Lande 
ialo fonr (Putlf 179S-1S02). 

X Jotimit Etpkii •sUoaomi Optra Omma (Fnnooi ft. X. 1S68— 70). 
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wal inveDto incubare ipsi licuit; inde fieri potuit id quod in 
proTerbio dicitur, p/iirt6tM inlentus^ minor ad singula mimim; et 
lie qondam, prasertim autem Arcbimedearum demoDstrationoin 
Tim minoB aocunto judicto perpendisae videri powit" (Kepieri 
Op, IT. 647). It is interesting to pass from this to the evidence 
of his profound insight into the abstract principles of geometry, 
and the indomitable peracrerance with which he established the 
laws of planetary motion that have immortalised his name. 
Though his work might not be recognised in his lifetime, it 
could aiTord to wait centum aunoi^^' lor an interpreter.^ 

§3. The principle of Analogy. 

The work of Kepler entitled Ad VitelUonrm^ paraJii)omena 
quibus AstronomicE para Optica traditur (Francofurti 1GU4) 
contains a short discussion De Coni sectionibus (cap. iv. § 4 pp. 
92—6) from the pobt of view of analogy or contiouity. The 
section of a cone by a plane "aut est Keeta, aut Circolos, 
ant Parabole ant Hyperbole ant Ellipsis." Of all hyper* 
bolas obtnsissima est linea recta, acatissima parabole ; 
and of all ellipses '^acntissima est parabole, obtnsissima curcnlns.'* 
The parabola is thns intermediate in its nature to the hyperbola 
and ^ recta" (or line-pair) on the one hand, and the dosed curves 
the ellipse and the bircle on the other; infinita entm & ipsa est, 
sed finitionem ex altera parte affectat." He then goes on to 
fipeak of certain point - r -Lite 1 U> the sectionn, " quse dcfinitionem 
certam babcnt, noinen nullum^ nisi pro nomine detinitioneni aut 
proprietatem aliquam usurpcs." The lines from these points to any 
point on the curve make equal angles with the tangent thereat: 
" ^os lucis causa & oculis in Mechanieam iutentis ea puncta ij^fy* 
FOCOS appellabimus.** lie would have called them centres if 
that terra had not been already appropriated. In the circle there 
is one focus, coincident with the centre ; in the ellipse or hyper- 
bola two, equidistant from the centre: in the parabola one 
within the section, ^ alter vd extra vel mbra eecUonm tn axe 



* See likT. BarmMkn Mmdi, villi Ghades' aoooaiit of tbe node (Aperga lib* 

toriqnc p. 482). 

t Optica Tkuaunu. ALfiAZSIil Arabit lUn-i TU. item YlTKLUOlSUB Ubri X 
(DasU. 1572). 
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fingeyidus est mfnito intervallo a priore remotuSj adeo ut educta 
II G rel IG* ex illo ccecojoco in quodcun^ue punctum sectionis G 
axi DK parallelosy 

In the circle the focus recedes as far as possible from the 
nearest part of the circumference, in the ellipse somewhat less, 
in the parabola maoh less ; whilst in the line-pair the ^ focus," 
as he stUl calls it to complete the analogy, falb npon the line 
itself* Thns in the two extreme cases of the circle and the 
line-pair the two foci coincide. He then goes on to compare 
the latus rectum and its intercept on the axis, or as he calls 
them the chorda and sagt'ttay in the several sections, oonclading 
with the case of the line-pair, in which the chord coincides tcith 
its arCy abusive sic dicto, cum recta linea sit." But our 
geometrical expressions must be subject to analogy, ^^plurimum 
Yiamque amo anaIo(jias^ Julelissimos meos majistros^ omnium 
naturm arcanorum conscios.^'' And especial regard is to be had 
to these analogies in geometry, since they comprise, in boweFer 
paradoxical terms, an infinity of cases lying between opposite 
extremes, "totamque rei aticujus esaentiara luculenter ponunt 
ob oculoa." Lastly he shews how to describe an ellipse by 
means of a string fixed at the foci, without the use of the 
dnmsy compasses [p. 178], ^'quiboa aliqni cndendis admirer 
tionem hominnm Tenantmr," and gives the corresponding con- 
structions for the hyperbola and the parabola. 

oootinitj. (I) Hereupon be it remarked, that the principle of Analogy 
on which he insists so fervently is the archetype of the principle 
of Continuity. The one term expresses the inner resemblance 
of contrasted figures A and Bf which are connected by innu- 
merable intermediate forms; whilst the other expresses the 
possibility of passing through these intermediate forms from 
A to without any change per saUum. Geometry was not 
indebted to Algebra for tlie suggestion of the law of continuity. 

seeoDdfocot (2) Having traced the transition fi:om the line-pair to the 
' circle through the three standard forms of eonics, he completes 



• The ficrurc iuilicate= thnr tiie line from the farther focus maj be ooiuidered to 
]m either wilbia or without ihc parabola. 
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the theory of the points henceforth named Foci by the discovery 
of the "csecus focus" of the parabola, which is to be taken 
at infinity on the axis either without or within tlie curve. The 
parabola may therefore be regarded indifferently as a hyperbola, 
haying (relatively to either of its branches) one external and 
one internal fociiB| or as an ellipse, bavbg both foci within 
the corre. 

(3) The further focus of the parabola being taken at infinity opiggj; 
on the axis in either direction, the two opposite eztreniitieB t^iMt. 

of every infinite straight line are X\\\\^ regarded as coincident 
or consecutive points — a conception which has been shewn to 
conduct logically to the idea of imaginary points [p. 311]. 

(4) Every straight line from the " c»cu8 focus " of the ^gjgag* 
parabola to a point on the cnnre being said to be parallel 

to the axis, the idea of the concarrence of parallel Imes at 
a point at infinity has at length been formed and annonnoed.* 
It is to be noticed that the new doctrine of parallels is here 
presented in relation to one plane, and not as springing oat of 
the consideration of figures in perspective in space. 

Bach were Kepler^s most original contributions to pure 
geometry, although he is better known by his continuation of 
tibie work of Archimedes in stereometry. 

Of this woik (anno 1615, LmciL Op, n. 545-646 ed. Frisch) 
we notice chiefly the former part, which contains a new and 
abbreviated redaction of the work of Archunedes on the drcU 
and in stereometry, followed by Su^plenuntum ad Arekmedem 
(p. 574). The circuitous method of exhaustions is here trans- 
formed into the method of infinitesimals. Thus in theor. 1, on 
the approximation to tt, he treats an infinitesimal arc as a 
Straight line: "Licet autem argumentari de £B ut de recta, 



• It was in the ooone of an attempt to trace the origin of the term Focus of a 
conic that I came upon the passage quoted from the Pnrallpomenn. Cha-sles {Les 
Pori$nu» p. 104) attributes the discorer}' of the concurrence of parallels to Dcsargues; 
•ad when he says i^Aperqu p. 56. Cf. pp. 16, 18, 61) that Kepler fint intiodiioed 
"INuige de r^tlfM" iBto gaometiy, he it nfni^ 
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quia yis demonstratlonis secat circulum in areas mmimos qm 
isquiparantur rectu*^ In theor. 2 iu like manner he regards 
the circle as an aggregation of triangular elemeots, having a 
common vertex at the centre, and tbeur bases coincident with 
snccessive small arcs of the drcamferenoe. So the sphere is 
considered in theor. 11 to be made up of small cones, having 
their vertices at the centre and their bases, "quamm vicem 
snstinent puncto," on the snrfaoe of the sphere. He then passes 
on to the conoids &c., and thence to the solids generated in 
a certain way by conies, the generating curve being attached 
at right angles to a plane, which turns about one of its own 
points without change of place. He gives a slight resumS of 
his doctrine of the foci, mentioning the furtlier focus and 
likewise the centre of the parabola, but not in such a waj 
as bring out the idea of the concurrence of parallels (p. 577). 

§5. Guldinus, quoted bj Frisch (Eepleri Op> IT. 647)| 
stoutlj opposed Kepler's wquiparatio of an arc to a chord, as 
not permissible *'per ullam uUius demonstration's geometries 
vim"; precisely as it was objected to Antipho [p. xxx], who 
had made bold to do likewise some SOOO years earlier, that 
**he did not start from geometrical principles." It could not 
however be denied that Kepler's method was of service in 
discovering theorems, although by no means to be recommended 
as a method of proof — at least, if any better could be found, 
"si alia suppctant geometris jam probata media" (p.G53). Kepler 
had in reality grasped the idea of the infinitesimal, although a 
tfdculua remained still to be discovered. The law of continuity 
is now applied by him not only to the infinitely great but to the 
infinitely small. He has formed the conception of the continuous 
change of a variable: '^crescit a qnantita nulla continue &c," 
and discovered the law of its variation in the passage through a 
maximum value (Pt. ii. theor. 16 — ^22j; thus laying a firm founder 
tion for the fluxional calcolus of l^ewton, better known by the 
name and with the notation proposed by Leibnitz. 

Byrgg ^6. The name of Girard Desargucs of Lyons (1593 — 1GG2) 
' had fallen iuto obiivioa, when early in the present century his 
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geniuB was reeognited bj Briaocbon (1817) and Ponoelet (183S). 
A furtber appraciative notice In the Aptrgu hiatorique of bis 
apparentlj lost works was followed by Cbasles* own disooTeiy 

of the chief of them, BrouUlon Protect eic.^ which with others 
attcrwards discovered was published by Poudra in bis CEuvres 
de Dcsargues (Paris 18G4). This edition contains a biographical 
notice of Desargues, his recovered works with an analysis of each, 
and an analysis of those of his pupil Abraham Bosse, themselves 
founded upon the ideas of the master. He proclaims himself not 
in the first instance a pore mathematician, avowing that he had 
never a taste for study or research except with a view to some 
practical application, "an bien et commodity de la vie." He 
was an arcbitect and engineer, and in the latter capacity served 
under CSardinal Bicbelien at tbe siege of La Bochelle (1628). 
After tbe war be retired to Paris, where be devoted himself to 
geometry and its applications, frequenting a weekly gathering of 
savants for tbe discussion of mathematical topics, which preceded 
tbe foundation of tbe AcadSmte des Sciences (CEuvres 1. 14). He 
was esteemed by the ablest of his contemporaries as a geometer 
second to none, but virulently attacked by some important per- 
sons* of smaller calibre, who were confounded by the novelty 
and abstraction of bis ideas. The subsequent neglect of his works 
was due partly to the form iu which they were written, but in 
greater measure to the counter-attraction of the algebraic 
geometry of his contemporary and friend Descartes. For full 
information about bis works, which include Perspective, Coupe 
des Pierres, Gnomonique, a fragment on gravitation (i, 289) 
we can only refer to Poudra's excellent edition ; but it will be 
seen from tbe following slight account of some portions of them 
that tbe OiomSirie Projective of the present day is in fact tbe 
geometry of Besaignes. 

§7. In bis earliest work, Mithode UniverseUe de mettre en 
Perspective &c. (1636), he notices the eases in which concurrent 

lines are seen as parailek on the tableau (tome I. pp. 83, 94), 



* Hie hostile critique of M. de BcAngnnd, gecn'taire du Roi, "ett le premier toit 
qui • MTTi in gfinSml foooelet ft leoooaattre le m&dtedeDeufgues" (<Eifvmu.8(8). 
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and concludes with the problem, to find the lines in a conic 
which correspond to the axes of its projection. Purposing to 
return to this work Bhortlj, we pass on to the Bkouillon 
PBOISCT etc [p. 261], or rough sketch of a theory of the inter- 
seetion of a cone by a plane (pp. 97-242, and 243-302). He 
oommeaoes with the new doctrine of infinity.* . The opposite 
points at infinity on a right line are coincident, paralld lines 
meet at a point at infinity, and parallel planes on a line at 
infinity (pp. 108<*6, 229, 245-6). A straight Ibe may be 
regarded as a drole whose centre is at infinity (pp. 108, 224). 
The theorem of the six segments found in the Almagest and 
elsewhere is stated in a converse form (p. 256). The theory 
of Involution de six points^ with its special cases, is fully laid 
down, and the projective property of pencils in involution is 
establishedf (pp. 246—61). The theory of polar lines is ex- 
pounded, and its analogue in space suggested (pp. 263—6, 271—7, 
214, 291). A tangent is a limiting case of a secant (pp. 2G2, 
274, 277), and an asymptote is a tangent at infinity (pp. 197, 
210). The joins of four points in a plane determine three 
couples in involution on any transversal (p. 266), and any oonie 
through the four points determines a couple in involution with 
any two of the former (p. 267). The pobts of ooncoune of 
the diagonab and the two pairs of opposite sides of any quadri- 
lateral inscribed in a conic are a conjugate triad with respect 
to the conic, and when one of the three points is at infinity 
its polar is a diameter (pp. 188-9) ; but he does not explain 
the case in which the quadrilateral is a parallelogram, although 
he had formed the conception of a straight line wholly at 
infinity (p. 205). 

"Mais voicy dans une proposition comme un assemblage 
abrege de tout ce qui precbde " (pp. 195, 277). Thus he intro- 
duces the general theory of projection, which is the main subject 
of the Brouillon. Given any conic 0 and a cone through it, 
let (/ be any section of the cone. Through the vertex V 



* He must haro been acquainted with Kepler's tlieozy of the iod. Notice iuA Oio 
of Keplcr'8 term " foyers " (pp. 210, 222). 

t Not&N fail ten of uptrntaa (p. 104), "Jtov^ do polnlB alignci" [p. US]. 
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[p. 314] draw a plane parallel to ibat of O meetini^ the plane 

of 0 in a/>, and let P be the pole of db with respect to 0. 
Then the system of planes through VP determine the diameters 
of 0\ the centre being considered, as we should say, to be the 
pole of the line at infinity; and any two such j)lanes drawn 
throngh points on ah conjug-atc with respect to 0 determine 
conjugate diametera of 0\ the tangeats at the extremities of 
'which| k distance ou finle on infinie " are also known (p. Id7), 
Since a point at which 0 meets ab coincides with its own 
conjugate, an asymptote of (besides being a tangent at 
infinity) ia a double or self-conjugate diameter. He conclodes: 
K CSomme entr* autre, que sur la qnelconqne de ces conpes de 
ronlean peat estre constmit nn ronlean qoi sera coup^ selon 
qnelconqne espte de coupe denude (p. 198). The ancients 
had always taken a drde for the base of their cone, and had 
drawn all planes of section at right angles to one and the same 
fixed plane. 

The Foci of a conic are determined in piano as the inter- 
sections of the axis with a certain circle, which may have for 
diameter the intercept on any tangent (or on an asymptote, 
p. 288) by the tangents at the vertices, in accordance with 
Apollonii Contca iii. 45 [p. 111]. He determines the axes and 
foci of a conic in the cone by a process (pp. 215-23, 293) which 
Chasles summarises as follows:* 

The line ab being drawn as above, take any point t upon it, 
.and let the chord of contact of the tangents from ( to 0 meet ab 
in t. Also let ty be any segment of ab which subtends a right 
angle at FI The two sets of points M' and ir' constitute 
two iuTolutions, having one segment ce* in common. The polars 
X, X' of the points c, c correspond to the Axes of 0*. 
The tangents to 0 from the points r and the lines from r 
to their several points of contact determine upon A' an involution, 
whose double points correspond to the Foci of 0', since every 
tangent and its normal are harmonic conjugates to the focal 
distances of the point of contact. 



* Maj^ort tur Us prcgrii de la GdomHrit p. 805. 
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§8. A sequel to Desargues' Perspective of 1636, found in the 
Perspective of Bosse (1G48), cootains some explaoations of the 
priacipies of the former work. 

a* BmpOBiHon fondamentale de la praHque dt la Bartpectwe> 
The statement and proof by Desargaes {(Euvrw I. 403 — ^7) 
are analysed by the editor, who reduces his fundamental propo-* 
sition to the anharmonic property of a pencil of four rays (p. 425), 
which cut any transversal in a constant cross ratio. 

b. Fifjures in homoloqi/. 

Three other geometrical propositions are given, which embody 
the pnnclple of perspective in one plane (pp. 413 — 22, 430 — 6), 
The tirst is on triangles in homology [p. 807, 321], the second 
and third on quadrilaterals in homology. On the second he 
remarks generally that a like reduction of the figure to one plane 
may be used **en semblable cas" (p. 417); and in the thurd 
he gives a metrical relation between a system of corresponding 
aegpnents (p. 435). Notice that he passes from solid to plane 
figures in the manner afterwards used by the school of Mooge 
(Ghasles' Ajperga hktorique p. 87). 

seiiooiof Although the roughly sketched essays of Desargues 

themselves fell into neglect, his ideas were preserved by an 
illnstrions school of disciples, numbering amongst its members 
Bosse, Pascal and De la Hire. The writings of the engraver 

Abraham Bosse (1643 — 1667) arc analysed by Poudra in vol. H. 
of the (Euvres de IXsar<jues. The famous ilexagrammum 
Mysticum of Pascal was a corollary from what he had learned 
from Desargues. The theory of polars was brought into 
prominence by De la Hire (1685), and forthwith supposed 
to have been discovered by him. The reader of Brianchou's 
Memoire sur les Lignes du Second Ordre (Paris 1S17), and 
Poncelet^s Traiti dea IS-opriStSa JPrqfectivea will not need to 
be reminded how great a part of modem geometry is actually 
and confesaedly founded on the work of Desargues. 

KMrtoB §10. l^ewton was bom at Woobthorpe near Grantham in 
' 1642, the year of the death of Gralileo, and died in the eighty- 
fifth year of hb age in 1727. The first edition of hb PhilosopkuB 
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naturnlis Principia mntliematica was published 1687, the second, 
edited by Roger Cotes, in 1713, and the third, by Ilenry 
rcmberton in 1726. His Opticks was published in Enghsh 
in 17Ui and in Latin in 1706, in each case with an Apptndix in 
Xjatio containing the Enumeraiio Linearum Tertii Ordlnis and 
a tract Quadraiura Curvarum. For an account of hia life 
aod writings see Brewster's Memoirs of the Life etc, of Sir Imom 
Newkm (Edinborgh 1855), and Edleston's Correapondence of 
Sir Jbaae Newion and Frofsator Cotes (Loodon 1850) ; and for 
the works themselTeB see Honlej's five Yolomes, 1779—85 
[p. 264], and the NewUmi Opuwula (3 toIs.) of Job. CastUlioneus 
(Laos, et Qenevss 1744). Presupposing a general acqnaintanoe 
with bis geometrical diKOTeries, we shall confine our attention 
to a few particulars. 

1 11* In the fourth and fifth sections of the first book of the 
PHnc^na he solves various forms of the problem, to describe 
a conic subject to the equivalent of five conditions, (1) when 
a focus is given, and (2) when neither focus is given. It will 
suffice to allude briefly in passing to the former case. The title 
of lib. I. sect. 4 is De inventume orbtum ellipticorum^ paraboUcorum 
<{; hjperboUcoruni ex umlnUco dato. In it he makes much 
use of the simple property (lemma 15), that the perpendicular 
from one focus of a conic to any tangent intercepts a length 
equal to the axis on the further focal distance of the point 
of contact. The section concludes witli the construction of 
an orbit of which one focus and three points are given, a problem 
which had been solved, '^J^lcthodo baud mqltum dissimilL" 
bj de la Hire, Sect. Conic lib. Vlll. prop. 25. In this construction 
and in prop. 20 Newton assumes that the focal distance of a 
point on a fixed conic varies as its distance firom the directrix, 
a theorem proved in the Arithmetioa Universalis prob. 24 (Cantab. 
1707), and sometimes attributed to Newton as its first discoverer, 
although in reality known to Pappus. 

% 12. Inventio orbium tdfi umbilicus neuier datur, 

A. 

The 5th section of the first book of the Principia^ under 
the above title, treats with the ntmost^generality of the point- 

6 
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proper ti( 8 and the tangent-propertiea of conies. It commences 
with the problem of the Locus ad qucUuor lineas (lemmas 17— 
19), of which no geometrical solution was extant [p. 266]. Then 
follows a theorem (lemma 20) which may be thus stated : If AB 
FO be four fixed points on a given conie, the chords from B and 
(7 to a variable point on the corve meet the parallels throngh P 
to AB and AO respectively in points T and i?, sbch that FT 
Taries as Pi?, and conversely. From a luniting case of this 
lemma he deduces his organic description of a conic by means 
of two rotating angles* (lemma 21), giving somewhat later (prop. 
27 Scholium) his construction for the centre and asymptotes 
of the conic thus generated. By means of the above mentioned 
lemmas he shews how to describe a conic when five points 
on it are given, | or four points and a tangent, or three points 
and two tangents (props. 22 — 4). Next follows lemma 22, 
Ftguraa in alias ejusdem generis viutare^ in which it is shewn 
that any curve may he transformed into another of the same 

order by substitutions of the form A'= — and F«® [p. 330j, 

and two applications of the lemma follow. (1) In order to 
describe a conic passing through two given points and touching 
three given lines, he transforms two of the given lines into 
parallels, and the third given line and the join of the given points 
into parallels (prop. 25] ; and (2} to describe a conic passing 
through a given point and touching four given lines, he transforms 
the four lines into the sides of a parallelogram (prop. 26j. 

B. 

The lemmas next following lead up to some important 
properties of the tangents to conies, the discovery of which 
by Newton is commonly overlooked. First it is shewn that 
if and BD be lines given in position, terminated at A and B^ 
and having a given ratio to one another, the locus of the point 
which divides CD in a given ratio is a straight Une| (lemma 23}. 



• Cf. Ex. 8'>3 []). 358]. The equation to the locua in lemma 21 it ^ven ia tlM 
Arithmetica Vu\vi-riaU.< \ roh. 63 (Cantab. IToT). 

t A solution of ibis case is found in Pnppi ColUctio (p. 1077 ed. Hult^cb). 
X It alio divides AB in Uie nme ratio, ^aoe ilCand SJf vaniah togetbar. 
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Next, if two given panUel tangeoU vis. at A and B to a oonlc 
be cat by any third tangent in Jtf and / respectiTely, the semi- 
diameter ])arallcl to the two tangents is a mean proportional to 
AM and BI (lemma 24j. From this, which is identical with lib. 
III. prop. 42 of the Conies of Apollonius, he deduces two corol- 
laries: (1) if any fourth taogeut meet AM^ BI^ MI in E 
respectively, then 

AMi BQ » AFi BI^ MF-. IQ - ME: EI; 

fix>m the first of which proportions it follows (2) that FI and MQ 
intersect upon AB* The next lemma and its corollaries are of 
peculiar importance in relation to the modern geometry. 

Lemma xxv. 

If MLy LKy KIj IM be the sides of a parallelogram touching 
a conic in A^ Bj D respectively, and if any fifth tangent cut 
them in Q, E respectively, then by lemma 24 cor. 1| 

ME : £f » AMiBQ^BKiBQ; 

or MEiMI^BKiBK-^BQ^BK: KQ. 




H 

In like manner 

Kn:HL=. BK:AF=AM: AF, 
or KHi KL^AMx AF-- AM^ AM : MF. 



* It is easy to generalise this result by transforming the parallel tangents into 
an-pialldt by Newton'ii method. Gt Art. 121 Gw. [p. 279]. 

e2 
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CoroHary 1. 

If the parallelogram aod the oonio be fixed and the fiftb 
tangent Tariable, then 

KQ,ME^ MI.BK^ a constant, 

and KE,MF has the same constant value. The resnlt may 
be ezpressed in words as follows: ^ven two tangentB to a fixed 
cofite, theprodud of the tnterc^tts upon them between the diameter 
parallel to their chord qf contact and any third tangent ie conetant. 
The relation between the intercepts IE and IQ is of the form 
(IM-IE) [IK- IQ) = a constant, or 

a.lEJQ-^b.IE-^-c.IQ-^- d=0, 

which is the " tangential equation " to any conic referred to any 
two fixed tangents, and also expresses that any two given iangente 
are cut homoffraphicalfy hy a variable third tangenL 

Corollary 2. 

If eq be any other position of the tangent it follows that 
KQ : ife- if; : Jlf^a Qq : Ee. 

Corollary 3. 

Since QK is to eM es QqXoeE^ it follows by lemma 28 that 
the middle points of f if and qEm in a straight line with the 
middle point of Qe* Hence, the middle point of £2f being the 
centre of the conic, if a conic be inaeribed in a quadrilaieralf ite 
centre liee on the etraight lint bisecting any pair of the diagonale 
of the quadrilateral* This theorem suggested to Brianchon and 
Poncelet the investigation of the centre-locus of a conic passing 
through lour given points [p. 282], and prepared the way lor 
ihe general consideration of systems of conies suJ^Jact to /our 
conditions. 

In prop. 27 the conic touching five given lines is described, 



* It raiiy or inajr not hare occurred to Newton that this theorem might be 
generalised by projection ; bat in any ca«c^ he would not haTe turned aside to notice 
renDlts so distantly related to his InveiUio orbium. It may be shewn tb&t he must 
Ittve been aoquainted with ^ theoiy of Polara. 
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its centre being first deterrotDed as the point of concourse of 
the dismeters of sny two of the five qoadrilaterals formed by the 
given tangents. In a Soholium he remarks that an asjmptote 
b a kanffmt at infinttj/^ and also shews how to determine the axes 
and foci of a conic described hy the organic method of lemma 21. 
There are also other lemmas which he might have used for the 
Gonstmction of conies, such as that the locus of the middle point 
of a chord drawn through a fixed point to a conic is a parallel 
conic : " sed propero ad luagis utilia." In lemma 26 and & 
corollary it is sliewn how to descrihe a triangle of given species 
and magnitude having its vertices severally on three given lines, 
and how to draw a transversal the intercepts upon which by 
three given lines shall be of given lengths. This lemma is used 
in prop. 28. In lemma 27 and a corollary it is shewn how to 
describe a trapezium of given species having its vertices 
severally on four given lines, and how to draw a transversal 
which shall be cut in given ratios by four given lines, which is 
a special case of section in a constant cross ratio [p. 296]. 
An application follows in prop. 29, and the section concludes : 
^ Hactenus de orbibus inveniendis. Superest ut motus corporom 
io orbibus inventis determuiemn&" 

§13. Curvarurn Desrrtptio On/uinca. 

A well known generalisation of Newton's description of a conic 
by angles would certainly have been passed by in the Principia 
with a " propero ad niugis utilia," since it merely shews how to 
describe a conic by assuming that a conic is already described. 
When however he is treating of pure mathematics, he extends 
his method to the utmost, applying it not merely to cubics, as in 
760, but to curves of all orders having ^'double" points. In 
the case of a cubic, of which a double point A and six other 
points BCDEFG are given, let the angle CAB turn about A 
and the angle ABC about B^ then as the intersection C of 
the arms AC^ BC assumes the new positions DEFG^ the inter- 
section / of the other arms determines four other points, say 
PQRS. Draw the conic APQRSj and let I move round its 
circumference: then C traces the cubic as required (Ojfticks^ 
II. 160, 1701). 
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If instead of the point C a tangent BC be given, the angle 
CAB vanishes, and the curve is described by means of one 
finite angle and a straight line, which latter moves parallel 
to itself wlien the fixed point through which it passes is at 
infinitj.* How was 2^ewton led to hb oi^ganic description of 
conies and other carves? Possibly he took a suggestion from 
Endid ill. 21 [p. 172], and first described a eireU by means 
of an angle and a line parallel to one of its annS| or by 
two angles having one pair of their arms constantly parallel. 



§14, Proof and extension of Newton^ 8 Descriptto Organica. 

Let two angles AOB and AwB of given magnitudes turn 
about 0 and eo respectively, and let the intersection A trace a 
curve of the nth order. For a given position of the arm OB 
there are n positions of A and therefore n of B. When OB is in 
the position Ooa the n B^s coincide with w, which is therefore 
an fi-fold point on the locus of B^ as is also the point 0 ; and 
since any line through 0 (or o)) meets the locus of ^ in n other 
points, the locus is of the order 2n. Its order is the same when 
A»B is a sero-angle or straight line. 

Let a given trihedral angle 0 IABC)'^t a plane OBO and 
a line OA rigidly attached to it— tnm about 0, and let a 
variable plane through a fixed point » meet OA in A and the 
plane OBC in BC^ then if the line BO describes a ruled surface 
of the order n the point A describes a surface of the order An.f 
For a given position of the line BC the locus of A is a conic, 
and when the director surface is a cone of the 7Jth order every 
plane through o> and its vertex meets the surface which is the 
locus of A in 71 conies. 

"When the director is a plane, BC must be made to pass 
through a fixed point or touch some curve in it, except in the 
case in which OA is normal to the plane OBO, In the last 
case the locus of ^ is a quadric, which becomes a sphere when 
the director is at infinity. 



• For some earlier essays at Descriptio Organica sec CliasK s' Ajier^u p. 100. 
t For the dctcrmiuation of i}ic order of the sorfaoe deeciibed hj the point A 
I am indebted to Profeasor Cuylcy. 
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§ 15. Colin MacLaurin developed Newton's theory of curves 
in his Geojnetrica Orgamca^ sive dcscripfio curvarum universalis 
[p. 345], lie also wrote a treatise on Fluxiofhs* (Edinb. 1742). 
The work Ahjrhrn with an Appendix etc [p. 128] was first 
published, after the death of the author, in 1748, and in the same 
year An Account of Sir Isaac Ntwton^a Philoaophical Discoveries. 
Tiie Ajppendix to the Algebra (prof. p. zi) was founded oo 
Cotes' theorem of hermonic means, of which further use has 
been made by Ponoelet and other modem geometers (Sahnon's 
JBfpker Heme Cmrvea ( 132 1879). 

§16. The property of the focus, directrix and determining ^gi^'*** 
ratio remaining buried in the Collects of Pappus, modern 
writers looked to later works for the first notice of the focus of 
the parabola and the directrix of the general conic Thus 
Bobertson in his 8ecL Cmic, pp. 340, 363 (Ozon. 1792) refers 
for the focus of the parabola to an anonymous work De Speculo 
Vstario — ^known to Roger Bacon, and perhaps translated from 
the Arabic — which was published at Louvain in 1548. Gregory 
St. Vincent knew the ])r()perty of tlic directrix for the case 
of the parabola, and virtually arrived at it for the ellipse [Opus 
Geoiiut. lib. IV. prop. 1:^9, p. 317, 1GI7), In the form of Ex. i6 
[p. 35] ; as did De la Hire for the hyperbola, measuring dis- 
tances from the directrix parallel to an asymptote [p. 155 
£z. 397], in his Sect, Conic lib. YIII. prop. 18 (1685). In 
prop. 25 De la Hire introduces the directrix as the polar of the 
focus: in props. 23-4 he bad proved that the tangents at the \ 
eztremities of any focal or other chord subtend equal angles \ 
at the focus. It remained for Newton to bring the property of 
the determining ratio fully to light, and for BoscoWdi, with 
■ ■ ■ ■ ■ ■ ■ ■ I 

* On the riral daim of Leibnits to tiM fizst diaeoTwy of tiie dillemitial eatediu 

Bee Montnda IliM. </t.t }fnth. vol. II. .110-343 (1758) ; Oerhardt's Hist, et Origo Calc. 
JJiff. (Hnntujver IHIG) at!*! other jmblicatious ; Brewster's l.i/e of Setcton 11.23—47 
(Itiofi); Weissenbom Jjie Vrimipien der kokeren Analysis (Ualle 1859); Slotuon 
IV e&wm of lAihniu to th» rawitf»M •/ tA« L^lkrmUint Gdeutmi, tntmlaUd 
from the German (Cambridge 18G0). It is disputed to what extant Ldbnits 
was indebted to the Icttt-n^ ami MSS. of Newton. Leibnitz several times discovered 
things already in print {bunjraphie l'ntr*rselle XXIII. 627 — b, 634) ; and it is a 
Bthking fact that the leading propositions of the Pbimoipia reappeared imder the 
UBW of Q. G. L. in the Acta ErtidUorum pp. 82— S6 (d. p. WS^, 1689. 
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the help of it, to compose the first really complete Sectiouurn 
Comcnrum Elementa. The term Directrix, formerly used in the 
case of the parabola, ia now used of the general conic (p. viii.) ; 
as in the following year also (1758) by Hugh Hamilton, who 
added a construction for the focus and directrix in the Cone 
[p. 204] ; but tlie term was still used only for the parabola by 
Le Sear and Jacquier (1760) in their edit. 2 of the Prinnpia 
(l. 184, 179), and the characteristic propertj of the line itself 
in the general oonic was not familiarly known even some years 
later, to judge firom LexelPs elaborate disooTeiy of the simplest 
of corollaries from it in the Nova Ada BeiropoL I. (147), 1787. 

Later works founded npon the pro[)erties of the determining 
ratio and the eocentrie circle [p. 8] were those of Thos. Newton 
(Camb. 1794), G. Walker of Nottingham (Lond. 1794), and 
John Loslic (Edinb. 1821), wlio describes Thos. Newton's work 
as " clear, neat, and concise," whilst Walker's " though in- 
genious and strictly geometrical, is unfortunately so prolix and 
ponderous as to damp the ardour of the most resolute student." 
Walker was under the impression that he was the first dis- 
coverer of what he called the Generating Circle,* but Thos. 
2<^ewton rightly referred it to Boscovich. Leslie's account of 
the work of ]3oscovicht is that it consisted of only a few 
propositions, but drawn out into a string of corollaries." It is 
nevertheless a clear and compact treatise, which for simplicitj, 
depth and suggesttveness will not readily be surpassed. 

* Oompare Mr. S. A. Renshaw'a The Cone and its Sections pp. 26-8 (Lood. 1876) ; 
Messenger nf Mathemntus vol. ii. 97 (1878). Walker's complete traatiM ww to be in 
fiTC books, but one only ap{)eared. 

t From the preface to vol. ni. of the Ekmaiia Univ. Math. (1757) we gather 
fhet Boeoovleh's tchenie of Gonict was fint pnUiahed " in Bomano litteratoram diario 
ad annam 1740," in the form of a short article, "Bchediasina bn vi^»imuin"; and that 
BCTeml years elapsed l>€'foro tlie complete work, after repeated delays, was g^ren to 
the world. Leslie says that it was published in 1744, aod Walker's in 1795. Walka 
had diacoTCTBd the generating drde "near thirty yean" before publication. An 
edition of Boeoorldi^ EUmma teema to hare been pabUdied at Borne in hie name 
inl75i-8; bntlhnTeonlyeeentfae^editiopEininTenetn." 
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SECTION JV. 

MODEEN GEOMETRY. 

§ 1. Although the law of Cotitinnity, tbe Tital principle of oonciniitj. 

tbe modern geometry, had been decisively laid down by Kepler, 
it was not until the great discovery by Poncelet of the circular 
points at intiuity in any plane that it came to be universally 
acknowledged. The principle as enunciated by Kepler was 
wholly independent of algebraical considerations, but its later 
developmeuts were suggeAted by tbe occurrence of negative 
and imaginaiy roots in equations applied to geometiy, whilst 
the discovery of the differential calculus gave a new zest to 
apecalations De infinUo and De nihilo. The earliest thorough 
and geometrical treatment of the sabject with which we are 
acquainted is found in Bosco^ich'B appendix* to his SecUonum 
Omicarum Elementa [p. 311], of which a slight account is given 
below. The complete dissertation occupies more than two- 
tbirds as much space as is devoted to the entire subject of 
conies in piano. The writer cautiously abstains from the too 
bold assertion of novelty in his speculations, but remarks that 
the essay contains many things which "ego quldcni nusquam 
alibi offendi," and many which, although found elsewhere, 
nusquam ego rpiidem ad certus reperi redacta canoueS) et 
geometrica methodo pertractata." 

§2. His first principle is, that every member of a geome- mi!!a7i7. 
tricallj defined locus must have the same nature and properties,t 



• Elementa Univ. Math. torn. III. 228-356 (Venet. 1757). 
t See ChaaleB' Aper^u kutoripie p. 197 on Uonge't uie of the principle of twUingmi 
yylatiiftiHi 
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which are wrapped up in the definition itself, so that whatsoever 
is demonstrable of one part of the locus should be demonstrable 
in like manner of every other. On this principle we conclade 
a priori from the nature of the problem^ to triaect a given 
circular arc, that any construction must give a series of solutions, 
three of them geometrically distinct [p. 141]. In geometrical 
demonstrations a detennmate configuration is present to the 
senses, but the reasoning applies to an infinity of cases. This 
b clearly seen when, for example, we bisect a given finite 
straight Ime; but it is true none the less in oases in which 
a new configaration seems to render the proof nugatory, 
although some artifice may be required, " ad servandam 
analoglam, et retinendam solutionis ac demonstration is vim" 
(p. 229). Notice his use of the term Analogy, by which the 
idea of geometrical continuity was first expressed. 

The correspondence of change of sign with change of direc- 
tion in lines carries with it the idea of negative rectangles and 
squares, and thus of imaginary magnitudes (pp. 234, 308). 
Change of sign implies a transition through zero or infinity^ 
and never takes place per saltum (p. 250). To illustrate this, 
take an indefinite line AB and a point 0 without it, draw 
OS perpendicular to AB^ and let a line turning continuously 
about C meet AB in P. As CP passes through ff^ the sign of 
£P changes, say from positive to negative: when C7P becomes 
parallel to AB^ the point P is at infinity on the negative mde 
of //, and the next instant it is at infinity on the positive 
side of //. Thus the passage through infinity carries with it a 
chancre of sign and, like the passage through zero, is effected 
by the continuous rotation of CP, and not per snlfuui. The 
opposite extremities of an infinite straight line are thus in 
a manner joined, as if the line were an infinite circle (p. 254), 
whose centre may be considered to be at infinity on either 
side of the line. In illustration of the principle that opposite 
infinities are thus adjacent, take the case of an infinite double 
ordmate to the axis or any diameter of the parabola, regarded 
as a closed curve (pp. 265, 843). 

The consideration of a circle of infinite radius leads to the 
idea of a 'Welnti plus quam infinita extensio" (pp. xv, 281). 
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Thfongli fixed points AO on an indefinite straight line MA CN 
draw a circle, and bisect its minor seg^racnt AIG in / and its 
major segment in /'. If now the centre be removed to infinltj, 
the arc AIG becomes the line A(J^ whilst of the arc AI'C 
part coalesces with the infinite segments AM and CN^ and 
the rest recedes to infinity with the point " ut uusquam jam 
sit or as we may say, the circle degenerates into the endless 
line 3Ll(7iV together with the line at infinity^' [p. Siij. Hence 
it is deduced that whilst the line AC is bisected in a point J, 
its complement AMco NO is bisected at a point 1' at infinity 
(p. 874) ; which might also have been arrived at bj dividing AO 
bannoDicallj, and making one pobt of section coalesce with 
the middle point of AC (pp. 344). 

If be a segment of an infinite right line, the remainder 
AtoO may be regarded as its complementnm ad qnendam 
velnti infinitum circulum" (pp. 276, 280, 292, 297 &c.). The 
hyperbola, regarded as a quasl-cUipse, has for its axis Acc A' 
the complement of AA' (pp. 264, 270, 289, 292). The further 
developments of this idea already given [pp. 18, 22, 102, 153, 
311] are in accordance with the views of Boscovich ; but 
the note on Art. 13 was written, and a Scholium in continua- 
tion planned [p. 102 J, before his dissertation on continuity 
had been consolted.f 

The cfaangpe from the real to the imaginaiy state is con- 
tingent upon the transition of some element of a figure throngh 
aero or infinity, and never takes place per sahum (p. 277). 
Examples of imaginaries are the exterior diameters of a 
liyperbola, whose squares are negative; for the so-called 
''secondary'* axis and diameters have no real analogy to the 
minor axis and conjugate diameters in the ellipse, although 
the unwary geometer may be imposed upon by the conjugate 



• Althongh the arc AFC seems to lie wholly on one side of the line .1 /?, it is to be 
remembc-red that oppotUe in/fni/tM ort mSjaeenC Thus eveiy liae-cudepMBes thxooi^ 
•11 pointa at iotiQity ia its plane. 

t Widioiit referanee to the Meft of an infinite line-drcle^ I had nsed the tenn 
OOVPLSMBHT of ft Straight line seTeral years before I was acqoainted with any work 
of BoMOvioh. BM Orf. Comb, DM, Memiiger tfMatkamUks it. 140 (1867). 
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hyperbola, and persuaded to think that tliere can be a curve 
of the second order which a straight line meets in four points 
(pp. 311-317]. la comparing properties related to diameten 
in the ellipse and in the bjperbola, we should endeayonr to 
bring in the squares of the diameters, the signs of certain 
of which will merelj have to be changed in paastng from the 
one cttr?e to the other (p. 320). The general method of 
procedure in dealing with a geometrical 6gure one or more 
of whose elements is evanescent, infinite or imaginary Is 
iommed np in eleven Canons, formally stated and fully illus- 
trated (pp. 284-339). The 5th relates to negative angles, 
and the 11th to the ratios of infinite magnitudes, lie might 
have added a Canon 12 on the rcitios of the Newtonian nascent 
or evanescent quantities, but promises another volume when 
time permits (p. 348) ; whilst on p. 353 be refers to his 
former dissertation De Natura et usu injinitorum et infinite 
parvorum (1741). In the course of the essay now under con- 
sideration he treats of carves of all orders, their infinite branches 
and asymptotes, their cunratnre, eosps, points of iofiexioa, 
and the tangents thereat (pp. 245, 267, 270-8, 825). 

§8. The general solntion of the problem, given (he Jodu 
direcirix and determimng raltb, to find the mtereedume of an 

arhitran/ line with the conicj completely determines by im- 
plieation the nature and properties ot' the curve (p. 286). Ilia 
couslnu tion is as follows. Take a point oi exterior to the 
given line, instead of a point 0 upon it [p. lOj ; draw u)Z 
parallel to I'Q meeting the directrix in and let the parallel 
through Z to SR meet the eeccntric circle of to in ;/ and q. 
Then the focal radii parallel to a»y and ayq meet the given 
line at its intersections with the conic (p. 'S'Jj. This construc- 
tion failing (1) when PQ is parallel to the directrix, in which 
case the line Zp'q is indeterminate, and (2) when FQ passes 
through j9, in which case the parallels through 8 to app' and 
»q* coalesce with FQ^ instead of catting it each in one point ; 
he shews how to meet the difficulties thus arising. The former 
case however leads only to a simplification when the centre 
of the circle is taken upon PQ, as in the present work. Con- 
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Bidcring the second case in relation to Art. IG Cor. 1 [p. 29], 
let a tixed chord drawn throui^h the focus *S' be intersected in 2 
bj a variable chord contaiuing a given angle with the axis. 
Then the products of the segments of the two chords are as 
the flqnares of the parallel tangents, however near 2 be takeD 
to Sf and therefore in the limit the prodacts of the segments 
of any two food chords are as the squares of the parallel 
tangents. 

A line still meets a conie in two points, even though, for 
example, one of them should disappear at infinity. In the 
parabola, anj two chords as they become infinite are in a ratio 

of equality. In the hyperbola, if from any two points LL' 
parallels be drawn meeting the curve In IT' and its adjacent 
asymptote in hh' respectively, then as the latter points recede 
to infinity the intercepts Ph and P'h' remain finite [p. 146], 
and the ratios of LP to Lh and L P' to L'h' tend to equality 
aa their limit. The infinite segments LP and L'P' are as the 
distances of Xr and L' respectively from the asymptote hh' (p. 347). 

§4. It is remarkable that Boscovich enters upon these 
abttmse speculations in an elementary treatise for beginners, 
and even several times touches upon the subject of the appendix 
in the text itself, as for example when he notices that the 
properties of chords of a conic may be transferred to one of 
its limiting forms, the line-pair (p. 100). The preface to the 
Yolume contains an earnest plea for the introduction of the 
modern ideas into the schools. He had taught the appendix 
viva voce to his own tyros with the happiest results. The 
mind of the tyro is commonly overwhelmed with a multitude 
of details not reduced to any system ; demonstrations arc put 
before him in an unsuggestive form which gives no play to 
his inventive faculty; and thus it comes to pass that of the 
many students so few turn out genuine geometers. Let the 
learner be furnished with principles, and not alone with fully 
explained facts, and be continually stimulated to exertion by 
the intense pleasure of finding something left to discover for 
himself. 
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§5. The newly founded EcoJe Polijtcclinujue led the way 
in the geometrical revival of the nineteenth century. From this 
source issued tirst the works of Camot and Monge, which 
further illustrated the principles of continuity above described. 
The leading conception of Carnot^s GSomitrie de jpoaition (Paris 
1803) is the doctrine of quantities ^^dltes positives et negatives'' 
(p. ii], to which be recurs in his Essat sur la thdoiie de» Tran»' 
versalet &c p. (96), Paris 1806. This essay is in great measure 
based npon the ancient theorem of the six segments [p. LJ. 

Beferring to the Aptrga hisiorigm for a good description 
of the works of Monge, we pass from the master to one of his 
most illnstrions scholars, whose short incisiTe essajs in por- 
snance of the ideas of Desargues, Pascal and Newton were the 
prelude to their fuller development by Ponceiet, Steiner and 
Chasles. 

S 6. Second in importance only to the prindple of Continnity 

is the principle of Duality, of which Brianchon's hexagram 

(180G) occasioned tlie discovery [p. 290]. Noticing again the 
important article ot Brianchon and Ponceiet on the Equilateral 
Hyperbola [pp. 175, 282], we next come to the separate 
publications :* 

(1) MSmotre sur lea lignes du Second Ordre^faisant suite aux 
reeherches publiees dans les journaux de VJScole rotate polifted^ 
nigue. Par C. J. Brianchon, capitaine d'artillerie, ancien dli^Te 
de r£cole Polytechniqne. Paris 1817. . 

(2) Appiioaiiim «k la ASorie det TVanstferaaleg (Brianchon. 
Paris 1818). 

The latter memoir consisted of Lemons donnhs h V6cole 
d* artilleri'e de la gardti royale en mars 1818. The former, which 
is of greater interest, must be described in detail. A line of 
the Second Order is defined as the section of any circular cone 
by an arbitrary plane: the term projection is introduced in 
relation to perspective: poles andpolars are defined: as also is 
the expression GeomHrie de la rlgle. The term polar had 
been introduced by Gergonne as correlative to " pole," an old 

* It would be worth while to xq;>abUah firianchon'a uticke and memoiiB ia 

one volume. 
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expression tor a fixe<i point, wbich wn.s beginning to be used 
in its restricted modem sense (Gefgonne*s Amtuiltt i. 337; 
III. 297). 

F)p. 7-10. The property (afterwards called snharmonic) o£ 
fgnr ndiantB is cnnncistedy the cue of the haimonie pc»cU 
speeinUj noticed — the term faueeam harwumiqite heing intro- 
daced apparentlj as new — and it is noticed that tfie hannonic 
property holds ''poor tOQtes les projections de la figure," a 
reference being given to Gregory St. Vincent's Optu Oeeme* 
trtcum p. 6, prop. 10 (1647). A fonrth harmonic to three given 
points in a straight line is fonnd "avec la r^gle seule" by the 
property ot' the complete quadrilateral, and a reference for this 
is given to De la Hire's Strtioms Conica p. y, prop. 20 (1683). 

Pp. 10—16. Any transversal is cut in involution (1) by the 
sides and diagonals of a quadrilateral, regarded as the projection 
of a parallelogram : and (2) by these and any circumacribed 
conic regarded as Xh^ jprcjeeUon o f a circle. The latter theorem 
(§ XI) was due to Desargues and had been preserved bj PascaL 
The case in which a conic degenmtes into a line-pair is noticed. 
In a note (p. 14) he refers^ on the dieory of transYorsals, to 
the works of the ancients— die Abnoffest for example ; to Fr. 
Manroljcns Opiueula Mathemaitca p. 281, 1575 ] and to Schubert 
in the Nova Aeta BsiropoL tome zii. ann. 1794. 

Pp. 17 — 28. PasealV theorem b proved by oonsSderinf^ the 
six points of concourse of a conic with any triangle, and in a 
note is added the property of triangles in homology. The 
extension of the theory of polars to quadrics is ascribed to 
Monge (p. 19), although in reality due to Desargues [p. 321»1, 
who would however have thought definitely only of the quadrics 
of xeTolution. The theorem that the joins of four points on a 
conic determine a self-polar triangle with respect to it [p. Ixii] 
is proved, and the reciprocal property of four tangents deduced. 
Hence follows nne propri^t^ bien remarqnable des lignes da 
second ordro,** via. that the mteroepta on any two fixed tangenU 
hy the diameier MN paraUd to their chord of eontaei and a 
variable tangent EI have their product EM.NI constant (§zxvill). 
He does not seem to be aware that this b one of Kewton's 
theorems [p. kriii] although he refmv to Newton more than 
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ODce (pp. 38, 45), has a general acquaintance with lib, I. sect 5 
of the Pirineipia from which it is taken, and knows the third 
corollary of the lemma to which it is the first corollary. 

Pp. 28 — 53. He draws conies passing through 71 points (one 
or more of which may be at infinity) and touching 5 - n Hues 
(where n is 0, 1, 2, 3, 4 or 5), referring also to Newton's 
methods, and in one case to Maclaurin's Ahjebra. He makes 
use iu tliese constructions of his own property of the hexagram, 
the reciprocal of Pascal's; aud from the two top^etlicr deduces 
(p. 35), that the six summits of two triangles touching a conic 
lie on a conic, and conversely* 

Pp. 53—60. The theorem of Desargoes (§xi) "va nous 
d^couvrir de nouvelles propri<5td3 des coniques k brmnchea 
infinies." Take four points UXYZ on a eonic, of which XT 
are at infinity and U variable, then any fixed chord AB is met 
by VX and UY in points 0 and snch that the cross ratio 

2y : is constant (p. 54). If AXYZ be fixed points on a 

parabola or hyperbola, of which Z oxAy is at infinity, and U a 
variable point on the curve, the lines UX and UY meet AZ 
at distances from A which are in a constant ratio. By making 
U coincide with each of the points A'i', he deduces Ex. 429 
f"p. 150] and its analogue for the parabola; as also Ex. 427, 
that the arms of any angle in a fixed segment of a hyperbola 
intercept a constant length on cither asymptote. By means of 
these results be shews how to describe a hyperbola, having 
given an asymptote, and in addition three points or a point 
and two tangents or two points and one tangent. All that 
remained to bring the anharmonic patni-property of cantca fully 
to light was a simple application of the method of projection, 
which the writer had already used with such eflect. Knowing 
so well the importance of the projective property of the an- 
harmonic pencil, it is remarkable that he should have left it 
for others to take the final step. 

"Tontcs les proportions contenues dans ce Memoire se 
rattachent au tht'orcme XI " (p. 61). Thus the name of 
Desargues is brought eflfectually into notice, fie also refers 
to Lambert {Ferspective ed. 2, 1774j, Blondel| Muiler &c. 
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Pp. 61 — 65. He deduces from Pascal's hexagon the pro- 
perties of similar central coatcs, and concludes with some new 
properties of the tangent cones to qnadrics. If a conic passes 
through two fixed points AB and touches two given Unesi the 
chord of contact passes through a fixed point on the line AB 
(p. 20). Hence, if a quadric passes through two fixed points 
AB and has a given enveloping cone, the plane of contact 
passes through a fixed point on the line AB, A construction 
is deduced for a quadric passing through four given points and 
having a (^ivcii envdoj)ing cone, 

§7. To Poncclet as a geometer belongs the double bonour 
of supplying wbat was lacking in tbe tbeory of Continuity by 
Lis discovery of tbe focoids [p. 311],* and bringing to light the 
principle of Duality by his method of reciprocal polars [p. 346] \ 
whilst, like Desargucs and Archimedes before him, he was no 
less a master of tbe principles and practice of mechanics. Bom 
at Metz on the first of July 1788, he was allowed to grow up 
almost without instruction at St. Avoid, until in his seventeenth 
year, at the end of 1804, he entered the Lycde imperial de 
Metz. Three years later he gained hb admission to the Ecole 
Poly technique y was employed in 1811 upon the fortifications of 
Bammekens in the island of Walcheren, marched in 1812 with 
Napoleon to I^Ioscow, and was taken prisoner and interned at 
Saratov on tbe Volga until tbe general peace of 1814. In bis 
captivity be set to work, in spite of all biudrances, to reconstruct 
for biuiself a course of matbcniatics, and entered upon tboso 
bold speculations wbicb are tbe cbai acteristic of bis famous works 
on geometry. For a full list of his scicntibc publications see 
Didion's Notice sur la Vie ei les Ouvragrs du Gen. J. V. Poncelet 
(Paris 18G0). Tbe appearance of his Cuars de. M^canique 
appliqu^ey dating in part from 1826, is described as having 
'^fait sensation dans le monde de la science et de rindustrie" 
(p. 33). The dominating idea of his geometrical works was to 
increase the resources of pure geometry, to generalise its con- 



* Poncelet, before FlUckcr, apoke of a conic as having four fod {Proprietds 
Prcftctivei p. 271, 1822). 
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ccptions and language, and thus to raise it to the level of 
analysis. See the Introduction to his Traitt des Proprutes 
Pr"j<rtivifi (hs Fijuns edit. 1 p. xxxiii. (1822); edit. 2 tome I 
p. xxii (I8<i.">-G). At the end of the year following he died 
(Dec. 23 1867), witli hia thoughts turned again to mechanics: 
*<Ma tSte est bonne, et j'esp^re bien pouvoir cet hiver publier 
ma M^niqae (p. 45}." 

Btciacr. § ^-^'^c of the leading conti ibutors to the further syste- 
matisation and development of geometry was Jacob Hteiner, 
the author of numerous mathematical articles and of the works: 

(a) Sy^ematiaohe Entwickdung etc 1832 [p. 262]. 

{h) Die geometritehen KansinteHonenj awg^fuhrt miUeUt der 
geraden Linie und eineafegten KreUea (Beriin 1833). 

The work [a) was a first instalment of a treatise in five 
part8| of which no further part appeared iu the author's life- 
time; but bis Vorlesungen iiber synthetische Geometrie were 
edited posthumouslj bj Geiser and Schrdter (Leipzig 1867, 
1876}. Of the second part of the Vorlesungen, containing the 
projective geometry of oooics, the third section b on Kegel' 
echntUbUechel and KegeUchnittechaar, 

^chuie^ go, IMichcl Chaslcs, the most famous of living* geometers, 
is perhaps best known as the author of the Apergu hisforique 
8ur Vorigine et h decehppement des M^thodes en OeomUrie etc 
(Paris 1837, 1875), which contains an invaluable series of notes 
on the history of geometry from the earliest times, followed 
by a Mimaire de Oiomitrie (pp. 578—848) devoted to the ex- 
position of the two general principles of Duality and Homo- 
graphj. Supplementary to the Apergu was his Bajyport eur lee 
2)rogrU de la Oiomkrie (1870), forming one of a series of 
official reports on the various branches of literature and science, 
lie is also author of treatises on the Gt'omctrir Superieure (18o2, 
1880), Pori'snn^ft d"* Enrliih' (18G0), Sections Coniques^ prcmi^-re 
partle. (18oo), and of a multitude of separate articles, several of 
which relate to Maclaurin's theorem in attractions {Comptts 



* These pages were already in iy^ when the death of Chasles took place, on the 
ISth December, 1880. 
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Bendua V. 843. Ti. 808-812, 902-915. 1837-8, &c]. At this 
point we may fitly offer some remarks upon the history of 
the anharraonie'* properties of conies and the general principle 
of ^^homogt a|)!iy," with which the name of Chasles is bo 

intimately associated. 

(a) The anharmonic point-propprty of conica. 

From the Collectio of Pappus we are led to infer that 
Euclid was acquainted with a form of the theorem (1) that the 
cross ratios of four fixed radiants are constant, and ApoUonius 
with the theorem (2) that the locns aff^k,fi6 is a conic From 
the union of these two at once arises the well-known ^^Pro- 
pnM anharmonique des points d'une coniqne,** which neyer^ 
tfaeless remained unnoticed for upwards of 2000 years longer. 
Although the theorem (1) was rediscoyered by Desargues and 
taken as his fundamental property in Perspective, whilst (2) 
was brought into notice by Descartes and afterwards proved 
synthetically by Newton, the combination of the two was not 
yet thought of.* The third and last stage in their history was 
inaugurated by Brlanchon, who proved that, if AB be a fixed 
chord of a conic and XY its jwints at infinity^ the chords from a 
nariable point on the curve to AUXY cut AB in constant cross 
ratios, Chaslcs shewed, in course of an account of his Trans- 
formation Parabolique," that the same is true when X and Y 
are any two fixed points on the conic; and he deduced that 
the locos of the point at which four given pomts subtend a 
hamwnie pencil is a conic through the four points. See 
Quetelet's Correspondance Math, et Pk^9igu€ tome V. 293-4, 
301 (1829): Ohasles RappoH etc, p. 268. All that was still 
wanting was a familiarity with the '^h^rie complete des 
rapports anharmoniques,"t which might have been found in the 
Barycentrische Calcul of Mobius (1827). The property of 
conies now under consideration is fully stated, and its impor- 

* Alfthongh it Ib oooTenient to dedaoe Newtoa'b ileMiiptioii of » oooio by ftngles 
from the fbor-point proi>erty [p. 264], we ongbty liiltoncally speaking, rather to 
rerene the procc<<>, and say tbat the aahmmonio pfopecty is ende&tly ooataioed in 
bis Ducriptio Oryanica, 

t See the "Mbmto Ccemona'B OiomHriB Fn^ivt p. xv (Puris 1875). In tMa 
week, originally written in Italian, the leader will find refexenoes to many of the 
leading traatiaea and historical fads of geometry. 
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tancc pointed out in the Aper^u hlstorique (pp. 80, 334-341), 
which was preaented to the Brussels Academy in a rudimentaiy 
fonn in 1829, and ultimately poblished in 1837: it is also 
found in Steiner'a By^emaiHKke Entwicketwig^ published in 
1832 [p. 262]. 

if). The anharmmtc tangent-property of eonics. 
It was shewn by Newton that, if IM and IK be certain fixed 
segments of two given tangents to a conic, any third tangent 
cuts them in points E and Q rcsjn'ctivcly such that the 
rectangle [IM— IE) [IK— IQ) is of constant magnitude; and 
the same tlieorem was reproduced by Brianchon in 1817 
[p. Ixxix j. Poncelet, who refers to Brianclion's M^moire^ proves* 
that, if the opposite sides AS and Clf of a fixed quadrilateral 
circumscribed to a given conic be met by any fifth tangent in 
L and N respectively, and if BC^ DA be met by any sixth 
tangent in M and P, then 

DP BM BL DN 
AP' cm' AL'W** 
and by fixing the tangent MP he deduces that the cross-ratio 
BL CN 

AL ' IJ\' ^ ^ segments qf AB and CD by any fifth tangent 

IS cwistant.f In the case of the parabola this cross ratio is equal 
to >niif>/ [p. 2'J'>] — a theorem wliicli he believes to he due to 
Halley (p. 118).} Chasles gave a second proof of Poncelet's 
generalisation, regarding the tangents to a conic as projections 
of the generators of a ruled hyperboloid, and shewed how to 
pass from it to Newton^s theorem, which however he ascHbed 
only to Brianchon (Quetelet^s Correspondance IV* 364-70. Cf. 
Ohasles Rapport p. 239). He afterwards proved it again in 
the form, that the ratio of the products of the distances of the 
fifth tangent from A^ 0 and B^ D respectively is constant 
(ibid. y. 289, 1829); and also shewed that the envelope of a 

• Propriet^s profectives p. 115 (1822); Tol. I. p. Ill (18^5). 

t This h obviouj? from NevvtonV fi;^nm' p. [Ixvii] for the copc of two pairs of 
paralkl tangenU : it thun fulluwii by projuctiua lor uiiy two pairs of tangcuta, the 
**etom'ntkf* faaTing different but oonstaat Talae* for dUfferent planes. Bee Art. 188 
(tt)[p.812]. 

X Apellooii Fergnt De Sectione Jtationie 4e» lib. I. pp. 64—6, ed. lUlley 
(Ozea. 1706). 
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line cut harmomoally hj four fixed lineB ia a eonic toncblDg 
them (p. 894). The property of which this last is a speciid 
case was at length completely stated, simultaneously with its 
reciprocal (a), by Steincr and Cliasles. It miirht have been 
deduced at once by projection from Lambert's solution of 
Sir Christopher Wren's problem [p. 296j. 

(c) « A eomc regarded as the projection ef a circle, 

Chasles, in his Sections Coniques (at the suggestion of 
M. J. Delbalat), defines a conic as the projection of a circle 
(p. 7), deduces its anharmonic properties, and founds his treatise 
npon them. The effectiveness of this method and the ability 
with which he applies it are known to all. Nevertheless, 
however excellent in a supplementary course of geometry, 
it is less suited for beginners, owing to the difficulty of proving 
conversely that every conic — secondarily defined by the an- 
harmonic properties — can be placed in perspective with a circle. 
The problem is indeed solved concisely on p. 5, but not without 
references to a later paragraph and a separate work for further 
reasoning in justification of the construction. It naturally 
presents some difficulty to the tyrO| being in fact a form of a 
problem which no geometer was able to solve generally before 
Desargues. 

[d] llumofjrupliic fijurcs in tiro and in three dunoisiojis. 
The general principle of " honiographie" — as it was named 

by Chasles — is somewhat oltscurely set forth in the works of 
Desargues, who regarded figures in homology as special cases 
of figures in perspective in space, at the same time taking for 
his Proposition Fondamentale de la pratique de. la Perspective 
a form of the property of the anharmonic pencil.* The idea of 
transforming solid figures also is briefly hinted at by Desaiguea 
[p. 329]. Poncelet studied the relations of figures in homology*' 
(to use his own expression), and devoted a supplement of bis 
Traiti dea I^r, PrcjecHvee pp. 869-416 (1822) to the pro- 
jective properties of figures in space. Not the least valuable 
part of the Apergu hiatarique is the full exposition of the 



* Foodm (EMmt d« Ducarguet i. 425. 
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principle of Bmographte^ as applied ^ to plane and to solid 
figures, with which it concludes. 

{lO* The following works may be mentioned as ha?ing 
advanced the knowledge of the new geometry in this country. 
The essay on Transversals in the 12th edition of llutton's 
Course of Mathematics, by T. S. Davies, also an editor of the 
journal the Mathematician ; 8ahnon's compendious works on 
the various geometrical and other methods, to wliieh we have 
80 often referred ; Gaskin*s Geometrical Construction of a Conic 
&xtion ; Mulcahy's Principles of Modern Geometry; and 
Towusend'a two volumes on the Modern Geometry of the 
Pointy Line and Circle^ which within their prescribed limits are 
as complete an exposition of the principles of the subject as 
could be desired. We must not omit to notice also Prof. 
H. J. S. Smith's article on the Focal Properties qf Homograq^hic 
Fiffurea in yoL II. 196 — ^248 of the Pirooeedinga of the London 
Mathematical Society, some of the results of which are given 
below, with especial reference to the case of reverse figures. 

PropCTtiM §11* be any angle which is EQUAL to its reverse 

«rtmM ^pj^^ j^^yg^ equal to MOX [p. 323]. Hence (1) for a 
given position of P there are an infinity of angles J/PiV, each 
of which reverses into an equal (or supplementary) angle; and 
the arms of such a system of angles constitute a pencil in 
involution, since the points MN always He on a circle of the 
coaxal system through 0 and P. (2) If 0' and &>' be the 
points such that the base-line bisects 0(/ and ci>o>' orthogonally, 
every angle subtended at 0 or 0' reverses into an equal 
angle subtended at a» or (3) £very conic which has 0 or 
. (X for a focus reverses into a conic having « or m for a focus 
[p. 317 (i)]. (4) An ellipse (or hyperbola) having 0 and (/ for 
(I foci reverses into a hyperbola (or ellipse) havuig co and ts' for 
foci ; their normals at reverse points Pp correspond — being 
fourth harmonics to the focal distances and tangents at P and 
p respectively; and therefore their centres of curvature and tiielr 
evolutes correspond. (5) The coaxal circles of wliich 00' are 
the limiting points reverse into those of which cdo)' are the 
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limiting points. (6) The parallels through a and eo' to the 
base-line are such that every segment ot" either reverses into 
an equal Hegment. And (7) on any two reverse lines MP and 
inp there arc two sets of equal eorresponding segments, which 
determine two pairs of involutions having their centres on the 
base-liiie — as may readily be deduced from the constancy of 
the product MP.mp [p. 328] for given positions of the two 
lines. These reaalts apply muiatia muksndia to homographic 
plane figorea in general, however placed. 

§ 12. The organic description of curves has within the last Liiiiaisw> 
few years received developments of the greatest theoretical 
interest and practical importance, consequent upon the dis- 
covery (1864) by Peaucellier, an officer of engineers in the 

French army, of an apparatus for the Inversion of circular 
into rectilinear motion. Let AOB be an angle of equal arms, 
and ACBP a rhombus whose sides are less than the arms 
of the angle. Then OCP is a straight line, and the product 
OC.OPj heing equal to OA' — AC*^ will be constant if the 
sides of the rhombus and of the angle be constant. Let these 
be now replaced by bars or " links" jointed at the five points 
OABCP, then the whole linkage is called a Peaucellier cell. 

If this linkage be moved about a fixed pivot at O in any 
possible manner in one plane, then whatever be the locus 
of 0 the point P will trace its inverse with respect to 0, on 
account of the constancy of the product OC.OP, To make 
P describe a sira^ht line we must make C describe a eirele 
through 0] which is at once effected by joining C to an 
** extra link" CQ^ whose end Q works about a fixed point 
at a distance equal to its own length from 0. This apparatus 
may evidently be applied also to produce Parallel Motion ; and 
we may make P describe an arc of a circle of as great a radius 
as we please by making the distance OQ sufficiently nearly 
equal to the length of the extra link." The principle of 
linkages is well explained by ^Ir. A. B. Kempe in his coucise 
work Mow to draw a Straight Line^ a lecture on Linkages 
(London 1877), and references are given in it to the chief 
articles that had been written upon the subject To conclude, 
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in the words of Sylvester,* to whom Pcaucellicr's method of 
linkages owes so much of its further dcvch)pniont : *' w 
posaUjle^ by means of an apparatus consisting exclusively of rigid 
rods, compass Joints^ and pivots^ to convert circular into linear^ 
hyperbolic^ elliptic^ ami i>arahulic motion ; aml^ in general^ to 
dueribe any curve of the form x<f> (a;*, y*) + ^ {x% y*) = 0, where 
^ ^ are homogeneous forma offunetione of any degree reopen 
Hvely in as", jf*." 



* Educational Times Reprint vol. XXI. 68 (1874). Later mformation is to bo 

longfat in the same and other ■dentifio periodicals. 



FOTB. 

In continuation of Note \ p. 1x9, 

The order of tlie Buxfaoe is thus determined by Professor 
Townsond. For a given position of OA, tho plane OliC envolopes 
a quadric couo, 2n of whose tangent planes pass each through, 
a generator of the director scroll. These generators give 2n 
positions of the plane wBC and 2fi of the point A ; and when OA 
coincides with Ow all the A*% coalesce at which is therefine 
a 2?j-fold point on the locus. Again, every lino through w meets 
the scroll in n points, through each of which passes a goiiorator ; 
and these generators severally determine n conies, cutting the 
line through w in 2n pointSi all of which, when the line is wO, 
coalesce a( 0. Thus 0 also is a 2fi-fold point; and every line 
through 0 or b> passes f tirough 2n Other points on the locus, which 
is accordingly ot the order 4». 
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DEFHonom 

A Conic Section, or, briefly, a Conic., h a curve traced by 
a point which moves in a plane containing a fixed point and 
a fixed straight lino in such a way that its (listaiicc from the 
fixed point is in a constant ratio to its perpendicular distance 
from the fixed straight line. The Conic Sections were so named 
from the circumstance that they are, and were ohglnaUy defined 
as, the plane sections of a cone. 

The fixed point is called the Focua*^ the fixed straight line 
the Directrix] and the constant ratio tho Eooembridty^ or the 
Determining Ratio. 

A Conic is called an Ell^^ a Boarabola^ or a Hyperbola^ 
according as its eccentricity is leas than^ equal to, or greater 
than nnity. 

SknUar Omiee are mich at have the same eccentricity. 
The Axis it the ttraight line through the focnt at right 
angles to the directrix, and the point between the focot and 

the directrix in which it cats the conic is called the VWfex. 

AVhcn the eccentricity is cither f^reatcr or less than uuitv, 
the conic cuts its axis in a second point, which is al^o called 
a vertex. In such Cases the term Axis may denote the ///<?V^ 
straight line which joins the vertices. Its niitlille point is called 
the Centre of the conic, and the conic is called a Central Conic, 

The Lntvfi Tiocfum^ or, as it is sometimes called, the ParO" 
meteff it the chord through the focot at right angles to the azit 

B 
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DEFIHITIONS. 



Other uBes of these terms will be noticed in the course of the 
work. 

A Diameter is the locus of the middle points of a system of 
parallel chords. It will be shewn that the diameters of conies 
are straight lines. The points in which diameters and chords 
meet the curve are called tlieir ends or Extremities* The 
extremities of diameters which do not meet the curve will be 
defined in the chapter on Central Conies. The diameter at 
right angles to the axis of a central conic is called the Mbnor^ 

or Conjugate^ Axi$* 

Two diameters are said to be Conjugate when each bisects 
the chords parallel to the other; and two chords are said to 
be conjugate when they are parallel to conjugate diameters. 

Supplemental Chorde are such as join the extremities of a 

diameter tu a poiut on the curve. 

A Tangent to a conic is the limiting position of a secant, 
whose two points of intersection with the curve have become 
coincident. Thus, if P, Q be adjacent points on the curve, 
and if the chord joining them be turned about P until its 
further extremity Q coincides with 1\ the chord in its limiting 
position will have become the tangent at P, Hence a tangent 
is said to be a straight line which passes through two consecutive 
or coinculent points on the curve. 

If the point of contact of a tangent to a hyperbola be 
removed to infinity the tangent wiU coalesce inth one of two 
straight lines through the centre, which are called Asyn^^toUs, 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point is called 
absolutely the Ordinate of that point; but the ordinates of a 
specified diameter are the segments of the chords which that 
diameter bisects. The term Abscissa will be detined later. 

The portion of the axis intercepted between the tangent at 
any point of the curve and the ordinate of that point is called 
the Suhtangcnt. 

The portion of the axis intercepted between the normal at 
any poiut of the curve and the ordinate of that point is called 
the SybnormaU 
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A ttraigbt line is said to be divided harmomddlljf at four 
pomts P, 8j when FQ^ and FQ produced, are eat in tha 
flame ratio by ^9 and 12, so tbat 

BP: nQ==SP: SQ = nP-BSiR8-'RQ, 

since, when this ia the case, the leogtbs EF^ M8^ EQ m \xk 
harmonical progression, the extremes being to one another as 
their differences from the mean. In the case in which £f is the 
middle point of PQ, the point J2 is at infinitj, or F8Q oo is 
divided harmonicall/. 

The locos of intersection of the tangents at the extremities 
of a chord which passes through a fixed point, or P6U^ b called 
the Polar of the pomt It will be shewn that tiie polar of any 
point with respect to a conic is a straight line; and that the 
polar of an external point coincides vvltii the chord of contact 
of the tanf^cnts to the conic from that point. 

If about any point in the plane of a conic, other than the 
centre of the conic, a circle be described, such that the ratio 
of Its radius to the perpendicular distance of its centre from 
the directrix is equal to the Eccentricity^ the circle may be 
called the Ecrmtric Circle of the Conic with respect to thai 
pointy or, briefly, the Eccentric Circle* of the point. It is evident 
that the circle will cut, touch, or fall short of the directriX| 
according as the conic is a hyperbola, a parabola, or an eUipse. 

The circle which is described according to the same law 
of magnitade about the centre of an ellipse or hjperbola is called 
the AuxiUary Ovrele of the curve. This latter is commonly 
defined as the circle described upon the axis as diameter, but 
it will be seen that the two definitions are coincident. The 
drde described upon the Mwor Axi$ as diameter is called the 
Minor Auxiliary Circle. 

In a central conic, the locus of intersection of tangents at 
right angles to one another is a circle, which is called the 



* The properties of this circle fonn the gromidwoilc of fho treatise of Bosoovich, 
Stetionum Coniearum EltmetUn nova quadnm methodo eonrinnala, containetl in hia 
HUmenta Cnitcrsa MatluteoM, VlWBTlls, 1757. Buscovich giive no name to bia circle, 
but nme later writeit have called it tlw Gmmtihig Cknk, liiiea it afllofda ft veady 
neaaa of tradng ftconfe whoae elementi an sNea. 

B2 
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DEFUflTIONS. 



JMieeAnr OMb. The wam^m&ag loons in tiie pttalwk k 
tiwdireetriz. 

OrdeTy or Degree^ of a curve is determined by tho 
ninnber of points in which it can be met by a straight line; 
and the Class of a curve by the number of tangents wlilch can 
be drawn to it from a point. Thus, a curve of the second 
order, or degree, is one which a straight line meets generally 
in two, and never in more than two, points; and a curve of 
tho second claai is one to which generally two, and nerer more 
than twO| tangents can be drawn from a point 
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CHAPTER I. 

DBSOBIFXION 07 TSB OUMVJU. 
1. Tt Iraw a ««mb wi«w,^cti^ dirtetnxt and toewinti^ 

li 

Let i6f be the focnsi* MM the directrix, and X the point 
in whidi the azb meets the direetrix. In ifiX take a point ^ 




Bnch that tbo ratio of SA to AX may be equal to the eccen- 
tricity. Then A is the vertex. 

Let a straight line cut the axis at right angles in N, About 
8 as centrei with xadins SF^ such that 

BPiJSlX^BAxAX^ 

describe a circle cutting the straight line in P, P'. From these 
poiuts draw perpendiculars FM^ P'M' to the directrix. Then 
evidently 

SPiPM^SAxAX^ 

* TIm planets deacxibe appioximAtely eUipaes abanfc Um nn In cm foooiL Hor 
lliknrafiwfiiitletterof 80Lisbm«ad| iBl7V««vlonftode^ ff 
M te oiUad III Uw MOmm, 
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DSSOfilPnOM OF TAB CURYB. 



or P Is a point on the carve. And in like manner P' ia a 
point on the corre. 

If now we suppose the straight line PNP' to move parallel 
to Itself, the points P, P' upon it will trace out the entire conre. 
From this coBStmctioii it ia evident that the curve is sjmme* 
trical with respect to its axis, since its points are always 
determined in pairs, as P, P', which are symmetrically situated 
with respect to the axis. It appears also that the tangent 
at the vertex is at right angles to the axis, since when the pomt 
. if coincides with the vertex, 8P*:i8A^8P*\ that is to say, 
the points P, P* coalesce at and the chord joining them| 
whidi Is always at right angles to the Mdi| beecMoes the tangent 
at A, 

In order that pairs of real points may be determined by 
the above construction, it is necessary and sufficient that 8N 
should bo less than 67', and therefore 

BNiNX<8AiAX^ 

a condition which enables os to discriminate between the three 
species of conies as follows: 

(i) The Parabola. 

If the eccentricity be equal to unity, wo must have SN < NX, 
a condition which is satisfied by taking N anywhere in XA 
produced. The point JV^ therefore may be supposed to start 
from A, and to move in the direction A8 to infinity, so that 
the extremities of the chord PP' trace oat a sbgle infinite 
-brancL 

(li) TheFJh'pse. 

If the ccceutricity be less than unity, the curve will havo 
a second vertex A' in XA produced, and in order that the 
condition 

8NxNX<SA'.AX 

may be satisfied, it may be shewn that the point N must be 
taken between J, A\ Ilcnoe the ellipse consists of one oval 
branch, as in the figure of Art. 3. 

(iii) The Jlf/perhohi . 

If the eccentricity be greater than unity, the curve will 
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have a second vertex A' lying in AX produced beyond the 
directrix; and the point ^Yniay He anywhere In AA' produced 
either way, but not between A^ A'. Hence, the hyperbola 
consists of two infinite branches situated on opposite sides of 
the directrix. 

A point is said to lie WITHIN a conic when it lies between 
the extremities of a chord perpendicular to the axis; and all 
other points in the plane of the conic, with the ezoeption of 
those which are npon the etmre itselfi are iatd to lie without 
the oomo. 

Let O^be the ordinate of an internal point 0| and let NO 
be produced to meet the conic in F, then evidently 

SO:NX<SF:NX, 

<8A:AX. 

Nest let 0 be an external point Then if iV; the foot of 
iti ordinate, fall within the curve, it may be shewn in like 
manner that 

S0iNX>8AiAX: 

But if N fall without the curve, tlieii 

SNiNX>SAiAX^ 
and aforHori 80 : NX> 8A : AX. 

Hence, in every case, a point will lie within or w&ktnii a 

conic according as the ratio of its focal distance to its per* 
pendicuJar distance from die directrix ia less or greater than 
the eccentricity, 

SGHOLTVM. 

TffE Circle is tho limiting form of nn ellipse whoso eccentricity 
is indefinitely diuiiuisked, aud whose directrix is removed to uu 
infinite distuioe £rom the focus. For ii^ in the next figure, 
PMy P'M* be perpendiculars on the directrix from any two points 

P, on a conic, and if llie distance of the directrix from bo 
increased indefinitely whilst 5/*, SP' roraaiu finito, then (i) tho ratio 
SP ; PM is diminished indefinitely; and {n) the ratio PM : P'M' 
tends to equality. But 

8P : SP^PM: rjf. 

Therefore ultimately SP : SP is a ratio of equality, and the oonio 
becomes a circle about S as centre. 
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2. The focal distances of all points on a conic are to one 
another as their parallel distances from the directrix. 

Jjet 8 be the focus; P, F any two points on the curve ; 




Mj M' their projectionB upon the directrix. Then from the 
defiuitiou 

From P, P draw a pair of parallels meeting the directrix 
in jS| Then by similar trianglesi 

Therefore SPiPB^ 8F : PR. 

Hence the focal radii SPj BP are to one another as the 
parallelB PB^ PB!\ and, whatever be the position of the point 
P on the curve, the ratio of 8P to PB will be constant if 
PR be drawn to meet the directrix at a constant angle. 

3. A conic is a curve of the second order. 

For if P, Q be anj two points on a conic, aa in the figure 
of Art. 4, and if the straight line joining them meet the directrix 
in By tbeoi drawing perpendiculars Pi/, QN to the directrix, 
we have 

SP:SQ==PM: 

»Pfi: QB. 

Hence 8B makes equal angles widi BP, SQ; and, con- 
versely, if P be a point on the curve, and jS'^ be drawn 
meeting PP, and equally inclined with SF to /SB, then Q will 

be a point on the curve. 

It is evident from this construction that no third point can 
be found on the conic in the same straight line with P, Q, 
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Hence a straight line which meets a conic will in general meet 
it in two points, and no straight line can meet a conic in more 
points than two. It is for this reason that conica are called 
curves of the second order, or of the second degree. 

Let a straight line parallel to the axis meet the directrix 
in M and the curve in P. Make the angle MSB equal to 
MSP, and let MS meet MP m Q\ theOi from above, the 
point Q lies cm the cnrve. In the caae of the etfi^ the 




points P, Q will lie on the same side of the directrix; for, 
nnoe 8P is less than FM^ the angle SMP is less than M8P^ 
and therefore the alternate angle M8X is less than MSP or 
MSB. Henoe the straight line SB falls without the angle 
MSX^ and meets MP on the same side of the directrix with P. 
Bj similar reasoning it may be shewn that a straight line 
piurallel to the ans of a hyperbola intersects the carre in two 
points on opposite sides of the directrix. In the case of the 
parabola, SB coincides with the axis, to which MP is parallel. 
Hence a straight line parallel to the axis of a parabola meets 
the curve in one point oulj. 

4. To deacribe a eonio of given focus^ dhtelrias^ and ooern^ 
trieUy hy mms of the eeogmtric drde if any given point 

Describe the eccentric circle of any point 0 in the plane 

of the conic, and let a straight line through S meet the circle 

in p and the directrix in B. Let BO meet the focal radius 
parallel to pO in P, and let OD^ PM be the perpendiculars from 
O, P to the directrix. 
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Then hj parallels^ 

SF: Op =FJi : OJR 
»Pif: OA 

or SPiPM^ Op : OD 

8 the eccentrici^. 

Henoe, 9Bp mores round the aide, P traoei the eonic n^ch 
was to be described. 

In the case of the hyperbola* it may be seen that the 
directrix divides the cirde into two parts, each of which oor* 
responds to one branch of the curve. 

5. To determine the points in which a given straight lm$ 
intersects a conic of given fociis^ directrix^ and eccentricity. 

Let the given straight line meet the directrix in R. Describe 
the eccentric circle of any point 0 on the straight line, and 
let it cut SH in p^ Let the focal radii parallel to pO^ ^0 



• Since the locus of p \n a continnous ctrrre, tlie conic, which is the locuB of P, 
ia also to be regarded as in all casea a cootinuous curro. In the case of the hyperbola, 
M the point p c ro cM tha diwctrix, the point P paaM licom infinity on one dde of tte 
axis to infinity on the other ildo of the ezia. Hence the two bnnehes of the 
hjpacfaolft maj be ooDOoived of ooniieeted diagoma^ at infini^. 
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meet tbe stnught line in P, Q. Then, aa aboTe^ if 02>, PJf 
be perpendicolan on the dirwtriz, ' 

8P : FM= Op : OD 

Bthe eccentricity, 

ft 

or P 18 a point on the conic 

Similarlj it maj be shewn that Q is a point on the conie. 

From this construction it follows that a conic is a cnrre 
of the same order as the circle; that is to say, it is a cnrre 
of the second order, as was shewn in Art. 3* 

6. A conic m a curve of the §econd class. 

If the points q become coincideat, the points P, Q likewise 
become coincident, since Op^ Oq are always parallel to SPj SQ 
respectiTely ; that ia to say, if 8M touches the circle, MO 
touches the conic. 




Hence the problem of drawing tangents to a conic from 
a point 0 is reduced to that of drawing tangents from 8 to 
.the eccentric circle of 0; for if the tangents from 8 to the 
• circle meet the directrix in J?, JT, then i?0, RO will be the 
required tangents to the conie. 



DESCRIPTION OF THE CU&VB. 



Since the same number of tangents can be drawn from 0 
to tlic conic as from S to the circle, it follows that a conic 
is a curve of the same class as the circle^ that 10 to saj, it 
is a curve of the second class. 

In order that two real tangents to the conic may be deter- 
mined by the above construction, it is necessary and sufficient 
that S should lie without the circle. The point 0 must therefore 
be so situated that SO maj be greater than the radius of the 
circle^ and therefore 

SOi OD>OpiOD 

> the eccentricity, 

where D is the projection of 0 upon the direetrix. 

When O IB on the cuTe the circle paaiM through 8^ and 
the two tangents coalesce. 

No tangent can be drawn to a conio from any point between 
the conre and ita aziS| ainoe at eyeiy moh pouit 

SO : OD < the eccentricity. 

Hence no tangent can pais between the carfo and its aziS|* 
and the cnnre ia therefore concave at all points to ila azia. 



KTA UPTMSL 

!• If an ellipse, a parabola, and a hyperbola have the 
same focns and directrix, the ellipse will lie whoUj within the 
parabola^ and the parabola wholly within the hyperbola; and 
no two comes which have the same focoa and directrix can 
intersect one another. 

2. If parallels from the focus and any point P on a conic 
meet the directrix iu JD^ and if Xr be equal to half the 
latns rectnnii then 



• In particular it !• to be noticed that no tangent Oia bd dmim to ettlwrtaKDdl 
of A bypnboto liom aagr wiUiin tho other 
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3. If the focns and two points of a conic be giYen, the 
directrix will pass through one of two fixed points. 

4* If FN be the ordinate of any point P on a conic, then 
BPt L : ifityethe eooentricity. 
Hence shew that if FSF be any focal chord, then 

1 12 

SF"^ BF~ L' 

5. Detennlne die condition that the diofd of a conic may- 
be greater than, equal to, or less than the diameter of the 

eccentric circle of its middle point. 

6. In the figure of Art. 4, if OpSF be a quadrilateral formed 
by drawing through 0^ 8 & pair of parallels, and a pair of 
straight lines which intersect on the dircctriz, then p will lie 
iriihoiit or within the eooentrio circle of 0, according as the 
ratb of iSP to PJf ia greater or ksB than the eccentridty. 
Pro^e also by means of this constmction ihat a tangent at 
any point to a oonio cannot meet the corre in any other pouit 

7. If p be made to describe a series of circles about 0 as 
centre, P will describe a series of conies having a common focus 
and directrix ; and the eccentricities of the conies will be to one 
another as the radii of the circles. 

8. If p be made to deseribe a cmre of any degree, P will 
describe a corve of the same degree; and the corresponding 
ares of the two oorres will snbtand equal angles at the points 
O, 8 respectivdy. 

9. If be the perpendicular from p to the directrix, then 
PM.pm = OD.SX. Hence shew that the sum of the reciprocals 
of the segments of a focal chord of a conic is constant, and any 
focal chord is divided harmonically by the focus and the direc- 
trix. Shew also that if OF^OQ, then £q£^ is divided 
harmonically. 

10. Shew from ^e oonstniction of Art. 6 tiiat the tangents 

OPf OF subtend equal angles, and that JBP, BF subtend right 
angles, at the focus. 
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CHAPTER 11. 




In thU chapter we Bhall prove some of the prindpal 
properties which are oommon to the Parabola, the Ellipse, 
and the Hyperbola, reserving for future consideration the 
propotieB which are distmctive of the three spectes of conies. 



7. T%B teM^if to a comb fiom any pomi on lUe dweobrvB 
tubknd right angU$ at tht JheuB, 

Let Q he adjacent pouits on the conre, and let JPQ 
prodoced meet the directrix in B, Then, as ui Ait 3| 

BF: SQ = FM: QR^ 



and SR bisects the angle which 8Q makes with PS produced. 

Let' PS produced meet the oomc in 0. Then since the 
angles RSQ^ RSO arc always equal, therefore in the limit, 
when BQ coincides with iSP, each of these angles becomes a 



PBOPEBTIES OF TANGENTS. 



PROPOSITION I. 
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right angle, and SP^ whidi beooniM the tangent at subtends 
a right angle at 8, 

Hence, (i) to draw the tangent to a conic at a given point 
P on the cnrye, make P8B a right angle, and draw PS to 

the point in which 6R meets the directrix ; and (ii) to draw 
tangents to a conic from a given point It on the directrix, draw 
the focal chord OBJP at right angles to SB^ and join MO, 

Corollary, 

Hence It appears that the tangents at the extremities of 
anj focal chord FO meet at a point R on the directrix ; and 
oonyersely, if tangents be drawn from any point R on the 
directrix their chord of contact PO will pass throagh the focna. 

The I>irectrix is therefore the Polar of the Foeos. 

PBOFOBmOR n. 

8. If from avy point T on the tangent at P perpendiculars 
TL^ TN he drawn to SP and tJie directrix respectively^ t/ien 
SL : TN= the eccentricity * 

(ij For if the tangent at P meet the directrix in and 




if PM be a perpendicular to the directrix, then, since SR is 
at right angles to SP^ and Is therefore parallel to 2X, we have 

8L: SP= TR : PR 

^TNiPIL 



* It will be sbewa at the end of the ofasptcr that tluB theorem, wUdi, nilb ito 

mpplications a« in the t«xt, was discovered by Prof. Adams, \^ tlio gaoawtriCAl 
•aalogue of tho polar equation b^wcea HT and its inrl^pfLtign to tlw atia. 
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Therefore SL : TN= SP : PM 

^BA I AX, 

where ^ is the vertex, and X tbe foot of the directrix. 

(ii) It appCiira from the above proof, that this proposition 
may be regarded aa a corollary from the preceding; but the 
two may be proved at once, as follows, if we consider the 
tangent to be defined mutatis tntuandia after the manner of 
Euclid. 

Let P bo a point on the curve, and It a point on the directrix, 
such that PE subtends at riglit angle at S. Take any point T 
in the same straight line with P, B, and let fall the perpen- 
diculars PM, TN on the directriX| and the perpendicular TL 
on BF. Then, as before, 

8L: TN^BAiAX. 

Hence BT : TN> BA : AX, 

and the point 2^ lies without the curve in every case except tliat 
in which it coincides with P. The straight line PM is therefore 
the tangent at P* 

OoreiRary, 

It is evident that if L, N be the projections of a point T 
upon a fixed focal chord and the directrix rcspectivelji and if 

BLi TN^BAiAX^ 

the point T will lie on the tangent at one or other of the 
extiemitiei of the fixed fooal chord. 

flence, a eeoond conttmction analogous to that of Art. 6| 
for drawing tangents to a conic from a gtyen point About 
8 describe a circle equal to the eccentric circle of T, and 
draw TL, TM touching the circle at L, J/; then SL, SM 
will pass through the points of contact of the two tangents 
which can be drawn to the conic from T. There is an apparent 
ambiguity in this construction, since each of the focal chords 
through L, M meets the conic in two points ; but to determiuo 
the actual tangents, draw SR at right angles to SL to meet 
the directrix, and join RT; and dr.iw SR' at right angles 
to BM to meet the dircctriX| and join WT, 
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PROPOSITION III. 

9. The tioa kui^wta which can he drawn to a conic from 
any external jmnt eubtend equal cr et^lementarjf angUe at 
tkejbeue, * 




For if TP, TQ be the two tengents, e&d TX, TM^ TN be 
perpendienUrt upon 8Q^ and tbe direotrix reipectiTelj, 
then lince Tlies on the tangent at P, 

SL'. TN^SAiAX, 

In like manner 

SMx TN^SA: AX, 

finee Tliea on the tangent at Q. Therefore in the nglit-anglcd 
trianglea STL, STM, the sides SL, SM are equal; and the 
hypotennae 8Tve common to the two trianglea j therefore 

lTSL^TSM. 

Now (i) if TP, TQ touch the same branch of the couic, the 
angles which they subtend at S -will be either equal to TSL 
and 2'SM, as in the above figure, or supplementary to TSL 
and T8M. In either case TF^ TQ will subtend equal angles 
at S. 

But (ii) if TP, TQ touch opposite branches of a hyper- 
bola, 80 that one, and one only, of the radii SL^ SM haa 

C 
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to be produced backwards to P or then the angles TSL, 
TSMhelug equal as before, the taogeuta TF^ TQ will subtend 
BUPPLBHENTABT angles at £L* 

ChroUarjf 1. 

If the chordof oontaotPQof a pair of tangents TP, TQ meet 
the direotriz in then ST^ 8B bisect sopplementaiy angle* 




at S, and are therefore at right angles to one another. And 
the chord of contact FQ is divided internally and externally in 
the same ratio SF: SQ^ that is to say, it is divided harmonically, 
at the points at which it meets ST and the directrix. Since 
the straight lino ST \b evidently the polar of 22, it follows 
that the chord FQ is cut harmonically by the point and 
the polar of 



* Bat in thu c&ae aLso, we may say that they subtend bquai. angles, if, ia 
aoopiduMwithtlwpdiidptoof tbeNotoon Prop, vii, we ngud TQ «imilit«Bdiiig 
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Corollary 9, 

If 0 be any point on PQ^ or FQ produced, and M the 
projection of 0 upon the directrix, and if the perpendicular 
from Oto 8T meet SP, or SQ, in X; then, since this perpen- 
dicular it paraM to SB^ it follows, precisely as in Prop, ii., 
that 

8L I 0M= llie ecceutricitj. 
THE l^OEMAL. 

PROPOSITION IV. 

10. Jfthe normal at Pmeet the axis in then SG i BP^tlia 
ooeentricify. 

For if the tangent at P meet the directrix in ^, the circle on 
FB as diameter will pass through since the angle PSR is 
a right angle; 'and likewise through J/, the projection of P 
upon the directrix ; and PG^ which is at right angles to PB, 
vdll touch the circle. 




Therefore 1 8PG « 8MP, in the alteniate segment. 
Also i. P8G =» 8PM^ by parallels. 
Hence the triangles 8GP^ P8Mm similari and 
8G : 8P^ 8Pt PJf- 8A : AX. 

Conversely, if in ^5 produced a point G be taken such that 

8GiSP^8AiAX^ 

then will PG be the normal at P. 

This suggests an obvious method of drawing s noimal to s 
conic at a given point on the curve, or from a given point 
on the axb. 

C2 
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PBOPOBITION V, 

11. The perpendicular let fall upon ihejbcdl radius to any 
point of a conie/rom the foot of the normal at that point meeto 
the focal radiuM at a distance eptal to half the latue rectum from 
4t§ esBtremity, 

Let G be tbe foot of the normal at a point P whoae ordinate 
ia PKf and let a perpendicular GK be drawn to 8P, Then 







t 


A fil 


N 





hj Bimilar right*aDgled trianglea 

8K: SG=SN: SR 
Therefore bj the preceding proposition 

Bat, from the definition of the 

iSP: BA^NXxAX. 

Therefore 8P^ SK : 8A = SX : AX. 

Therefore 8P'^ 8K^ or FK^ is constant| and equal to half 
the latoa rectonu 

ANGLE PBOP£BTI£S OF SEGMENTa 

PROPOSITION VI. 

12. The chorde containing the angles in a focal segment of 
u eonio intercept on the dtrootrix lengths tohid^ subtend right 
angles at the focus. 

Let P8^ be a focal chord, and PQp an angle which it 
anbtenda at the circnmference. Let PQ^ Qp meet the directrix 
in 22, r reapectiYelj. Produce Q8 to 

Then ainoe BPi BQ^PR : QR, 

and 8p I 8Q=^ pr x Qr^ 



THE OENEAAL CONIC. 



21 




therefore 8R and Sr bisect the eupplcmentary angles which Sp 
makes with Qq^ and consequently the angle BSr is a right 
auglej or £r subtends a right angle at 3. 

The opposite sides of a quadrilateral whose vertices are at 
the ends of a pair of focal chords FSp^ QSq intersect upon the 
directrix, and the portion of the directrix which they intercept 
subtends a right angle at the focus. For, proceeding as above, 
we see that each of the straight lines PQ^ qp meets the directrix 
on the bisector of the angle p8Q\ and each of the strugbt 
lines Pqy Qp meets the directrix on the bisector of the sup- 
plementary angle pSq ; that u to saj, the two pairs of opposite 
sides of the quadrilateral intersect upon the directrix at points 

r| snoh thai Mr snbtondB a right angle at & 

PBOF06ITIOH TU. 

13. The chords containing the angles in a Jlxed segment of a 
■conic intercept on the directrix lengths which subtend constant 
angles at the focus^ the constant angles being equal or supple 
mentary to half tlie angle which the chord of the segment subtends 
nt the focus. 

Let FQ be a fixed arc of a conic, and PBQ a variable angle 
at the circumference. Let PB^ QB meet the directrix in ^ 
respectively. 

Then since SP i SB : £p^ 
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the Straight line 8^ blsecte the angle BSP, and likewise the 
straight line 8q bisects the angle USQ^ exteraallj or iotemally. 




Hence, by addition or subtraction, as the case may be, the 
pS'j h equal or supplcmentarj* to ^FSQ. For ezftmplei 
in the iigure drawn, 

Z BSq =■ i supplement of B8Qf 
and I B8p - \ supplement of BBPi 

whence, by sahtraetion, 

Corollary, 

In like manner it maj be shewn, by snooessiTe applicatioiis 
of Prop. III., that if the tangents at P, Q meet the tangent 
at B in p* and q\ the angle ^ /Sy will be equal or tnpplemen- 

taiy to pSq^ or iPSQ. 

SGHOLIUX ▲. 

TnB AiroLE pROPEBTiBa of oonics compiise some eimple gene- 

rnlisations of fundamental thooroms in tho geometry of the circle, 

as mny simti by roinuviii)^ tho (lirt>ctrix to intinity, ^vhc'Il, as has 
been ah'ciuly bhown, thu conic hecoiucs n, circlo about .S as centre. 

(i) liomoviug tho directrix to iuliuitv, we have, referring to the 
figure of Art. 8, the tangent PB parallel to 8B, and thevefine at 
right angles to SP. That is to say, at any point Pen a dxde the 
tangent is at right angles to the radius. 



♦ The theorem appears to fail when P, Q are on opposite branches of a hyperbola, 
in which caae jLpSq=: cuiu|)lement of ^PSQ. But in this case the chord of 
the MgnMBk is nofc tin finite ttraight Une PQf whidi ]!«• witboat Um coni^ bot tho 
portion of the onlimitcd btraigbt line through P, Q which falls within the conic. The 
nnglc subtended at 5 bj the cbord of the waganuk i» theRtore not FSQ, hot the 
wppiemuut of PSQ. 
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(ii) Eeraoving the directrix to infinity in Art. 12, we have PQ 
parallel to SI!, f^inco H is at infinity; and Qp parallel to Sr, since 
r is at iutinity. Therefore FQ, Qp contain an angle e^ual to JUSr, 
or the angle in a somicirclo is a right angle. 

(iii) Proceeding Bimilarly with reference to Art. 13, wo have 
PM paraUel to nnoe p is at infinity ; and QH pamUsl to Sq, 
aince g is at infinity. Therefore the angle PMQ, or its supplement, 
is equal to ^PSQ. Hence, by varying the positions of the points 
upon the circumference, we como to tho properties of the circle, 
that the angle at tho centre is double of the angle subtended by 
the same axo at tito dieuniflBienoa ; that anglea in uie same Bogment 
are equal to one another; and that the opposite ang^ of an 
inscribed quadrilateral are together equal to two right angles. 
Lastly, by making i? coalesce with P, wo deduce that the tangent 
at F makes with a chord PQ an angle equal to PIIQ in the alter- 
nate segment. 

DIAMETERS. 

PBOFOSmOM yuL 

14. 2^ loeuB of the middU pohUofany »yUmn cf parallel 
ckarde cf a eonie U a ehuight line which meda the diredria 
OR the etraiight line through the focue ait right anglee to the ehcrds. 

Let PQ be aoj one of a system of parallel chords, and Fthe 
point in whibh the focal perpcndioolar upon them meets the 
dtrootiiz. Let PQ meet SVm F, and the directrix in B. 




Then since 8PiPR^8QiQR\ 
therefore flfP'- S<f',PB^'- QB* - BP" : PiP, 

or, subtracting SY* from each of tho magnitudes SP* and 
Py'^v QY* I PB^-^ QW»SP^'. PB^. 
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But, if 0 be the mlciaie point of PQ, the sura of PFand Q T 
will be e jual to 2 01^^ and their difl'erence to FQ^ or vice versa. 



and in like manner PB^'^QIP » ^OB.PQ. 

Therefore OY.OR^ SF' : PIV, 

wbicb, by Art. 2, is a constant ratio for all parallel chorda. 
Hence the locos of 0 ia a straight line through F.* 

throUarff 1. 

The tangents at the extremities of diameters are parallel to the 
ordinates of those diameters, since a bisected chord as PQ may 
be supposed to n)0ve parallel to itself until its segments vanish 
together, and its extremities coalesce, viz. at the end of 
its diameter. Ilencc the diameter through the point of contact 
of any tangent meets the directrix at a point V such that SV \A 
perpendicular to the tangent. If a diameter meets the curve ia 
two points, the tangents at those points are parallel to one 
another, and to the oidinatea of that diameter. Conversely, 
the chord of contact of any two parallel tangents is a diameter4i. 

CoroUary 

It POQ, poq be double ordinates of a given diameter Oo^ 
then since P^, pq are both bisected by the same diameteri 

P . 



Therefore 



T 




* Tliii» nmy also be prorcd by mean" of the ecrontric circle of 0. For in Art. Ifl, 
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the directions of Pp^ Qq will intersect at some point T on that 
diameter, llenci;, making pq coalesce with PQ, so that F7\ 
become the taugcntB at 1\ Qj we see that t/te tamjcnts at 
the extroiiitits of any chord meet iq)on the dianitter which bisects 
the chord ; and couvei'sely, that the diameter through an external 
point bisecta the chord of coutact of the tangents irom that 
point. 

Ccrollary 3. 

If the chord PQ be parallel to the axis, so that SY the 
focal perpendicular upon it is parallel to the directrix, then, 
proceeding as before, and supposing FQ to meet the directrix 
in if| we have 

OYiOM=SF' : 
and, the f»tio of OY to OM being thus oonstant, the locos of 




0 b a straight line perpendtcnlar to the axis. Let it meet the 
axis in (7, which (Def. p. 1) is the Ctntre of the conic. Then, 
evidently, 00 divides the curve symmetrically, since it bisects 
every chord PQ to which it is at right angles; and the conic 
lias therefore a second focus iT, and directrix NW^ which are 
the exact counterparts of the original focus and dnrectrix with 
reference to which the curve was considered to be desorihed. 

From the symmetry of the curve, it is manifest that every 
ehord through the centre is bisected at that point, and hence 
that all diameters pass through the centre.* Other immediate 



and therefore the focal perpendicular SY is the polar of R with rcppect to the circle, 
■ad OY. OR, beixig equal to the square of the radius, is in a constant ratio to OH!*^ 
if the inelination of P<| to Hm dixoetrix be inTuieble. Thenfbn OT:0R b • 
WniAriV^ iBtio, and the locus of 0 is a straight line throu^^h V. 

* A diMiieter ie tometimee defined m a etnught line Uu»ufh the OMtn. 
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c(»Dieq;ii0nces of the twofold iTinmetfy of Bilbeal Conks will 
be aHnoned as self-eyident in the ooorae of the work. 

In the case of the parabola, smoe 8P* : Pif' Is a ratio 
of equality, OTi OM and C8i OX are likewise ratios of 
eqnalitj. Henoe the parabola maj be regarded as a eonio 
toAose eentrt ia alt infinity. Its diameters are straight lines 
paraUel to the aziS| since thej all co-intersect at the" infinitely 
distant pout 0 on the axis; and oonTorsely, every straight 
Ibe parallel to the axis is a diameter. 

CoroUcay 4. 

In a central conic, if one diameter bisect chords parallel to a 
second, the second will bisect chords parallel to the former. 
For if the two dianieters meet the directrix in V\ and if 
SVhe perpendicular to CV i then, CS being perpendicular to 
VV'y the focus is the orthocentre of the triangle CVV\ or SV 
is perpendicular to CV. That is to say, if CV bisects chords 
parallel to OF', then CV bisects chords parallel to CV, 

1£ CVf CV he thus related, it is easily seen that 

VX.irX^CX.SX. 



THE SE0MBNTS OF GHOBDa 



PBOFOflinOll 

15. The iemi-latu» redwn u a harnumh vuan hOwetn Cfts 
BegmenU cf any focal ehard. 

Let a focal chord PSQ meet the direetrix in and let 

FM^ iSX^ QN be perpeudiculars to the directrix. 
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Then SFiSQ^PM: Qy 

or PQ b divided luurmonicaUy at 8 and 12. 

Bot by panlldii and ftom the defioitton of the cnrfo, l£L 
be the Bemi-latns Tectum, 

FB : SU : Qli = SX : QN 

^SP: L : SQ. 

And, from above, PR^ 8R^ QR are in harmonical progreflsion. 
Therefi9ie alio BP^ 2/, BQ are in harmonical progieaeion. 

Corollary, 

Tbb resnlt maj also be written in the forma 

and L.FQ~L(SF-k' SQ) - 2i8[P. SQ. 

Heneei if PQ, pq be any two focal chordi, 

PQ : 2jq=SP.SQ: Sp.Bq, 

or /oca/ chorcU care to one another as the rectanglee contained hy 
their segments, 

PSOFOBinON Z. 

16. A chord of a conic heing divided at any pointy to d^ermine 
tJie mnrjnitiide of the rectaiujle contained hy its segments. 

Let 0 be any point ou a chord PQ of a conic, or on the 
chord produced ; it is required to determiue the maguitade of 
the rectangle OP. 0 Q. 

Let the chord, produced if necessary, meet the directrix 
in JS, and let OD be a perpendicular to the directrix. Describe 
the eccentric circle of C, and let it cut Sli in and q. Then, as 
in Art. 5, the radii C>/^, Oij are parallel to PS, QS respectively. 

Therefore OFiS^^ORiRpf 

and OQi Sq^OBtBq. 

Hence OF.OQ ; Sp. S^i = OU' : lip.R^, 

» OR* : Re, 
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if i?^ be a tangent from R to the cirde ; or (EacUd IIL| 85) 
if it be a aemi-cbord at right angles to the diameter tbrongh 
Sf in the caae in which E fylh within the circle.* 

In this result it is to be noticed (i) that the magnitude 
Bp,8q depends only upon the ptmtion of 0, since when 0 is 
giTen, its eccentric circle being given, £^,Sq is constant; and 
(ii) that the ratio OJB* : dependi only upon the dincUon-f of 
PQf since when the angle OED b given, OJZ* varies as OJD^, 
and therefore as Of^ and therefore as OB''^ Of^ or Et. 

If throngh any other point (/ there be drawn a chord FQ 
parallel to PQ^ and if p\ q be the points corresponding to 
via. on the eccentric drde of 0*, then, the ratio OiZ* : E^ being 
the same for any two parallel chords, it follows that, 

OF.OQ : Sp.Sq = 0'F.UQ : Sp'.S^, 

where the consequents depend only upon the positions of 0, 0', 
If therefore any second pair of parallel chords be drawn through 
the same points 0, 0\ we have the general theorem that : 

* This happens when P, C2 are on oppoaite branches of a hyperbola, since q 
then lie on oppoaite eides of the directrix. 

t This foUom movt Teadil7 in th« case «f Um p•nboIi^ sinoe Chea tiM dnlt 
toQches the directrix in D, and the ratio in qiteatioo beoooui that of RC^ to JUD* 
which is ooastant lor a giTtn indi n aU o a of the chmd. 
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The ratio of the rectangles contained by the segments of any 
two inlersecfinrj chords of a conic is equal to that of the rect- 
angles cojitained by the segments of any other two diords jmrallel 
to the former^ each to each. 

Taking special cases, we see that this ratio is equal to 
that of the parallel focal chords (Prop. IX., Cor.); and to 
that of the squares of any pair of tangents p:irallel to the 
chords ; and, in a central conic, to the ratio of the squares of 
tke semi-diameters parallel to the chords. 

Hence also, any two intersecting tangents are to one another 
in the subdnplicate ratio of the parallel focal chords ; and, in a 
oential oonici thej aro in the ratio of the aemi-diameterB to which 
tiiej are paralleL 

Lastly, to take a case which will he made use of in Prop. ZII., 
if OTG touch a conio in 2; and il OFQ^ OBQ be a pair 
of parallel chords, then 

Corollary 2. 

If a circle and a conic intersect in four points, their common 
chords will be equally inclined, two and two, to the axis of 
the conic* For if POQ, pOq be one of the three pairs of 
common chords of a circle and a conic, the rectangles PO. OQ 
and 'pO.Oq ^vill be as the focal chords parallel to PQ-, pq'y 
and the same rectangles- will be equal to one another, by a 
property of the circle. Therefore the focal chorda will be equal, 
and therefore eqaallj inclined to the axis. 

Corollary 3. 

Lei the conic be a parabola,t so that the eccentric circle 
toadies the directrix in D\ and let 8D meet the circle again 
in Z, Then, for a given inclination of the chord, the rectangle 
CP.OQ varies as 8D,8Z. Let F be the extremity of the 



* That is to say, each pair of chords will form an isosceles triangle with the axis ; 
Imt tlMf will not ba panUd to oo« anctlMr, «xoept wImq fhej are p«n]lel or perpen* 
dicular to the axis. 

t Another pioof will be given in the chapter on the Fnnboln. 
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dUmctcr tliron^h D. Then, since OZ ia equal to OD and 
parallel to VS^ it is easily seen that 

OVi SZ^VD: SD = 8D:2SX. 

Henee OP.OQ Ttries as 28X.0Vf and b equal to F.OV^ 
where JPii the foeal ehord parallel to PQ. 

This maj also be dedaced as a specta! case firom Cor. 1, 
by regarding any two diameters as chords Foo and F' oo | whose 
fbrther extremities are at tnfioitj; for, if the parallel chords 
PQ, P'Q meet the two diameters in 0 and 0*, then 

OP.OQ\0'P'.0'Q= OV.Ooo:0'V'.0 <^ =0V: O'V, 

since it may he shewn that Oco : C/co is a ratio of equality; 
and therefore OF.OQ Taries as OF. 

POLAB PBOP£RTI£S • 

FBOPOSITION XI. 

17. If a ekard of a conic pan (hrovgh a fioBtd foml^ fie 
foff^enlf at iU cxtrmiUec wSl wiercee^ on a JSxd dru^ht 
Una; and eonvcnefy^ if pairc of kmgenti he thawn to a conic 
from pomic an a faeed ctra^ht 2ms^ their chordc if coniaei 
vnll pasi through a Jisocd jpoinU 

If 0 be any point on the chord of contact of the tangents 
from 3* to a eoniC| and if T£ be a perpendicular to 80^ and 




♦ The thc<")ry of Polar*, nUhoiigh the name k of later origin, wa^ known tO 
Dosugueft. See Poudn'a (Euvru de Lttargwt, roL I., p. 263, (Pauis, HaH), 
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Olf, TN be perpendlcalara to the directrix, then will the 
lectangle SO. SL be in a constant ratio to OM. TN, 

Dnw 8F to one of the points in which the cliord meets 
the conic, and let TL' be a perpendicular to SP,* Upon ST let 
fall the perpendicular OKy and produce it to meet SP in L". 
Then, since each of the ratios SL' : TN^ and SL" : OM 
(Prop. III., Cor. 2], is equal to the ecccntricttyi the rectangle 
BL'.SL" is in a constant ratio to OM. TN. 

And because the angles at X, L' arc right angles, the 
points jL| 0, and the points JST, L\ are ooncjclic 
Therefore 

80. BL^ 8K. 8T^ 8L'. 8L\ 

which has been shewn to vary as OM, TN, Hence, if 0 he a 
faoti pointy 8L yaries as and the locos of T becomes a 
straight line,t which meets the directrix at a point i2, snch that 
OSB is A RIGHT ANGLE. Conversely, if 2* be taken <^n the 
fixed straight line 2!B, the chords of contact will co-intersect 
at 0. 

When the Polb O lies withont the conic, its Polab, the 
loeos of is ifte t^ord of emUaei of the ianffentafrom 0, since 
these points of contact are eyidentlj points on the locos. 

OoroUmy 1. 

From the above investigation it is evident tliat, if a point T 
lies on the polar of 0, then 0 lies on the polar of T. Take 
any two straight lines A, j5, and let a, b denote their poles. 
Then the polar of any point on A passes through a, and the 
polar of any point on B passes through bj and therefore the 
polar of the intersection of A^ B passes through both a and b. 
That is to say, the inttrsccfion of any bco straight line$ is the 
Jble of the straighi line which joins their two Poles, 

Corollary 2. 

Since every point at infinity in the plane of a central conic 
is the point of intersection of a pair of tangents whose chord of 



* Sec the lithopniphod figure^ No. 1. 
t S«e Scholium B. 
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contact, being a diameter (Prop, vill, Cor. 1), passes tliroogh 
the centre, all such points at infinity are on tlie polar of the 
centre, and may tJierefore be regarded as lying on a straight 
line, which is called the Straight Line at Lifinitif, 

Corotlanf 8. 

Since when 0 is a fixed point 8L varies as 7W, the straight 
line which is tlie locus of T is a tangent (Art. 8), viz. at the 
point in which it meets SO^ to a conic having the same focus 
and directrix, and whose determining ratio is that of SL to 21V; 
and further, it will be a tangent to the same conic if 0 be 
no longer fixed, but subject only to the condition that the ratio 
of SO to OM is constant, llcuce, if a point 0 lie on a conic, 
the envelope of its polar with respect to a conic having the 
same focus and directrix will be a third conic having the same 
focus and directrix, and conversely; and the eGcentricitiea of the 
three conies will be proportiooaU. 

PROPOSITION XII. 

18. 4X1 chords drawn through any point to a etnUo are 
cut harmanMoUjf thai jpcmi^ and «to polar with retpect to 
oofitb. 

Let HT^ HT be a pair of tangents to a conic, and PP* 
a cboid which passes through and cuts the diord of contact 
TT in JT; so that .ETis on the polar of JT, and JTon the polar 
of K Throngh P, P' draw parallehi to and let them 
meet the cnrve in Q\ and the two tangents in 0, O' and 

B respectively. 
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Then siDoe tlie itndgbt line which biaectB TT' and passes 
through .ff bisects also OR and OR; and since, hy Prop, viii., 
Gor. S| the same straight line is the diameter which bisects 
the chords PQ, P'Q; therefore the intercepts OQ, PR are 
equal, and likewise the intercepts 0' Q\ P'R. 

Hence, and by riop. x., Cor. 1, 

or" : op,oq : op.og 

^OP.PRiOP'.FR 

= oip : an*, 

.by similar triangles. That is to say, UOTO' is cut hanuo- 
nicallyi and therefore HPKP' is cut harmonically. 

Corollary, 

The diameter through H is divided harmonically at that 

point, and the point in which it meets the double ordinate TT, 

Let it meet the latter in F, and the curve in D and D'. Then, 
if C be the centre of the conic, and therefore the niiddlc point 
of DD\ it fi)llu\v.s from the nature of harmonic section that 
CV.CII= Clf. But in tlie case of the parabola, if D and x bo 
tlic extremities of the diameter through //, then JIV is divided 
hanuouically at D and oo , and therefore II V 'a bisected at D. 

SOHOUUM B. 

In l*rop. XI, having shewn that SL, tlie projection of ST on a 
fixed straight line SO, varies as the perpendicular distaiico of T 
from another fixed 6trai<|;ht line, the directrix, we inferred that tho 
locos of T was a straight line ; and that it met the directrix at a 
point It such that L OSR » a right angle. This is virtually proved 
m Art. 8, where, leaving the curve out of consideration, wo may 
regard the eccentricity as any con.stunt ratio. In IVop xt. tliere is 
the same ambiguity as in I'rop. ii, Cor., tho locus of T apparently 
oonnsting of ^190 straight lines through M. This arises from the 
oironmstanoe that when the magnitnd* only of the ratio SO : CM is 
given, tlio point 0 is not completely determined, but tho choice 
lies betwef n two points 0, 0' collinoar with tho locus, each of 
which has its own polar. If, however, the actual position of 0 b t 
given, as in the proposition, tiioi taking into oonsideration the 
axgn of the ratio SL : Ty&B well as its magnitude, lot the direction 
50 be regarded as positive, and that of OS negative; and Irt 
perpendiculars to the directrix Irom its ^S'-side be poi>itive, and 

D 
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those from the further side negative. Theiii SL^ TN being 
positiye or neg^tiTe together, the &oiu of Tia seen to be the mngle 

straight line TR. 

The polar of O is the straij^ht lino through R paraUrl to th* 
ordinates of th*' dinm^trr ihroufjh 0 ; for if oo be the polo of that dia- 
meter, and V its point of concourse with the directrix, then 
(Prop, m., Oor. 1) ^oo is at right angles to 8V, and is therefore 
(Prop. Till.) parallel to the oroinates of the diameter OV. In 
tho case of central conies this follows at once from Prop, vm.. 
Cor. 1. 

If $ denote the eccentricity, then, referring to tho proof of 
Vwg. XL, we see that 

so.SL=e*. ojf.ry. 

Hence (i) i£ SO ho less than e. O.V, then will SL, and a forfiori ST^ 
be greater than e.TX\ but (ii) if ISO be greater than e. OJI, then 
will AC be less than «. TN, and 8T, which may have any magnitude 
not less than SZ, may bo oithor loss or groator than «,TN. It 
follou's tlmt fh" polar of 0 irill clU »rnot cut ih6 CWMC uccorUng 99 
0 lUs tcilhoUit or wUhin Ute conic. 



SCHOLIUM C. 

The Polar EtirATTox of a conic rcfeiTod to its focus and axis 
may be seen, Ixom Example 4, to be of the form 

whoro r donotos SP\ 0 the angle ASP; and c, I denote the eccen- 
tricity and tho somi-latus rectum. The corresponding equations of 
the Tangent, the Normal, of any Chord, and of the Polar of any 
point, may be deduced, as bebw, from geometrical theorems whiim 
we have already proTod. 

(i) TheTlmffmi. 

InFkop. II., let r, 0 be the coordinates of and let a be the 
angular coordinate of the point of contact P. 

Then SZ'MSTooBTSZmr WBiB-a), 

and e,TNm0(SX^8TeoBA8T)ml^0,rooB$, 

Hence cosO+oos(d-o). 

(ii) Th^ Normal 

In Prop. IV., let a parallel to the axis cut SP in Z, and PG in 
Q. Denote Z A SP by a, and let r, 0 be tho coordinates Q. 

Then ZQ'=r.;^P^e{SP- 

or e.SP'ZQ^e.SZi 
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. ZQ tin(0-a) 8Z Bine 

and — • — r ' : — - — . 

r ana ' r smo 

— e . SP sin o , ,^ . . ^ 
Hence -8in(0-o)-i-« 8in6; 

I e ein a . v . * 

OP - . =8m(e-a) + #iin6, 

r 1 + COB tt ^ ' 

since SP^ a ore the ooordinatee of a point on the onrve. 
(m) Anff Chord, 

IVom Prop. III., Cor. 2, it is ea^y to deduce the equation 

^ - « coa0 -I- aeo /3 co8(e - a), 

representing the chord which cuts the conic at the points whose 
angular coradinates are a ± /3 respeotiTely. 

(iv) The Polar of any Point. 

In Prop. XI., let r, Q be the coordinates of Tf and a those of 
0. Then it is easily seen that 

Henoe, equating SK. ST to e\OM. TN, we dedooe that 

^ coa ^ - e cos = cos (6 - a), 
which ia the equation of the polar of the point (p, a). 



EXAMPLES, 

1 1. Determine the pole of the latns rectom of a eonie. 

12. Every tangent is the polar of its point of contact. 

13. The segments of any focal chord snhtend equal angles 
at the point in which the directrix meets the axis. 

14. If two conies have a cominon locus, their common chord 
or chords will pass through the intersection of their directrices. 

15. The tangents at the ends of a focal chord meet the 
latos rectom at points eqoidistant from the focus. 

1 6. The focal distance of any pomt on a conic is cqnal to 
the ordinate at that [)uint produced to meet the tangent at an 
extremity of the latus rectum. 

i>2 
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17. The directions of any two tangents to a circle are 
equally liielincd to the diameter through their point of inter- 
sectioD. State this theorem in a form applicable to all conica. 

1 8. GKt6ii the focas of a oonic and a focal chord, the locos 
of the eztramitiea of the latos rectum b a cirde. 

19. Given the focus, the length of the latus rectum, a 
taugeut, and its poiut of contact, shew bow to consti'uct the 
conic 

20. When the focus and three points of a conic are given, 
shew how to construct the curve. 

21. Given tlie focus of a conic inscribed in a triangle, 
determine the points of contact. 

22. Given a chord of a oonio and the ang^e which it 
snhtends at the focus, shew that the focal radius to the pole 
of the chord passes through a fixed point. 

23. With given focus and eccentricitj construct a conic 
which shall pass through two given pomts. 

24. Determine in what cases a chord of a conic will be a 
maximum or a minimum. 

25. The portion of any tangent intercepted between the 
tangents at the ends of the parallel focal chord is divided at 
its point of contact into segments whereof each is equal to the 
focal distance of that point. 

26. If the tangent at any point of a conic meet the directrix 
in 2>, and the latus rectum in then 

SLi&D^SA : AX. 

« 

27. If P3f, QN he the ordinates of the extremities of a 
focal chord PQ^ and if the direction of the diord meet the 
directrix in then will BN meet MP at a distance from the 
axb equal to 2PM. 

28. If M he the projection upon the directrix of any point 
Pon a conic, then will ^'3/mect the tangent at the vertex upon 
the bisector of the angle ^I'M, If a focal chord of central 
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conic meet the tangents at the vertices in l\ V\ give a con- 
struction tor determining the poiutd io which the circle on VV 
as diameter meets the cuuic. 

zg. Prove the following construction for drawing tangents 
to a conic from a given point T, Divide 8T in I, so that 

8^1 8T^ AX I TW; 

where TN is a perpendicular to the directrix ; about S as 
centre describe a circle touching the conic, and from t draw 
tangents to the circle, and let them meet the tangent at the 
vertex in K, K' j draw jTF, TF', which will be the tangents 
required. 

30. If a chord of a conic snbtend a constant uigle at the 
focnS| the locns of its pole will be a conic having the same focus 
and difectriz. Shew also that the envelope of the chord will 
be another conic havmg the same focns and directrix, and that 
the eccentricities of the three conies will be proportionals. 

31. The vertex of a triangle which circumscribes a conic, 
and whoso base subtends a constant angle at the focus, lies on a 
conic. 

32. Two sides of a triangle being given in position, if the 
thifd subtends a constant angle at a fixed pobt, determine 
its envelope. 

33. If a fixed straight line intersect a series of conies which 
have the sauic focus and directrix, the envelope of the tangents 
to the conies at the points of section will be a conic, have the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conies. 

34. The focal perpendicular upon any tangent to a conic is 
a mean proportional to the segments into which it jdivides the 
portion of that tangent intercepted between tiie tangents at the 
extremities of any focal chord. 

35. If <S'l'bc the focal perpendicular on the tangent at any 
point P to a conic, and X the point in which the axis meets 
the directrix, then 

BTiYX^SAiAX, 
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Detenniae the locm af r, and shew that it if the envelope 
of the circle od 8P. 

36. Tf PN be the perpendicular from waif point P on a 
conic to the latus rectum, the straight line connecting N with 
the point in which the axis meets the directrix will paae through 
the foot of the perpendicnler let Adi from the focne upon the 
tangent at P. 

37. If the diameter at a point P on a conic bisects the 
chord normal at the diameter at Q bisects the chord normal 
at P. 

38. In Art. 10| shew that the normal PG becomes eqnal 
to the semi-latos rectnm when P coincides with the vertex 
of the conic 

39. The perpendicular from O on SP varies as the ordinate 
of P; and the foot of this perpendicular Hi s upon the straight 
line wliich passes through the foot of the ordinate of P, and 
is parallel to SM, 

40. If Q be anj point on the normal at P, and L and if be 
its projections on ^Pand the ordinate of P, shew that 

QL : PM=SA : AX. 

41. The perpendicular upon a focal chord from the inter- 
section of the normals at its extremities meets the chord at 
a distance from one extremity which is eqnal to the focal 
distance of the other; the locos of the foot of this perpen- 
dicular is a conic; and the straight Ime drawn parallel to the 
axis through the intersection of the normals passes through 
the middle point of the chord. 

42. If P be the pole of a normal chord which meets the 
directrix in ^hew that the circle SPQ passes through an 
extremitj of the chord. 

43. If a circle touch a conic on opposite sides of its axis, 
it will mtercept a constant length upon the focal chords through 
the points of contact When the circle passes through the 
focus, determine the focal radii to the pomta of contact. 
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44. The rectangle contftined bj the focal pcrpendicalar upon 
the tangent at any point to a conic and the portion of the 
normal intercepted between the curve and its axis is equal 
to the rectangle contained by the semi-latus rectum and the 
focal distance of the point. 

45. If QQ be a focal chord of a conic, and if tlic normal at 
r be at right augiea to the chord and meet the axis in 6^, then 

46. Shew also that, if a parallel to the chord be drawn 
through Q and meet the direction of P8 in then FU^\QQ. 

47. If the normal to a conic at P meet the axis in (7, and 
if BY the focal perpendicular upon the tangent meet the 
directrix in F, shew that 

48. The ratio of the normals, terminated by the axis, at any 
two points of a conic is •qual to that of the tangents ut thoao 
points. 

49. Given an arc of a conic, shew how to construct the 
curve. 

50. The parallel diameters of two similar and similarlj 
situated conies bisect the same systems of parallel chords. If 
the two conies be concentric ellipses or hyperbolas, or equal 
parabolas whose axes are coincident, shew that any chord of 
the exterior conic is divided into pairs of equal segments by 
the interior, aod that any chord of the former which touches 
the latter is bisected at the point of contact. 

' 51. The anjj^lc! between any two chords of a conic is equal 
to tlie angle subtended at the focus by the portion of the 
directrix intercepted by the diameters which bisect the chords, 

52. The arms of the angle which a focal chord of a conic 
subtends at any point on the circumference meet the directrix 
upon diameters through the points of contact of tangents at 
right angles. 

53. The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 

through that point* 
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54. The diameter through aoj point, and the polar of that 
poiDt, meet the directrix and the axis respectivelj on a ttrugfat 
line parallel to the focal diatanoe of tiie point. Hence ihew 
that the foot of the ordinate of any point in the plane of a 
central conic is at a distance from the centre which Tariea 
inversely as the distance therefrom of the intersection of the 
polar of tlie point with the axis. 

55. From the preceding example deduce a coDfltruction for 
drawing tangents to a conic from a given point. 

56. The triangle whose angular points are the Ibcns of a 
conic and the intersections of the tangent and the diameter at 
anj pomt with the axis and the directrix respectlyeljr has its 
'orthocentre at the point in which the tangent meets the directrix. 

57. Given the fuciis and the directrix of a conic, shew that 
the polar of a given point with respect to it passes through a 
fixed point. 

58. If the polar of a point 0 with respect to a conic intersect 
a conic having the same focns and directrix in P, and if SQ be 
drawn at right angles to SP to meet the directrix in the 
locos of the intersection of and 8P will be a conic 

59. Deduce from Art. 16 that the square of the ordinate at 
any point of a conic varies either as the distance of the foot 
of the ordinate from the vertex, or as the rectangle contained 
by the segments into which it divides the axi:?. 

60. A focal chord of a conic and the diameter wliich bisects 
it meet any fixed straight line perpondicuhir to the axis at 
points whose ordinates contain a constant rectangle; and the 
square of the ordinate of the middle point of the chord variee 
either as the distance of the foot of the ordinate from the focns, 
or as the rectangle contained by its distances from the focus 
and the centre of the conic 

61. If a chord of a conic passes through a fixed point in the 
axis, determme the locus of its middle point, and in the case 

of a central conic, the locus of its intersection with anotlier 
chord which passes through a fixed point in the axis and isj 
parallel to the diameter which bisects the I'onuer. 
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62. If a tangent be drawn parallel to any chord of a conic, 
the portion of it terminated by the tangents at the enda of the 
chord IB bisected at its point of contact. 

63. Two tangents being applied to a line of the second 
order, if from any point in one of them a straight line be drawn 
parallel to the other, the portion of it intercepted hy the chord 
joinini; the points of contact wili be a mean proportional to 
its BLgnicnts made by the cnrre. Examine the caae in which 
the secant becomes a tangent. 

64. In Art. 16, investigate the case in which 0 coincides 
with and shew that SX is then a mean proportional to the 
distances of P and p from the directrix. 

6$, Shew also that, if 8Z be drawn parallel to PQOlt to 
meet the directrix, then 

OP.OQ : Sp.S<i^8Z*x 8Z*^L% 

where L denotes the semi-latus rectum. 

66. If a chord of a conic sabtends equal angles at the 
extremities of another chord, it likewise snbtends equal angles 
at the extremities of any chord parallel to the latter. 

67. If ^i/i6^ be a triangle whose sides touch a conic at the 
points a, c, then 

M.BcGa^Ae.Sa.Ch. 

68. If any conic be drawn through four given points, and 
if a fixed straight line meet the conic in I\ (J^ and one of the 
pairs of straight lines joining the four points in then will 
the ratio of the rectangle FA,AQ to the rectangle FB,BQ 
be constant. 

69. Any tangent to a conic is divided harmonically by its 
point of contact and the three points in which it meets any two 
other tangents and their chord of contact. Examine the cases 
in which two of these foor straight lines become parallel. 

70. If from any point on a conic parallels be drawn to two 
adjacent sides of a given inscribed quadrilateral figure, the 
rectangles under the segments intercepted by those adjacent 
and by the other two opposite sides will have a given ratio. 
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71. ABC be a triangle inscribed in a conic, and if from 
any point 0 on the curve there be drawn a parallel to ISA 
meeting BC and the tangent at A in P, and a parallel to 
BC meeting AB, AC in Q'; then will OP.OQ be to 
OF.OQ' in a constant ratio, viz. that of the focal chords 
parallel to BA and BC respectivelj. 

72. If from any point on a conic pain of perpendicolan 
be drawn to the opposite sides of a given inscribed qnadrilaterml, 
tbe rectangle contained by the one pair of peipendicnlarB will 
be in a constant ratio to the rectangle contained by the other 
pair. 

73. The perpendicular from any point on a conic to a fixed 
chord is a mean propoitional to the perpendiculars from that 
point to the tangents at the extremities of the chord. 

74. If from any point on a conic straight lines be drawn 
at given angles to two adjacent sides of a given inscribed 
qnadrllateral figure, the rectangle under the segments inter- 
cepted by those adjacent and by the other two opposite sides 
will have a given ratio. 

75. Hence shew that, if from a given point J/ there be 
drawn two fixed straight lines meeiing a coni<', in yl, B and 
CjD'j and likewise a variable straight line meeting the curve 
in ij/'j JT, and the straight lines AC^ BD in A', then 

EM* I EM* = LE,EK : LE'.EK-, 

and investigate the form which this relation assumes when the 
fixed straight lines become tangents to the conic. 

76. Deduce from the preceding cxaniple that, if A^ i?, C, D 
be any four points on a conic, the three straight lines joining 
the intersections of AB^ CD', BC, DA-, and CA, BD, arc cut 
harmonically by the curve, and that each of these points is the 
pole of the straight line which joins the other two. 

77. Hence shew how to draw tangents to a conic from any 
external point with the help of the mler only. 

78. If FVP' and QVQ' be any two intersecting chords of a 
conic, and if the circle through V, P, Q' meet FB' in it, then 
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will the ratio of I P' to VR be equal to that of the focal chordd 
parallel to PP' and QQf. Exaraioo the cases in which two or 
all of the points P, Q coalesce. 

79. If be anj chord of a come, and jPthe parallel focal 
chord, and if the direction of F meet the tangent at P in 2r, 
then 

80. If there be a quadrilateral figure inacribed m a conic 
•action, and if firom one of its angnlar pointa there be drawn 
parallels to the aides about the opposite angle \ and if from the 
two remainmg augles there be drawn straight finea to any point 

in the curve to meet the parallels ; the intercepted portions 
of the parallels, estimated from their common point, will have 
a given ratio, wherever iu the curve the iitth point be taken. 
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CHAPTER III. 

THB FABABOIiA. 

19. The panbola being a conic whoee determining ntio 
18 one of equality, some of its properties may be at once 
deduced by equating '8A i AX to unity from properties of the 
general conic already proTcd; thus 8L becomes equsl to 2W 
in Art. 8, and 8G equal to iSP in Art. 10. The semi-latus 
rectum of the parabola is equal to SX; that is, to 8A-\-AXf 
or 28A. 

Other properties of the parabola may be derived from those 
of centrsl conies by regarding it as a conic whose centre* and 

second focus are at infinity, and the further extremities of whose 

diametcrst are likewise at infinity ; but in the present chapter 
we sliall give iiidcpoiidcnt pn^ofs of .such properties, commcuclng 
with the orijL^iiial definition of tlie parabola. 

The poitii)n of any diameler intercepted between the curve 
and the ordinate of any point with respect to that diameter is 
called the ^Ihsci'ssa or Absciss of the point; and any focal chord 
of a parabola is called the Parameter of the diameter which 
bisects it. 

CHORD PROPERTIES* 

PROPUSmON I. 

20. The ordinate of any ^>o/;</ on the j>arahola is a mean 
proportional to the abscissa and the latus rectum. 



• SteArt. 14, Cor. 3. 
t Sec Art. 16, Cor. .1. 

% Under thia head are incladcd such proposiiiona only as can be proTed autc* 
oedantly to the defimtion of a taageat; but the nrtdetioa do« not applj to tho 
Vorollarm from tboae Piopoaitioiu. 
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Let AX be the abscissa of auj point P on the curve, and A' 
the point in which the directrix meets the axis. Then, bj 
KucUd I. 47j and irom tlie detuiitiou of the parabola. 









if 



Therefore Py -AAS.AN, or PN is a mean proportional 
to AN and AAJSf which latteri by Art. 19, is equal to the 
lattiB rectum. 

Conversely, if the square of the ordinate of any point JP 
Taij as its abscissai the locos of the point will be a parabola. 

The above propoBttion suggests an obvious method of tracing 
tiie curve, since for any assumed magnitude of AN the 
magnitude of FN and the position of P are determined. 

CorcUarif^ 

Hence, to find two mean proportionals between a given pair 
of straight lines,*- with latcra recta equal to the given lines 
describe two parabolas, having a conmion vertex, and their 
axes at right angles ; then will the ordinates of either of their 
points of intersection be mean proportionals to their latera recta, 
as required ; for it is evident that the ordinate in either parabola 
will be a mean proportional to its own latus rectum and the 
ordinate in the other. 



• Thi* proUem, wUch is of giewt htBtorieal interest, wm aolTed m mbove bj 

Ifenieclimus, according to the statctncnt of Kutokius. Compare Brafanliiitfalsrt^ 
IH$ Geomttrie und die GeomtUr vor EuUidt$t p. 160 (LuFZia, 1870). 
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PROPOSITION II. 

21. The locus of the middle points of any iystem of parallel 
chords of a parabola is a straight line parallel to the axis ; and 
the bisecting line meets the directrix on the straight line through 
the focus at right omgUt to the common direction of the chords. 

Take QQ\ any one of a system of parallel chords, and let 
if and M' be the projections of its eztremitieB upon the directrix. 

Let the focal perpendicular upon the chords meet QQ^in 
and the directrix in 0 ; and through 0 draw a parallel to the 
axis meeting QQ in F. Then will 7 he the middle point 
of QO'. 

For OW^Oit-QM^^OiT'Sir 

and OJ/'' may be shewn to have the same value. 

Therefore OM^ OM' being equal, the straight line through 




0 parallel to the axis bisects Q(j[i that is to say, * it bisects 
every chord which is at right angles to 08, 

Hence it is evident that every straight line parallel to the 
axis of a parabola is a diameter of the curve, and that all 
diameters are parallel to the axis and to one another. 

Corollary. 

It follows, as a particular case of the above proposition, tliat 
the direction of the focal perpendicular SY on the tangent at P 
to a })arabola meets the directrix at a point M such that PM 
is parallel to the axis. 
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Hence it appears that the tangent at P bisects the angle 
SPMy as will be otherwise proved in Art. 25 ; and it may also 
be deduced, independently of Art. 7, tliut the intercept on the 
tangent made by tbo curve and the directrix subtends a right 
angle at S. 

PROPOSITION III. 

22. To find the length of any focal chord of a parabola. 
Let QQf he vaj focal chord; M and the projections 
of its extremities upon the directrix; and 0 the point in which 




the focal perpendicular upon the chord meets the directrix. 
Let a parallel through 0 to the axis meet QQ' in v, which| 
by Prop. II, will be the middle point of the chord. 
Hcncei and from the definition of tbo curve| 

= 2yO. 

And becauBc OSc is a right angle, and SF^FO*^ therefore 
Po « /SP= P(?, and therefore vO = 2SP. 
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Henoe QQ^^B^^ or the parameter of any diameter of a 
parabola is eqoal to four times the focal distsDce of the ex- 
tremity of that diameter. In particular, as we have already 
seen, die latns rectum is equal to i^SA^ 

pBOPOsmoir it. 

23. The ordinate of any point on a i>arahoJa vith rrspect 
to any diameter is a mean proportional to its parameter and 
tJie abscissa of the point. 

Let (^Kand PVha the ordinate and abscissa of any point Q 
on the curve; let VF meet the directrix in 0, and the focal 




chord parallel to QV\n r; and let OS^ which (Prop, ii.) ia at 
right angles to and Q F, meet the latter in Y, 

Then, as in Art. 21, it" D and }f be the projections of Q on 
the diameter FV^ and on the directrix, 

And since, by similar triangles, the lengths QDy OY^ BY 
arc proportional to QV^ OV,vV, therefore, from above, 

And since /S[P»PO, as in Art. 22, the sum of OFand 
vFis equal to 2PF, and their difference to •28P, or vux ver$ai 
and therefore, iu either case, the difference of their squares 
is equal to 2i8P.2PF. 
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Tfaenfore QV*»A8P. PV^ or the ordinate QVw a mean pro- 
portionai to the parameter 48JP [Prop, iii), and the abadssa PF. 

Corollary 1. 

It maj be shewn that Qiy^^S.PV*^ and further, that 
if a straight line Qiy he drawn m any direction from Q to the 
diameter PV^ it will be a mean proportional to the parallel 
focal chord and the abseSna PF. This follows most leadilj 
with the help of the theorem (Art 30, C!or. 1), that if the ham 
njf a triangle he paraUd to the axis if a partibola ike egwxree 
if its remainmg eidee wHl heaeike paraUeiJbeal charde»* 

Corollary 2. 

If the tangent at P meet QM in i?, then the figure FVQM 
being a paraUelogram, It follows that MP* » ^SP.£ Q. I Icnee, 
if be any point on the tangent at a given point P to a 
parabola, and if the diameter through B meet the curve in Q, 
then will BP* vaiy as BQ. 

Corollary 3. 

On the tangent at a given point P to a parabola take any 
two points T and R ; and let the diameters through them meet 
In curve in E and and let tbe former diameter meet PQ 
in Theui by Cor. 2, and by similar triangles, 

TEiBQ^ TP* : BP*^ TF* : BQ". 

Hence TF: TF= TF : RQ =PF : P^, 

or, the portion of any diaim ter intercepted hy any chord and the 
tangent at eithe r ertremity of the chord is divided at the curve in 
the same ratio a» tlicU, iti which it divides t/ie chord, 

FBOFOeiTION Y. 

24. A chord cf a parabola being divided o< any 2)ointj to 
determme the magnitude of the rectangle contained by its segments. 

Let any chord QR be divided internally or externally at the 
point 0 \ and let the diameters through 0 and the middle 

* Thb nwj tw deduced without the help of tangent-piopertiei btm tlw ■eoood 

note on p. 2S. or from Art. 22, where QQ' varies as SQ.SQ', tliat \^ to say. rs SO*, 
the angle U,0(.i being a right angle. It followB that the focal churds of apambolA 
vary iureisely as the equaies of the liiiai of their inclmotioaa to the axis. 
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point V of the chord meet the parabola in M and P. Then 
by Prop. IV, and by Euclid ii. 5, Cor., if MU be the ordinate 
of M with respect to the latter diameter, 

or the rectangle whereof the magnitude was to be found varies 
as 3/0, which depends only upon the position of the point 0} 
and as the parameter ASP^ which depends only upon the 
directum of the chord 

OoroiUafy, 

Hence, if Q'R be any second chord through 0, and 
the corresponding parameter, 

or these rectangles are proportional to the focal chorda parallel 
to QR^ QR^ as was proved also for the general conic in 
Alt. 16. Hence also, the squares of any two mterBecting 
tangents are as the focal distances of their points of oontact. 

TANGENT PEOPEETIES.* 

FBOPOSmOK TI. 

25. Tk€ tangent to a parabola ei any point i$ the bisector 
of the angle which the focal radius makes with the diameter 
product. 
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(i) Let the tangent at any point P meet tbe directrix in J2, 

and let the diameter produced bejond the ciure meet the 
directrix in J/. 




Iben Knee PB sabtends a right angle al £^ and since 
BP^PM^ and PB if common to the right-angled triingles 
SPB^ MPBf therefore theur angles at P are equal) or the 
tangent PR biaecta the angle BPM. 

It la likewiae erident that 8P and MP make equal anglea 
with RP pri)dnced towards I, aa in the figure of Art. SI, Cor.; 
and that if PB, or PB prodoced, meet the axia ui 7, the 
angles at P and 7* in Ae triangle 8PT^ and therefore also 
the rides iSPand ST^ will be equal to one another. 

(ii) Or we may proceed as followS| takiiig EOdJD'S 
definition of a tangent. 

Draw the straight line bisecting the angle SPM, and take 
anj point upon it. The distance of any such point fixun 8 is 
equal to its distance from if, and therefore greater than its 
distance from the directrix, except when the point coincides 
with P. Ilenoe every point except P on the bisector of the 
angle 8PM lies without the corre, and the bisector of 8PM 
is therefore tiie tangent at P. 

OoroUarif 1. 

It is evident from the ahove that the tangent at F bisects 
the angle SUM between the directrix and the focal distance of 
the point Ji in wliich it meets the directrix ; and, in like 
manner, that the second tangent BQ from M bisects the 

£2 
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fi^lementaiy angle 8RN between SB and the direetrix. 
Henoe the two tangents to a parabola fix>m any pomt on iti 
durectriz, or at the extremitieB of any focal chord| are at right 
attgles; and oonyerBelj, the directrix of a parabola is the locos 
tt the intersection of tangents at right angles. 

To draw tangents to a parabola from any external point JS^ 
with centre E and radius ES describe a circle cutting the 
directrix in M and ^| and let the diameters through those 
pomts meet the curve in F and Qy which will be the points 
ef contact of the tangents required ; since, as readily appearSi 
JiPbisects the angle BPMbdA EQ bisects the angle SQN. 

CoroUcary 8. 

The suhtangent at any point is double of the abscissa ; slncG, 
in the next figure, ST== SF= NX= AN-^ AS, and therefore 
AN^ 8T- AS^'AT, or NT the subtangent is equal to 2 AN. 

PBOKMUnON TII. 

26. The normal at any point of a j)(ii'ohoJa bisects the interior 
anglt between the diameter and the focal distance of the point. 
If the normal at P meet the axis in then, by Art. 19| 




SO^&F^ and therefore TG makes equal angles with >SPand 
the axis, and bisects the angle whidi 8F makes with the 
diameter through P. 

The same might haye been deduced as a corollary from the 
preceding proposition. 



»ai«^ . kju.^ jd by Google 
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Corollary. 

1£ ANhe tlie absoiBBa of thtD siaoe Sa^SPmKX, 
therefore NG'mNX'-8N^8X'^28A^ or the sabnormal ii 
equal to the eemi-lfttiiB reetuiii. 

PEOPOSITION VIII. 

27. I%e UMffent at lft# wrkx of a partMa it ike loom ofth^ 
foot of (h»footd perpendieidar i^pon the tangent at any point; 
and foGal per^endicnUar is a hmoii proportional to ffte foeai 
dutoneet of ik$vtrUxaind of tk/B point of oontaet of <fta xmvdiU 
tanyent 

(i) Let the diameter at any point P of a parabola be pro- 
clnced to meet the directrix in Mj and let the tangent at A 

meet SM iu Y, 

Then, SY being evidently equal to MY^ and SP being 
equal to PJ/, and FY common to the triauglea SPY^ MPY^ 
therefore PY is at right angles to SM, and it bisects the an^lo 
SPMj and is therefore the tangent at P. 

Ilencc Yj which by construction lies on the tangent at -4, 
is the foot of the focal perpendicular upon the tangent at P; 
and conversely, the locus of the foot of the focal perpendicular 
on the tangent at Pis the tangent at A. 

This suggests an obvious method of drawing a second tangent 
to a parabola from a given point on the tangent at Its vertex. 

(ii) Again, nnoe the two tangenti from Y to the parabola 
soibtond equal angles at the right-angled triangles 8AT^ 
8YP are similari bo that 

SA : SY=SY: 6'P, 
or 8Y*^SA.8F. 

CoroUary, 

Since (Art. 24, Cor.) any two intersecting tangents to a 
parabola are in the subduplicate ratio of the focal distances of 
their points of contact, they are in the same ratio as the focal 
perpendiculars upon them. 
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PROPOSITION IX. 

28. The exterior cmgle between any two intersecting tangentt 
io a jparabola ia equal to the angle which either of^thmn aubtends 
at tkejbcut/ and the inclination of either tangent to the osdaiB 
equal to that of the other to the Jbcal diatanoe cf their common 
point* 

(i) Let the tangents at P and Q intenect in and meet 
tbe WB in 7* and 27^ and let 0 be a pomt in A8 prodnoed. 




Then the exterior vertex angle PSO of the isosceles triangle 
PBT being double of the interior base angle STP^ and the 
angle QSO in like manner being double of SUQ^ therefore bj 
sttbtracUon, in the figore drawn, 

Therefore, smce the two tangents sabtend eqnal angles at 
8^ the angle subtended by either is equal to the exterior angle 

272 CT" between them. 

Ilence L TRU will bo acute or obtuse according as the 
focus lies without or within the segment of the curve cut off 
by PQ. In either case it will be seen that the acute angle 
between the tangents is equal to half the angle which their 
chord of contact subtends at the focus. 

(ii) Since the angle Ilfil^'iB equal to PiS£, therefore 

l,8BU^F8B'¥ PBS » 8PT 

or the angles which QR makes with SB are e^ual to thoao 
which TB makes with the azifl. 
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Hence abo, nibtracting the angle TRUy 

L BUF^ BTP' TBU^ SUQ 

Corollary 1. 

If from any point E on the tangent at a fixed point P the 
second tangent -B^ be drawn, the angle SBQ will be constant^ 
since the equal angle SFB is fixed. If one of the tangents 
be the tangent at the vertex, 8B will be the focal perpendicular 
upon the other. 

The triangles *SP7?, SEQ are similar, having their angles at 
S equal, and likewise those opposite to SP and SR respectively. 
Hence SR'= SP.SQ^ or the focal distance of the intersection of 
any two tangents to a parabola is a mean proportional to the 
focal distances of their points of contact ; and each tangent 
is to the other as SR to the focal distance of the point of 
contact of the latter. 

OoroUary 8. 

If two fixed tangents be cut by any third in points P 
and as in the next figure, the triangle SPQ will have 
its angles constant, since, by Cor. 1, its angle at Pis constant, 
and likewise its angle at Q. Again, in the same figure, if 
the three tangents be fixed, and if any fourth cut them in points 
Z, Nj then, the angles of the triangles SLN, SMN, 
being constant by the former case| the ratio of LN to MN 
is constant. Conversely, the enyelope of a straight line which 
is cot in a constant ratio by three fixed straight lines is a 
paraboU teaching the three fixed lines. 

PltOFOSlTION JL 

29. l%e dmmaefibed cMe of tnoa^U ukm ikm 9iie$ 
f0uc4 a paroibola paaaes ikraugh tkefiem. 

Let PQR be any triangle whose three sides touch a parabola, 
and lot FM meet the axis in T. Then, by Art. 28, 

/.SEQ = JSTP=^JSPQ. 
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Therefore the points *S, /*, li^ Q are concyclic ; that is to say, 
the focoB B lies on the circamscribed circle of the triaagle 
FQB. 

CoroUary 1, 

Let Pi 9f «^ be the points of contact of the tangents QR^ 
BP^ PQ^ and let PQ meet the directrix m D, so that LrBD 
is a right angle. Let the perpendicalar drawn from B to PQ 
meet the directrix in 0, and 8D in N. Then the angles PQB 
and Q8r are eqnai by Prop, ix., and therefore their com- 
plements are equal, so that 

lQRN=QSN, 

or N lies on the circle QRS^ which also circumscribes the 
triangle PQR. Moreover, PQ bisects the angle ODN (Art. 25}, 
and therefore also the line ON^ to which it is at right 
angles. Hence 0 is the orthocentre of the triangle PQR^ or 
if a ny parabola he inscribed in a triangle^ its dirtctrix will pass 
through tiie orUiocentrt. 

Corollary 3. 

If four tangents to a parabola be given, its focus is de- 
tmmined by the intersection of the circumscribed circles of any 
two of the triangles formed by the four tangents, and its 
directrix is the straight line joining the orthocentres of any two 
of them. Hence it appears that one parabola 4»n in general 
be described touchbg four given straight lines. 



* See Uw litlwgmpbed figue^ Na % 
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Corollary 3* 

Sboe (Art 18, Cor.) BQ and saMend equal aoglfiB at 8; 
and nnee, in the eirclei L 8Bg» 8QB\ therefore the triangles 
iS2^, 8QR are eimilar, so that 

QEiPq^SE : S^, 

Hence, and hy Art. 28, Cor. 2, 

QE I Fq^Bp I Bq» Qp : PB; 

or, If two tangents to a parabola be cot by anj third, their 
alteraate segments will have the same ratio^ and this ratio 
will be eoRsftmt if the two tangeots be fixed. 

8CIZ0UUM. 

The above proposition, with several deductions therefix>m, is 
fotind in Secti(ju I. §§ 15 — 24 of I. 11. Lambert's Imignioren Orbita 
Comctarnm Pruprietatct (AugustfO Vindelicorum, 1761). The pro- 
position itself, together with Cor. 1, ma^ be applied to prove 
eertain properties of the straight line and eixele^ as below. 

(i) In any given triangle, and with any point on its circum- 
soribed dnde as fooos, suppose a parabola to be inscribed. Then, 
since the sides of the tnanglo aro tangents to the parabola, the 

feet of the three focal perpendiculars tipon them must lie on tho 
tanceut at tho vertex. Hence, if from any point on tho circum- 
scribed circle of a triangle perpendiculars be let full upon its three 
sides, the feet of the three perpendionlan will be oolUnear. 

(ii) Supposing a parabola to be described touching four given 
straight lines, its fooos must lie on the oiroomscribed drde of the 

triangle formed by any three of the said lines. Hence the circum- 
scribed circles of the £diix triangles foxmed by any four straight 

lines meet in a point. 

(iii) Tho directrix of the parabola toucliing four given straight 
lines passes through tho orthocentres of the four triangles formed 
by those lines. Hence the orthocentres of the four triangles formed 
by any four straight lines are collinear. 

For the proof of Gor. 1 given above I am indebted to Mr. 
Bawdon Levett, of St. John's Cbllege, Oambridge. Anotiier 

elementary proof, based iij)on tlio proi)erty that the feet of the 
Ibcal perpendiculars on the three tangents aro collinear, was given 
in No. 160, p. 63, of the Ladj/t and Oenileman't Diary (186a). 
The theorem in question, whioh is in reality a particiilar ease 
of Brianchon's theorem (Salmon's Cont'c Sections^ Art. 268), was 
propounded by J. Steixeu in Crolle's Journal fiir die reine und 
•ngewandU Mathmatik, vol. u. p. 191 (Berlin, 1827), and was 
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demonstrated by bim in Gergonne's AnnaUs ds MaUUmatiquet pure* 
if appliquiett Tol. ziz. p. 59 (Paiu, 1828), with fhe help of Fasool't 
tiieorem, as follows. If S bo any point on a ooaio» PQR an in- 
scribed triangle, nnd QQ' chords through any point O; then 
in tho hexagon PP'SUQJl the points {P' S, QR) and (5(7, RP) 
will lie on a straight line through 0. If the conic be a circle^ and 
0 tiie vrihocmtrt of the triangfo, the straight line through 0 will 
eyidently meet the continuations of the porpondiculars &om S to 
the sides of the triangle at distances from 5 which are respectively 
double of those perpendiculars, and will therefore be the directrix 
of the parabola onwn with 8 M liMnift to touch the aldee. Steiner 
himselx likewise applied his theoMin as in $iiL (Qrelle^ n. 97; 
Geigonnei sz. 59;. 

F&OPOBITION ZI. 

80. Theponum of any JtonMter inkreqpited by any tea^eni 
tmd ike ardmaU of its point of oonUust unA retpeOt to tkioA 
dkamUr is hiaeeied at the oitroe.* 

Let the diameter at P be met hy the tangent at Q in jf^ 
and hj the ordinate of Q in F; and let the tangent at P meet 
that at Q in JS. 

Ck>mplete the panllelogiam QRPO by drawing FO parallel 




to EQ, Then the diagonal £0 bisecU the diagonal PQ, which 
ia also the choid of contaet of the tangents BP^ RQ, Therefore 
BO is a diameter of the parabola, and henooi all diameters 
bdng parallel, 

PF--SO-PJ; 

or VTvk bisected at P. 



* This is included in Art. 23, Cor. 3. 6oe idso Art. 18, Qot^ and Art. n, Oor. ti 
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Corollary !• 

Any triangle whoie bue is parallel to tbe axis of a parabola 
baa itB remauiuig aidea in tbe ratio of the parallel tangents; 
for supposing those sides parallel to the tangents in the figora, 
dieir ratio will be that of iZP to BT^ whereof the latter is equal 

Corollary 2. 

If from anj external point B there be drawn a tangent 
meeting the cnrve in P, and a chord meeting the curve in 
Jf, Nj and the diameter through P in F, then by Cor. 1, and 
by Art. 16, Cor. 1, it ia easily shewn that RV*=^RM,EN. 

CoroUaryd, 

It may be deduced from the proposition that the intercepts 
upon any diameter made by any two tangents and the ordinates 
of their points of contact are equal ; and hence, that the area 
between the two tangents and the diameter is equal to half the 
area between their chord of contact, the ordliiatcs of its ex- 
tremities, and the diameter ; and hence, that the triangle made 
by any three tangents is ctjual to half the triangle formed hy 
Joining their points of contact. 

QUADAATURE. 

FBOPOSITIOM ZU. 

32. The area of the paraMie segment upon any ekord a» 
hue i» eqwd to onee tind ano4kird of a triangle having ike eame 
haee and aUityde,* 

Tekie BB aa the base of the segment^ and suppose it parallel 
to the tangent at P. 

Let the diameters through R and through an adjacent 
point Q on the curve meet the tangent at P in M and 0; 
and let the diameter through F meet HQ in 2\ and liW iu U\ 



* This theorem, one of the great disooreries of Arcuimkdes, was tbe first 
example of the exact qiMdiatnn fnfinit^mila of a oootiiiiioiui enrviliiMar ana. 
It forms tbe twenty-foarth and hut proposition in his special treatise on the QoacU 
ptaiefil the fuabobu See tha Ozfonl editioii of hia wodca» p. 38 (1782). 



GO 



THE PARABOLA. 



and let PV be the abscissa of Q, Complete the parallelograin 
UTLJt by drawing TL parallel to the baae of the segment 
to meet EM produced. 

Let Q coalesoe with ao that the chord QB becomea a 
tangent, and P beoomea the middle point of VT^ and therafore 
FM btBeota the parallelogram QL, 




Henoe, and by Eaclid i. 48, 

the parallelogram QU=QL = 2 QM, 
• Through any number of points on the arc PR draw parallels 
to RW and PU^ so as to form with PU two series of paral- 
lelograms, the one correspouiling to QU and the other 
to QM^ and let the number of the points bo increaaed and 
their successive distances diminished indefinitely. 

Then, as above, the several parallelograms in the former 
series become double of those in the latter, and the sura of 
the former, which is ultimately the parabolic area RPU^ becomes 
double that of the latter, or of the parabolic area RPM. 

Ileace the semi-segment RPU is equal to two-thirds of the 
parallelogram MU^ or to four-thirds of the triangle RPU ; and 
the whole segment RPR is equal to four-thirds of the triangle 
RFS^ which has the same base and altitude. 

OoroOary. 

Let the tangents at i?, R meet in T. Then the area of 
the segment is equal to two-thirds of the triangle formed by 
these tangents and its base, or the portion of the triangle on the 
coucavo sido of the arc is double of that on its convex side. 
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Tiui hxTt been proTed hj oonnecting the points B, E bj 
an infinitj of oonsecatiye ehordsi drawbg the tangents at their 
extremities, and ^wing, after the manner of Prop, xi.. Cor. 3, 
that the area between the snocessive chords and RR is double 
of that between the corrcspondmg taugeatd and the tangents 

at jS, ir. 

EXAMPLES. 

8i« The radius of the cirole through the yertez and the 
extremities of the latus rectum of a parabola is eqnal to five- 
eighths of the latus rectum. 

82. A point on a parabola being given, if the focus also 
be given the envelope of the directrix will be a circle; or if 
the directrix be given the locus of the focus will be a curde. 

83. If two parabolas have a oommon foeos their common 
chord passes through the interseetion of their directrices and 
bisects the angle between fbeuL 

84. The common chord of two parabolas which have a 
common directrix bisects the straight line joining their foci 
at right angles. 

85* Dedace from Prop. I. that the ordinate of the middle 
point of a chord whose direction is given is of constant magni- 
tude. 

86. The perpendicular to a chord <^ a parabola from its 
middle point and the ordinate of that point intercept on the 

axis a length equal to the semi-latus rectum. Hence shew 
that the locus of the middle point of a focal chord, or of any 
chord which meets the axis in a fixed point, is another parabola. 

87. Prove the following construction. Let AN be the 
abscissa of any point P on a parabola, and let MP be equal 
and parallel thereto. Divide NF into any number of equal 
parts and through the points of section draw parallels j?,, p^p^,,. 
to the axis, and divide MP into the same number of equal puts 
in pomts 1, S, 8... • Then will the lines p^ p^ p^.„ meet 
.ill, Aif A3„» respectively on the parabola. 
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88. If PQ be a focal chord of a parabola, 8A,FQ = 8RSQ. 

89. If the ordlnates or the focal distances of all points on 
a parabola be cut in a given ratio the lociu of the points of 
section will in either case be a parabola. 

90. Circles whose radii are in arithmetical progrtssion touch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the given line be drawn it 
will cut the circle next larger in points lying on a parabola. 

91. Find the kens of tbe centre of a ciide wliich passes 
iiiioiigh a given point and tondies a gifen straight line; or 
which touches a given circle and a given straight line. 

92. If a parabola be made to roll upon an equal parabola, 
their vertices being initially coincident, the locus of the focus <Mf 
the former will be the directrix of the latter. 

93. Find the locos of a point which moves so that its 
shortest dbtance from a given circle is equal to its perpendicnlar 
distance from a given diameter of that cirde. 

94. The circle described on any focal chord of a parabola 
as diameter touches the directrix; and the circle on any focal 
radios touches the tangent at the vertex. 

95. Given the focus, or the directrix, and two points of a 
parabola, shew how to construct the curves and state the number 
of solutions in each case. 

96. The diameters through the extremities of any focal 
chord of a parabola meet the chords joining them to the vertex 
upon the directrix and intercept upon it a length which subtends 
a right angle at the focus. 

97. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difference 
of their radii is equal to the latus rectum. 

98. Semidrdes being described upon the segments of a 
focal chord, shew that the squares of their common tangents 
vary as the length of the choid. 
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99. The arms of any angle in a focal segment of a parabola 
meet the directrix at distance*? from the axis to which the semi- 
latns rectum is a mean proportional. 

100. Shew how to place in a given parabola a focal chord of 
giyvn length. 

101. A parabola bebg given, find its azisi focna, vertex, 
and directrix. 

102. If a chord be drawn to a parabola from the foot of 
its directrix, the rectangle contained by its segments will bo 
equal to the rectangle contained by the segments of the parallel 
focal chord. 

103. If bo a chord drawn from the vertex -4 of a 
paiabola, and QR be a perpendicular to it at its extremity 
Q meeting the axis in then will AR be equal to the focal 

'ehord parmUel \» AQ* 

104. If PQ be a focal chord of a parabola, and B any point 

on the diameter through then will -p^ be equal to the focal 
chord parallel to PR, 

105. Find the locus of the points which divide parallel 
chords of a parabola into segments containing a constant 
rectangle. 

106. The latUB reetum is a mean proportional to the oidi- 
nates of the extremities of any chord whidi passes through the 
focus or through the foot of the directrix ; and the rectangle 
contained by the absdsses of the extremities of the chord is 
equal to the square of the focal distance of the vertex. 

107. If a chord subtends a right angle at the vertex, sliew 
that it passes through a fixed point on the axis, and that 
the latus rectum is a mean proportional to the ordinates, and 
likewise to the abscisses, of its extremities. 

108. Shew that the absciss cut off by any chord from any 
diameter is a mean proportional to the abscisses of its ex- 
tremities with respect to that diameter, and that the corre- 
sponding ordinates are proportionals. 
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109. The distances from the focus at which the straight 
lines joining the ends of a focal chord to the vertex meet 
the latus rectum are alternately equal to the ordinates of 
the ends of the chord. 

1 10. In a given parabola inscribe, and about it circamscrlbe, 
a triangle whose sides shall be parallel to three given straight 
lines. 

111. A chord of a parabola and the chord jobing the two 
points on the cnnre at which it subtends right angles intercept 
on the axis a length equal the latus rectum. 

112. Deduce from Ex. 54 that the intercept on the axig 
made by any polar and the ordinate of iu pole is bisected 
at the vertex. 

113. The intercepts upon any diameter by any two polan 
and the ordinates of their poles with respect to that diameter 
are equal. 

114. On a chord through a fixed pomt 0 a mean pro- 
portional OM b taken to the segments of the chord. Shew 
that the locns of if is a diameter. 

115. A circle being described on a chord of a parabola 
which b parallel to a given line, shew that its centre is at a 
constant distance from the middle point of its opposite chord 
of intersection with the parabola. 

116. If a circle cut a parabola in fbnr points the ordinates 
of the points of section on one side of the axis will be together 
equal to the ordinate or ordinates of the point or points of 
section on the other side. 

117. If three of the points of section coalesce their common 
ordinate will be equal to one-third of the ordinate of the fourth 
point ; and the common chord of the circle and the parabola 
will be equal to four times their common tangent measured 
firom its point of contact to the axis. 

118. Three chords of a parabola drawn at right angles to 
a focal chord through its extremities and the focus are pro- 
portionab. 
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1x9. If from tbe Tertez of a paraboU a pair of chords be 
drawn at right angles, find tbe locus of the farther Tertez of 

the rectangle of which they are adjacent sides. 

120. If a chord perpendicular to the axis be produced to 
meet the tangent at an extremity of the latus rectum, the 
rectangle contained by its segments will be equal to the square 
of its distance from the focas. 

121. A diofd of a parabola drawn from a given point on 
the curve is intersected by any ordinate of the diameter through 
that point and by tbe diameter throngh the extremity of the 
ordinate. Shew that the chord Is a third proportional to its 

segments estimated from the given point to the ordinate and 
the diameter through its extremity respectively. 

122. The ordinate of a point Q on the curve being inter- 
sected by its diameter in by any other diameter in i?, and 
by tbe straight line joimng the vertices of those diameters in 
shew that 

QV^^VR.VE. 

123. The straight lines joining any point on a parabola 
to the extremities of a given chord meet any diameter aft 
distances from its extremity which have the same ratio as 
the segments into which it divides tbe chord. 

124. If from the point of contact of Jiny tangent straight 
lines be drawn to two points on the curve, each to intersect 
the diameter through the otlier point, tbe two points of inter- 
section will lie on a parallel to the tangent. 

125. If the diameter through any point P of a parabola 
meet a given dhord in a, and the tangents at its extremities 
in c, shew that Fo^^Pb,Pe^ and deduce the theorem of 
£x. 73* for tbe ease of tbe parabola. 

126. Three fixed points and a variable point being taken on 
a parabola, shew that the chords joining the latter to two of 
the tixed points cut ofi' abscisses from the diameter through the 
remaining fixed point which are in a constant ratio. 



* lBtheesanpleieiBn«dtOblor*'is''rNd«arteai(. 
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127. SImw tlMt tbe praeedmg tiMQim u ft spedal cue of 
fix. 6a 

128. If a parabola which bisects the sides of a triangle 
ABC meet its ndes again ia ^, <^ then will Aa^ €e be 
peiallele. 

129. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio at that point. 

13a Describe a parabola thiongli four giTCB points; or 
through three giTen potntSi and having its axis io a given 
dirsetioii; and shew tiiat the latter is a particalar case of the 
fonner. 

131. Shew that a circle can be described touching any two 
-diameten of a parabola and the focal radii to their extremities ; 
and hence, that any two intersectiug tangents to a parabola 
anbtOnd equal angles at the focos. 

132. The four points of intersection of two parabolas whose 
axes are at right angles lie on a circle, and the suras of the 
ordinates of their points of intersection on opposite sides of the 
axis of either are equal. 

133. 1£ACP\» a sector of a oirde of which (7^ is a fixed 
ladins, and if a circle be drawn to touch OA^ OP and the are 
APf the loons of its centre will be a parabola. 

134. If a circle and a parabola touch at one point and 
interMCt in two others, the diameters of the parabola at the 
latter points will meet the oucle again on a paraliei to the 
tangent at the former. 

135. If a straight line be drawn from a fixed point on 
a circle to bisect any chord parallel to the diameter through 
that point, find the locus of its Interseetlon with the diameter 
through an extremitj of the variable chord. 

136. If tlie two tangents from any point on the axis of 
a parabola be cut by any third taogcut, their alternate segments 
will be equal. 
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137. If OPj OQ he the tangents at P and Q to a. parabola, 
and Ppy Qq chords parallel thereto, the dUtancea of 0 from 
pq^ and FQ will be in the ratio of five to one. 

138. If there be three tangents to a parabola, whereof one 
is parallel to the chord of contact of the other two, shew that 
the three tangents contain an area equal to half the area of 
the triangle whose vertices are at their points of contactj and 
apply this resolt to prove Prop. xii. 

139. The locus of the vertex of a parabola which has a 
given focos and a given tangent is a circle. 

140. If the tangents at P and Q intersect in the circle 
through P touching QB in R passes through the focus. 

141. The taogwit at any point meets the diieetrix and 
the latns lectom at equal diatances from the foena. 

142. A chofd of m parabola being drawn through a giyeu 
point, detennine when the rectangle contained by its segments 
will be a nunimum. 

143. Two equal parabolas have the same axis and dtrectrix, 
and from a point on one of them two tangents are drawn to 
the other ; shew that the perpendicular from that point to the 
chord of contact of the tangents is bisected by the axis. 

144. If a leaf of a book be folded so that one comer moves 
along an opposite side the line of the crease will envelope a 
parabola. 

145. The three straight lines drawn through the points of 
intersection of three tangents to a parabola at right angles to 
their respective focal distances meet in a pomt. 

146. The centre of the circle through any two points on a 
parabola .ind the pole of the straight line joining them lies upon 
the focal chord at right angles to the focal distance of the 
aaid pole. 

F2 
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147. Anj two paraboUa which have a common focus and 
their axes in opposite directions intenect at right angles. 

148. The portion of anj tangent intercepted by the tangents 
at two fixed points sabtends a constant angle at the foctuk In 
what case wiU the subtended angle be a right angle? 

149. If be the ordinate of any point Q on a parabola, 
and if the diameter bisecting QV meet the curve in P, then 
will VP meet the tangent parallel to at a distance from its 
point of contact equal to iQV, 

150. The tangent from the vertex of a parabola to the 
circle round SFN^ where FN is the principaL ordinate of a 
point P on the curve, is equal to iFN. 

151. The focal vectors to the points of contact of a coramou 
tangent to a parabola and the circle on its latus rectum as 
diameter are equally inclined to the axis. Express the distance 
between the points of contact in terms of the latus rectum. 

152. Describe an equilateral triangle about a given parabola ; 
and shew that the focal distances of its vertices pass each 
through the opposite point of contact, and that the centre of 
gravity of the triangle must lie upon a certain lixed straight 
line perpendicular to the axis. 

153. The segments of the sides of a regular polygon cir- 
cumscribing a circle subtend equal angles at the centre. State 
an analogous property of the parabola. 

154. Find the envelope of a straight line which cuts the 
sides OA, OB of a given triangle OAS m points P, Q sach 
that the rectangle OP.OQ is equsl to AP.BQ. 

155. Find the envelope of the straight line connecting the 
feet of the perpendiculars let fall from anjr point of a parabola 
npon the axis and the tangent at the vertex. 

156. If FQ be a chord at right angles to the axis of a 
parabola, the perpendicular from F to the tangent at Q will 
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cut off from the diameter at Q a length equal to the latus 
rectum. 

157. A circle beiog drawn through the focaa of a parabolm 
to cat the ciirve in two points, compare the angles between 
the tangents to the parabola and the tangents to the circle at 
those points. 

158. If the tanp^cnts to a parabola at P and Q meet in 0, 
and if the diameter through 0 meet 1^(4 in shew that 
0F.0Q^208.0V. 

159. If the tangents at P, Q intersect in 0 and meet the 
tangent at in P\ Q\ then will OB pass throngh the inter- 
section of PC and P^. 

160. A parabola being inscribed in a triangle so as to bisect 
one of its sides, shew that the perpendiculars from the vertices 
of the triangle upon any tangent are in harmonical progression. 

161. The vertex of a constant angle whose sides envelope 
a parabola traces a bjperbola having the same focus and 
directrii^ 

162. In Art. 29, if PB and QM be perpendiculars to QB 
and the directrix, 0 the point in which the perpendicular from 
Q to PB meets the directrix, and PP a diameter of the drdoi 
shew that 

SQiQM^QBiPQ^QOxPF, 

and deduce Stciuer's theorem. 

163. To two parabolas which have a common focns and 
axis, two tangents are drawn at right angles. Shew that 
the locus of their intersection is a straight line perpendicular 
to the axis; and examine the case in which the dhrectrices 
of the two parabolas coincide. 

164. Chords of a parabola being drawn to touch an equal 
parabola having the same vertex, their axes being in opposite 
directions, shew that the locus of the middle ])oints of the chords 
is a part^la, whose linear dimensions are one-third of those 
of the original parabola. 
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165. Two parabolas have a common vertex, and their axes 
are in opposite directions. If the latus rcctuui of ono of them 
be eight times that of the other, the intercept on any tangent 
to the former made by their common tangent and the axis 
will be bisected by the latter. 

1 66. If the Tortex of an aogle of oooatant magnitade move 
OB A fixed atraight line, and one of tta anna paaa tfaroogh a 
fixed point, the other will envelope a parabola of which the 
fixed poust and line are the focos and a tangent. 

167. If a focal chord meet any tangent at a given anglei 
detennine the locos of their point of intersection. 

168. If the tangents to a parabola at points P and Q 
intersect in 0 and meet the tangent at anj point R ml 
and and if OM meet FQ in then 

169. The locus of the foot of the focal perpendicular upon 
a normal chord of a paraboU is a parabola. 

170. If FQ be a chord normal at F and parallel to the 
focal chord FF', then 

FQiFF'^8Y:8A, 

where ^ is the vertex and 8Y the focal perpendicalar upon 
the tangent at F, 

17 u If from a given point on a parabola any two chords 
be drawn making equal angles with the normal at that point| 
the focal distances of their farther extremities will contain 
a constant rectangle. 

172. The intercept on any tangent made by the curve 
and the tangent at the further extremity of the normal at 
its point of contact is bisected by the directrix. 

173. If 2* be the pole of a chord FQ normal at and 
ANht the abscissa of P, shew that 

FQ;FT=FN:A^\ 
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174. The perpendicular to a normal to a parabola at the 
point in which the normal meets the axis envelopes an eqoal 
parabola, and the focal vector of the point at which the normal 
ia drawn meets the envelope at the point in wbiob the per* 
pendicnlar tonohea it 

tj$. The nonnals at the ends of a focal chord intersect 
upon its diameter^ and the locus of their intenection ia a 
parabola. 

176. The nonnal, terminated hy the axis, is a mean pro- 
portional to the segments of the focal chord to which it ia 
at right angles. 

177. The sqoarea of the normals at the extremities of a 
focal chord are- together equal to the square of twice the 
normal perpendicular to the chord. 

178. The normal at any point is equal to the ordinate 
whidi bisects the subnormal at that pomt 

179: The locus of the centre of the cirde cfarcumseribing 
the triangle 8YPy where 8Y u the focal perpendicular on the 

tangeut at anj point P, is a parabola. 

1 80. All circles which have their centres on a parabola and 
touch the tangent at its vertex are cut orthogonally by a circle 
which touches the parabola at its vertex and whose diameter 
ia equal to the latus rectum. 

181. From a point on any double ordinate QQ' a per- 
pendicular is drawn to its polar to meet the polar in M and 
the axis in N. Show that JV/, Qj and the point in which 
the polar meets the axis are concyciic with the focus. 

182. The continued products of the focal vectors to any 
three points on a parabola and of those to the poles of the 
chords joining the three points are equaL 



72 



EXAMPLES. 



183. If the tangents at ^, r intersect in P, i?, as in 
Art. 29, and if 0 be the point in which the diameter through r 
meetB ahew that 

Shew dro that 

FQ.rB=Qr,Rq; QR.QP^ Rp.Pr; EP.BQ = Pq.Qp-, 
and P^.Q£.£P»P£.Qr.^i»siV.Q/».% 

184. Prove that in general two parabohasf and any number 
of central conies can be drawn through four given points ; and 
that no two parabolas or other conies can intersect in more 
than four points; and that no two parabolas can touch one 
another in more than one point. 

185. If one triangle can be inacribed in a given drde 
(or ellipse) so that its three sides toach a given parabola, 
shew that anj nnmber of triangles can be so uscribed, and 
that the locos of their centioids is a straight line. 

iS6. Any nnmber of parabolas being described with the 
same vertez and axis, the polars with respect to them of all 
points on a fixed ordinate to the azb will meet in a point. 

187. If a polygon be described about a parabola the 
continued products of the al).sci.ssaa of its vertices and of its points 
of contact respectively will be ec^uaL 

x88. If 2* be the point of conconrse of the tangents to a 
parabola at P and and if £ be the pomts in which any 
thud tangent inteneets them, then 

189. If from any point on the chord of contact of any 
two tangents to a parabola parallels to them be drawn each 

to intersect the other tangent, the points of intersection will lie 



* Thia U proved by AroLLOKius in Lib. III., Prop. 41, of bia Conies, 
t Tivoehndiof apMabolftbdnggireii, it nuty be dechned from Ark. 80, Cor. 2^ 
tlwt thin an two poaribk dtacotioiis of ita aidi. 
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on the tangent at the extremity of the diameter through the 
aseumed point. 

190. If P and Q be any two points on a parabola, and if 
PMy QN be the principal ordinates of P, and AL the principal 
abscissa of the pole of FQ^ shew that FM.QN=AAS.AL* 
Shew also that if 0' be the pole of any chord drawn throngh 
any point (7, and 0' V\ 0 F be the ordinates of 0' and 0 with 
respect to the diameter at any point F on the curve, then 

191. If two parabolas be described each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side, prove that they have a common focns and that 
the tangent to either of them at their point of intersection 
ia parallel to the axia of the other. 

192. If two parabolas be described each touching two 
sides of any triangle at the points in which it meets the third 
side, determine the area common to the two curves; and if 
three parabolas be so described, determine the area common 
to the three. 

193. Any two tangents to a parabola intercept on two fixed 
tangents lengths wluch are in a oonstant ratio. 

194. If P and Q be fixed points on a parabola, and SS^ 
any doable ordinate of a given diameter, then will MP and 
SQ meet that diameter at distances firom the carve which 
will be in an inTariable ratio. 

195. The projections of any two tangents upon the 
durectrix by lines radiatmg from the vertex are eqoaL 

196. A triangle is revolving round its vertex in one plane; 
prove that at any instant the directions of motion of all the 
points of its base are tangents to a parabola. 



* This foUom wlUi tlie help of EsuaplM 106 and 112, whireof tbe fonner m$f 
be deduced from Art 80^ Cor. % or fam Rnp. ir. 



74 



EXAMPLES. 



197. If three parabolas be inscribed in a giyen triangle, 
y^hen will the area of the triangle fonued by joining their 
foci be a maximum ? 

198. The area of the parabolic sector ont off by any two 

focal radii is equal to half the area bounded by tlic arc of 
the segment, the diameters throngh its extremities, and the 
directrix. 

199. The difference of the ordinates of two pouits on a 
parabola being equal to QJ)^ shew that the chord joining them 

will cut off a aegment whose area is equal to What 

is the envelope of a straight line which cuts off an area of 
given magnitude from a given parabola ? 

200. If the foci of four parabolas whereof each touches 
the straight lines joining the foci of the other three He on a 
circle, the tangents at the vertices of the four parabolas will 
meet in a point. 
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CHAPTER IV. 

OBNTBAIi OONIOS. 

In this ehapter we abaQ deal with the oonmum properties 
of the Central Gonicsi and in the next chapter widi certain 
properties, Tia. thoae of its asymptotes, which aie peeoliar to 
tho Hyperbola. 

The Ahioium or Ahseiatea of any point with respect to any 
diameter of a central conic are the segments of that diameter 
made by the ordinate of the point; and tho Central Abscissa 
is the distance of the foot of tho ordinate from the centre 
of the conic. 

THE OBDINATE. 

PROPOSITION I. 

33. The square of the principal ordinate of any point 9n a 
central conic varies as the rectangle contained by its abscisses. 

Let the straight lines connecting the vertices Aj A' of a 
central conic with any point P on the curve meet the directrix 
in Z and Z' ;* and let FN be the ordinate of P| and X the point 
in which the direetrix meets the axis. 




• For Um hyperbola, VNtlwflgan on p. 80, Mpplyiiig tha Unn /MZ, P^*^'. 
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Then (Art 19) the fnteroept ZZ^ mhtends a right angle 
at and thei*efore ZX.Z'X has the constant magnitude SX*, 

Aud since PN : AN = ZX : AX, 

and PN-.A'N =Z'X : A'X; 

therefore FN' : AN. A'N^ ZX . Z X i AX . A'X 

^8X* lAX.A'X^ 

which is an inyariable ratio. 

Let N be taken at the centre C of the conic, and let PN^ 
in Tirtue solel/ of the above proportion, and without reference 
to the form of the curve, become equal to so that 

CJBT : CA* ^SX*:AX, A'X. 

Then iW" ; AN.A'N==PN* i C^'- CN*= CB* : CA\ 




In the ellipse it is evident that CD is equal to half the 
conjugate axis. In the hyperbola the conjugate axis does not 
meet the curve; nevertheless, for the sake of uniformity of 
expression, we shall define CB as the half of its length,* and 
the point B and a corresponding point B^ equidistant from the 
axis as its extremities. 

Corollary 1. 

If the ordinate of P be divided in the ratio of the transverse 
to the conjugate axis at the point ji, then pN*s^AN,A'N, 

* The conjugate axis of any oeatnl oonk w oocaaSonally called its Minor Axis, 
■Ithmigh not momunlf Ian tlian the innnvne ai^ imleit the enw be en 
elUpee. 

* 

V 
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Ilciicc, wlicn P lies on an ellipse, the locus of p is the circle 
described upon its major axis as diauicler, and when P lies 
OD a hyperbola, the locus of;; is the hyperbola whose tranaverse 
axis 18 AA'^ and whose conjugate axis is equal to AA', 

Corollary 2. 

If Pn be the ordinate of F w ith respect to the conjugate axiS| 
it foUowB from the proposition that 

PN* i CA^-^P^^ Cff : CA\ 
and Pn* i CEC M ^ CA* x CB\ 

Hence also it may be shewn, after the manner of Cor. 1, 
that the locus of the point which divides Pn in the ratio of the 
conjugate to the transverse axis is either the circle on BB' as 
diameter, or the hTperhoU whose transverse axis is BB\ and 
whose conjugate axis is equal to BD', 8ome of the uses of 
this corollary and the preceding will be pointed out in the 
chapter on Orthogonal Projection. 

Chrollary 3. 

From Cor. 1 It appears, conyerselj, that if the ordinates of 
any nnmber of pointa lying on the circle npon AA' as diameter 
be cut in any given ratio of minority CB : OA^ the points of 
section will lie on an ellipse whose transverse axis is AA\ and 
whose conjugate axis is equal to %CB. The smaller CB in 
comparison with (LI, the less nearly circular is the ellipse ; and 
ultimately, when CB vanishes, the ellipse becomes coincident 
with its major axis AA\ In like manner, the complement"* 
of AA' is tiie limit to which the hyperbola described upon it as 
transverse axis tends when its conjugate axis is indefinitely 
diminished. 

P£0F08IT10N II. 

34. The 9quare of the ordinate of any point on a eenfy'al 
conie with respect to any diameter i$ in a constant ratio to th$ 
rectangle contained by ite absdeea on that diameter, 

• II iniiy sometimes be convenient to ?^>e3ik of the remainder of an unlimited 
stroigUt hue iioux which any part hati been taken awuy um the (Jum^ltrnttU of that 
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For by Art 16, if QQ be any ehord parallel to a 6zed 
straight line, and PP' be a fixed diameter meeting the choid 
in K, then the ratio QV.VQ : PF.7P' is constant. It follows 
as a special case that, if QQ \iQ a doable ordinaCa of the 
diameter PP\ then QF* : PF. VB' is a oonstant ratio. 

It is evidoit in the ease of the ellipse that this result is 
•qtmlflnt to 

where OD is the semi-diameter parallel to the ordmate QF. 

In the case of the hypeibola, supposing that OP meets and 
CD does not meet the curve, we might define the length of the 
semi-diameter CD and the position of its eaetremity D hy the 
eondition' that Olf must be to CP' in the aboTe-mentioned 
oonstant ratio, via. that of the focsl chords parallel to CD 
and CP, so that 

CF« : PV.VP'^QV* I CV^-CP'^CJ/ 1 CP^, 

and therefore QV* + CD' '.CD'^CV: CP ' j 

bat we shall at present merely remark that sach a definition 
would be in aocordanoo with the oonyentLons asaally adopted * 

THE SECOND FOCUS AND DIBECTEIX. 

PB0P08ITI0N III. 

35. Every central conic hoe a second foeue and directrix/ 
wd the enm of the focal dietancee of any ponU on the curve 
w the caee of the ellipse^ or the deference of the eame in the 
eaee of the hyperbola^ is constant and eguat to the transverse 
axis. 

The existence of a second focus and duectrix has been 

proved in Art. 14, Cor. 3 ; but it may also be deduced from 
the relation 



* Upon this sabjeet, Me Sdidiiim 0. 
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where PN'and Pn are the ordinates of anj point P on the cmre 

with respect to its transverse and conjugate axes. 

For since the ordinates with respect to either axis of the 
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points m which a paraM to tiiat axis meets the com are 
eqnsi, and rince, from the aboTc proportion, the oorresponding 
ordmates with respeet to the othor axis most consequently be 
eqnal, it b evident that points on a central conic may be 
determined in pairs as P, P' or on opposite sides of and 
equidistant from the one axis, and likewise in pairs bs p 
or P', p' on opposite sides of and equidistant from the other 
axis. 

The curve is therefore divided Bymmetrically by its con- 
jugate axis as well as by its transverse axis, and it has a 
second focus S' equidistant with S from the centre, and a 
corresponding directrix meeting the axis at a point X' whose 
distance from the centre is equal to CX. 

Henccy if P be any point on the curve, 

ffPi NX'^ffA ! A'Tm.SA ! AX^ SP : ^X 
Therefore BPi S'F: NX^^NX' ^SAiAX. 

Hence, in the ellipse, since NX NX' or XX' h constant, 
therefore SP+ S'P is equal to a constant length, viz. to 
SA + S'A or jLI' ; that is to say, the sum of the focal distances 
of any point of the curve is equal to the major axis. 

In the hyperbola, in like manner, NX NX' is constant, 
and therefore /6>P'^^Pis constant and equal to SA'^SA or 
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AA'y that is to say, the difference of the focal distancea of 
any point on the cunre is equal to the transverse axis. 

Corollary 1. 

Since 8A xAX^ 8A' : A'X^i {8A tSA'):^ {AX t A'X) ; 
and since the latter ratios are equal respectively to CA : CX 
and C8 : CA, or vioe oarsa; therefore 

C8 : CA ^CAiCX^SA : AX, 

and C8.CX^ 0A\ 

CoroUary 2. 

It may now be shewn, as in the next proposition^ that 

CB* ^CS''>^ CA' = AS. A 8. 

Hence, in the hyperbola, C8*'^ CA^-h CJB^, or C8 is equal to 
the distance AB between two adjacent extremities of the axes; 
and in the ellipse, CB"^ CA\ or 8B is equal to the 

semi-axis major. In the case of the ellipse it follows more 
directly that, 8B^ 8'B^OA ; and hence, conversely, that 

CD'^CA'-C8' = AS.A'S. 
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Corollary 3. 

and 8X x CX- 08. 8X i 08.CX» CB^ : 0A\ 

THE LATUS BEGTUM. 

PfiOPOSITIUM IV. 

and cor\juffaU axet. 

Since CS:CA=^8A:AX= SA' : A'X', 

therefore CS-^CA : CA = 8A ■¥ AX : AX ^ SX : AX, 

aod CB'^OA : OA^BA'^A'Xi A'X^BXiA'X. 

Hence, and by Art. 88, 

CS"^ CA* I CA*^SX* : AX.A X=aB' : CA% 

and therefore 

C8^'-*QA\ or A8,A% Is equal to OS^.* 

Hence, by Prop, i., if ffi be either ef the eefinatea eone- 
spending to A 8 and A' 8 as abscissaB, * 

iSL* : AS. A' 8= 8V : CB'^CB^ : CA\ 

or the semi-latos rectum 8L is a third proportional to CA and 
CBy and therefore the whole latos reetnm is a third propor- 
tional to ulil' aod Jt^. 

TIFF' be any focal chord, CD the parallel nrfiiis, and LL' 
• the latos reetnm, then by the proposition, and by Art 84, 

FF' : LL'^CBf : OB^^CIT : \LL',CA, 

or FF'.CA^2Cn'i 



• The axis being a focal chord, it fbliows, from Art. 15, Cor^ that 8L . CA is 
equal to AS..i'S, which in the elliixKj may V>t? shewn to lie equal to CfP. In 
the case of the hyperbola, the length CB may then be defined as a mean proportioaal 
to CA and SL. AroLLOimni (Ub. in. 46) aefinad tte pointi which we odl 
the fod of central cunics oh certain points dinding the axis into e^n^ts whoM 
netan^ ia equal to SL, CA} bat he nowhere oientioBe the focneof the parabola. 

G 
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that IS to saj, any focal chord is a third proportional to the 
transverse axis and the diameter parallel to the chord. 

SCHOLIITM A. 

The Latus Eectoi of the axis, according to Apollonixjs, was 
a certain straight line drawn at right angles to it from the vertex, 
equal to Hie double ^Hsal ordinaAe but defined without sefomioe 
to the focus. The axis bein^ regarded as DXayia, the irmu9in§ 
side of the " figure," the straight line drawn as above was taken as 
its 'Opdia, or erect side ; the term " figure" being uaed to denote 
the rectangle coutoiued by those lines. 

If .^X be the latua zeefeum, and if the adinate PJT in Prop. x. 
meet in Q» Hien 

I Air.A'N^AZ : AA*mW^ A'Km QN-AJT: AN,A*N. 

It follows that the square of the ordinate PN is greater than the 
reotangle AL»AN oontained by the latna zeofcom ud tiie absciflsa 
in the ease of the hyperbola, and less than the same rectangle in 

the ca?e of tho oUipse; and hence the name Hyperbola, which 
signifies excest, and the name £llif8E, which signifies deficiency. 
The Parabola, was so called from the equality of ue square of the 
ordinate of any point upon it tor the lectangle contained by ita 
abscissa and the fatus rectum. The names of the three conies have 
indeed been otherwise explniuod, but the interpretations of them 
given a^ove are in accordance with the manner in which 
AnoUomnfl introduoee them. See HalWa edition of Mb worb, 
Lu>. X., props., XI., XII., XIII., pp 31 — 87(Oxon., 1657). Moreover, 
it is reported by Proclus in his Commentaries on the first book of 
Gnclid, at the commencement of the fourty-fourth proposition, 
upon the authority of 'Hhe Familiars of £udemu8|" that the 
terma panbda, hyperbola, and ellipee had been used hy the 
Pythagoreana to express the equality or inequality of areai^ and 
were subsequently transferred to the conic curves for the reason 
given above. The passage is quoted in the original Greek on 
page 13 of E.JF. August's Zur Kenntniu der geometrUchcti Methods der 
^AUm in ^mmAww Smiehuna auf die PUOvnmU SMh mm Mme 
'(Berlin, 1 843), and it may be seen in English in Thomas Taylor's* 
translation of the Commpntariea of Proclus, Vol. II. p. 198 (Txjndon, 
1789). The whole work in the original Greek was printed at the 
end of editio prineepe of Euclid's Elements (ed. Simon Grynseus, 
Basil., 1533); and it has also been edited separately by Qodfr. 
Priedlein (Teubnor, Leipzig, 1873). 

More generally, tho iMtxift liectinn of any diameter was a length 
measured from its extremity upon the tangent thereat, equal in 
the ease of the parabola to tiie parallel focal chord (although 
defined without reference to the focus), and in other cases a thud 
proportional to the said diameter and its conjugate. Some later 
writers, as Mydorge^ used the term ParanuUr tor Latus Beotum in 
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aU cases, fliat of the axis being distingaished as Mseta Paramdtr* 
Hamilton pave the alternative, "Latus Rectum sive Parameter 
ifltius diametri, &c." ; but those expressions are now seldom used 
injp ometrical treatises otherwise than as defined above on pages 1 

THE TANGENT. 

FBOFOBinOir T. 

37. The tangent mt any point of a central conic makes eqwd 
angles with the two focal distances of Oiat point. 

Let the tangent at any point P to an ellipse, or a hyper- 
bola, whose foci are S and S'^ (iieet the directrioes in B and E \ 




and let a parallel through P to the axis meet the directrices 
in M and M', 
Then since 

and nnoe FB aad FB rabtaiid right aogka at 5 and iSf lo- 
speetiTdy, tlunfere tbe trianglei APS, ffFB aie aiiiiilari 

having their angles at P equal; that is to say, the tangmt 

at P makes equal angles with SP&nd S'P. 

In the ellipse, the tangent lies without the angle SPS" and 
bisects it externally. 

In the hyperbola (fig. p. 80), the tangent must cut the axis 
between A and A (since otherwise it could not He wholly 

02 
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withont tbe ennre), and tiierofore between S and ff ; it mut 
there5»re bisect the angle 8P8' tnimally,* 

CaroUarjf, 

If P be one of tbe fonr points of btersection of an ellipse 
and a byperbola wbicb have the same foci 8 and 8'^ their 
tangents at P, being the two bisectors of the angle 8P8'f will 
be at right angles to one another. Hence con/ooal comu ut- 

PBOPOSITION VI. 

88. 2%$ pr<ifect&m$ qfihefiei tgwt iKs ian^eni at anjf jpomt 
4(fa cmiral eomio Kean it$ auxiHary cMe; and aemi-axig 
e(n^iiffai$ u a mean proporiiimail io the tKttaneea qf ike /oei ftwn 
their retpeelUve frif^citioM 

Let 8 and if be the foci, Y and Z their respective pro- 
jections upon the tangent at any point P. Then will Y and Z 




lie on the circle described upon tbe axis AA' as diameter, and 
the rectangle SY,IiZ be equal to CB*, 

(i) For let a parallel to HP through Y meet 8P in 0, 
Then the tangent makes eqoal angles with &F and tbe parallel 



* B, in aoooidniee trtfh tiie principle of the aoto on p. 22, tbe dtatanoe of mf 

point P on a hyperbola from BP be eatimated unthin the corre, in which case it will be 
the "compkmcnt'" of S^P, we mny pay of the liyperbola, as of the fiHtpen, that tbe 
tangent bisects the angle betwe«n the focal distances aUmalljf, 
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to HP^ VIZ. the angles OPY^ OYP, and the coiuplementa of 
these angles, viz. OSY^ 0 YS are equal, therefore 



Hence, the parallel to MP biwets iSff, tu. at the oentre O 



the upper aigns bwng taken in the caae of the eUipae, and 
the lower in the caae of the hyperbola. 

Hence, the anziliaiy drde ia the locus of the foot of the 
perpendicular from either focoa to the tangent at any point 
of the conic; and, conversely, the straight linea drawn from 
any pobt on the auxiliary circle at right aoglea to the two 
foMl dtitancea of that point are tangenta to the conic 

(ii) Let ZII meet the circle again in V] then, the angle 
at^being a right angle, passes through the centre C, 
Hence, evidently SY, is equal to HV', and therefore, 

or CB ia a mean propcHrtional to the focal perpendiculan upon 
any tangentf 



* This rmah mly^ht also have been arrived at by sappociog MP to meet in m 
paint iS", and shewuig that Cy = ^HS' = CA. 

t TBtheSffueMipwM^ if TtetlM point of ooaooviw of my tiro tiiignt% fhoa 
Sr : HZ' = 87' : HZ, It follows that an^'lc STTsMTZ'i or, ooaTMMij, from 
Flop. xnn. it ai^ bo dtdnoid tlMi £r . irz = CJ*. 




of the conic, and 



cr- CO i + ^iSP- ca* 
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Corollary 1. 

Thii proposition enables qb to draw ft tangent to the conic 
which shall be parallel to any given straight line, yiz. hy 
drawing BY (to a point Y on die auxiliary circle) at right 
angles to the given atraight linOi and drawing YF at right 
angles to BY. 

The points F, Z in which any focal chord meets the auxiliary 
circle lie upon parallel tangents to the conic, and the semi-axis 
conjugate is a mean proportional to the perpendiculars HV^ HZ 
from either focus iJnpon any two parallel tangents. 

_ • 

CoroOaiy S. 

The diameter parallel to the tangent at P intercepts on 
either focal distance HP a length Fh eqnal to C IT or CA. 

pjiOPOBinoN yn. 

39. Hie distance from the centre at which any tangent meets 
a given diameter varies inversely as the central abscissa qf its 
jpoitit of contact with respect to that diameter. 

Let the tangent at any point Q meet a given diameter in T, 
and let C V be the abscissa of Q with respect to that diameter ; 
then will the rectangle CV,CThe of constant magnitode. 

(i) Lei OT vuet ike emrve in and let the tangents at 
Pand Q intersect in complete the parallelogiam QRPO, 
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Then since, in the parallelo^ajn, RO bisects PQ^ aud since 
PQ is the chord of contact of the tangents from ^| therefore RO 
passes through the centre (7. 

Uencei bjr parallels, 

OVi GP« CO I Cfi- CP: OTf 

or OV.OT has tlie constant magnttnde OP*, and OT ▼aries 
invenely as tlie abseiata CV> 

(ii) Next, let t be the point of concourse of QT with any 
diameter of a hyperbola ?r/<i'<7(i does not me£t the curve; and let 
the ordinate QV in the former case of the proposition be 
supposed an ordinate of the conjugate diameter, and therefore 
parallel to Cu 




Then 8iiiG» Ct : CT^ QVi VT^ 

therefore QV.Ot i OV.OT'^ QV* : CV.VT. 

And since, by the former case, CV,CT is equal to CP*, 
therefore 

QV.Ct: CP'= : CV- CP'', 

and therefore (Art. 34) QV.Ct is equal to the square of the 
"semi-diameter" CD parallel to QV] that is to say, Ct varies 
inversely as or as the abscissa of Q with respect to the 
diameter on which Ct ia estimated. 

Corollary 1. 

The relation CV.CT= CP' implies that any diameter PP' 
which meets the conic is divided harmonicallj (Art. 18, Cor.| 



Digiti/oa by Cjt.)0^lc 



88 



CENTRAL OOMICti. 



at V and T. Thb likewiie ioyolTW the equality of the rect- 
angle TO. TViQ TP. TP\ which maj alio he dednoed indepen- 
dcDtlj from the erident paralleliim ii£P*Q and CJ?, thus 

TP : TV= TR : TQ=TC: TP\ 

Or again, supposing the tangents at Q and P' to meet in 
we might have inferred from Art 16, Cor. 1, that 

RP'.BQ^XP*iSQ, 

and thence that TP^ TV^ TP' are In harmonic progression. 

Corollary 2. 

If CV and (7 J" be estimated on the transverse axis, their 
product will be equal to CA^ \ or if on the conjugate axis, it 
will be e^ual to CB*, 

THB DIBECTOB OIBCLE. 

PBOFOSITION VIU. . 

40. Tht loem of iU vork» iif a r^iU coigh mkm 
envelope a central oonte m a eircU. 

Let T he the point of oonconrse of a pair of tangents at 

right angles; Y and Z the projections of the foci upon one 
of them j Y' and Z' their projections upon the other. 




(i) Draw the anxUiary dide through T, Z, T', Z'; and 
first) if T lie without it (that is to say, in the case of the ellipse), 
let TO be drawn touching it in 0, 
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Then 

TO" - TY'. TZ* m 8Y.HZ= CB% 

and therefore CT* ^ CCt ^ CS^ ^ CA^ CB*^ 

or the locoe of 2* is e drde coDoentric with the conic, and whose 
diameter is equal to the diagonal of the rectangle contained hj 
the axes. 

(ii) Next let T lie within the circle, as may happen in the 
case of the hyperbola. Then it may be shewn in like manner 
that 

CA* - CT* = TY. TZ^ CB% 




Hence, provided that the transrene be greater than the 
eonjogate aads, the locos of T will be a circle, the square of 
whose radios is eqnal to OJ^—OB^^ but if the conjugate axis 
be the greater, the locns irill be imaginary, or an obtuse 

hyperbola can have no real tangents at tight angles.* 

OaroUary 1. 

In like manner it may be shewn that, if the sides of a right 
angle envelope two confocal conies whose semi-axes are CA^ CB 
and C/3 respectively, its vertex will lie on a concentric 
circle the square of whose radius is equal to CM' + (7/8*, or 
Ca* t CB*, When (7/9 vanishes, one arm of the right angle 
passes through a focus, and its vertex Y (Art 88) lies on the 

• In this caae it will be seen that the theorem b applicable to the Conjugate 
Eypcrlxdft. In the limiting case in which the axes are equal the locus xeducos to a 
poinly tin ooty taacodi at light beiiig tlw Aq^ 
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auxiliary circle. lu the proposition itself, if CB bo supposed 
to vanish, the director circle becomes the circle on SH as 
diameter. 

Corollary 2. 

A eonio and its director ctrele are ao ralatod that any 
rectangle circiiinwribiiig the former ia inicribed in the latter. 

MBOLIUX B. 

The term DtBEcrroH Cibolb has been used of late years to 
denote the locus of intersection of tangents at right angles to a 
conic, with reference to the circumstance that when the conic 
degenerates into a parabola this locus becomes ooinddent with, 
the directrix (Art. 25). The analogous term *' Director Sphere " 
was introduced by Professor Townsend in the Quarterly Journal of 
Pure and Appli$d Mathftnatics, vol. vjii. p. 10 (1867). Db la 
Hire proved in his Sectione* Conica (PariS| 1685), Lib. vm. 
props. 27| 28, that tiie tangents to a oonio from eny point on a 
oonoentrio drole whose radius is equal to \/( CA* OJP) meet the 
circle again at the ends of a diameter, and thorefoie oontain a night 
angle. Ho also gave the equivalent of Cor. 2. 

In some treatises the term Director Circle is used to denote the 
dide desoiibed about the fiuther ftaous IT wUli zadioB equal to the 
transverse axis, which possesses a property analogous to that of 
the directrix of the parabola ; for if Y bo any point on the circum- 
ference of the circle, and if JIY meet the conic in P, then SP" PT, 
or the focal distance of P is ec^ual to its normal distance from the 
oinle. Thia drde afibrda a oonatmolion, analogoua to that in 
Art. 25, Oor. 2, for drawinff tangents to a central conic from any 
external point. Nevertheless it scarcely deserves a distinctive 
name; whereas the ''director circle," according to the former 
definition, is of considerable importance in the nigher geometry 
of conies. The analogy of the circle in question to the directrix oi 
the parabola was pointed out by Bosoovicri, {Sedimvm Coniconm 
Mlmenta, % 102), but he did not give it a name. 

FOLAB FBOPEBTY. 

PR0F08ITI0N IX. 

41. The tangents at the extremities of any chord drawn 
through a given point intersect on a fix^d straight line j^ralUl 
to the ordinates of the diameter through that jwinf. 

(i) Through a given point 0 within or without the conic 
draw any chord, andrlet the tangents at its extremities meet 
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in t Draw Ct bisecting the diodi In and meeting the earn 

in^, and let ^27 and tThe ordinates of the diameter through O. 

Let CO meet the curve in I\ and let it meet the tangent 
at which is parallel to oO, In V. 

Then OOiOV^OoiCp^ 

and CUiCT^CpiCt] 

and therefore, the lengths CSo, CJp, C< being oontmued pro- 
portionals (Art. d9)y 

Hence T is a fixed point, and tT^ which was ordinatelj 
lulled to the diameter CP, is a fixed straight line. 

Convenely, the chord of contact of the tangents drawn to 
a conic from any point f on a fixed ordinate passes tfarongh 
a fixed point 0 iitoated on the diameter of that ordinate. 

(11) In the case of tlie hyperbola, either or both of the 
diameters Co, CO may not meet the curve. 

If Co only do not meet the curve, let Pu be the ordinate of 
P with respect to it, and let the tangent at P meet it in 
theD| Co,Ct being equal to Cu,Cv (Art. 39, §ii),_ 

00 : OP-Cb : Olu- Ov : Ct^ OP: OT^ 

as In the first case. But CO only do not meet the curve, 
the first proof is applicable as far as CCCTssCU.CVi and 
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it 18 known from Art. 39, § ii. tbat the latter rectangle is of 

constant m.ignitude. 

In the case in which neither Co nor CO meets the curve, 
if Q? be taken a mean proportional to Co and C<, and if/;Fbe 
drawn parallel to oO,* it will be seen that CU.CV is still 
constant, and tT will be a fixed straigbt line as in tbe cases 
preTiouslj considered. 

THE NOEMAL. 

F£0P08ITI0N X. 

42* Tke normal al any jmnt a cenirai eonie hiteeta tke 
angU heiween tke twojboal diatancea qf thaipoinL 

If P be any pomt on a oonio wbose fod are 8 and it 
ibUowa as a corollarj from Fn^. V. that tbe nonnal at P 
bisects tbe angle SPH in the case of tbe ellipse, and its 
supplement in tbe case of tbe bjperbola. Tbe same may 
also be deduced from Art. 10 (where 8 maj be either focos) 
as follows. 

If the normal meet tbe axis in Gj then 

SG: 8F^C8: CA^HGiHF; 

and therefore PG bisects the angle 8PH internally or ez- 
temallyi according as 6^ lies in 8Ef as in the case of the 
ellipse^ or m tbe "complement" of 8Bf as in tbe case of tbe 



t 




* The Hue tha drawn is tiMtaagoitat p totlw Co^^tgalt fffptrteta^wbUkM 

be defined in the next chapter. For another proof of the proposition, see Axfe. 17. 
Tbt pnd in Azt. 41t §i* appliMi with obrioua modificatioo^ to tht Pantbohu 
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hyperbola. In either case the normal bisects the angle between 
those portions of the focal distances which fall within the curve. 

If the circle round SPII meet the conjugate axis in g and 
it is evident that Pg and Pt will be the two bisectors of the 
angle SPH-^ that is to say, tbey will be the tangent and the 
normal at P. This suggests an obvious method of drawing the 
two tangents or Dormab to a conic from anj point on its 
conjugate axis. 

Corollary 1. 

The tangent and normal to a conic whose foci are 8 and H 
divide the straight line SH harmonically, and C8 is a meao 
proportional to the lengths CG^ CT which thej intercept on 
the axis. 

CcroUartf 2. 
It 18 likewise evident hj aimilar triangles that 

POPg = PT. Pt = 8P. HP ; 

and it will be shewn that each of these rectangles is equal to 
the square of the semi-diameter parallel to the tangent at P. 

PSOFOSITION XI. 

4d. At any point of a central comic the namud^ terminaied hjf 
eUher axU^ varies inversely as the emtral pvrpendKular tipoii 
ihe tangent^ and dinetfy as the radiu$ parallel to the tangent. 

Let the tangent and the normal at P meet the transvene 
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axis in Tand and the conjugate axis in t and respectively; 
draw perpendiculars PiV, Pn to those axes, and let them meet 
the diameter parallel to the tangent in M and m\ and let the 
normal meet that diameter in 

(i) Then (Art 89, Cor. S), the loglfls at JT ud 1* being 
right aoglei, 

and| in like manner, the angles at n and F being right angles, 

P^.FF^Pn.Pm^ ON.CT^ 0A*\ 
that is to saj, PQ and Pg vaiy mTenelj as FF^ which is equal 




to the central perpendicular upon the tangent at P. 

(ii) It will be proved in the section on coiyogate diameters 
that 

FGi CD^ODiP^^OBi OA^ 

where CD is the semi-diameter parallel to the tangent at P. 

CoroUary, 

It is henoe evident that 

m : ON^m ! Pn^PG xPg^CS'x 0A% 

or the subnormal vartea as the ahacissa. In like manner it may 
be shewn that the subnonnal on the oonjogate axis varies 
as the abscissa On, 
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COJNJUGATE DIAMETEJaS. 

PfiOPOBIHON XtL 

44. Supplemental chords are parallel to conjugate diameters. 
Let OP*, OP be any two supplemental chords, and CQ, OR 
the diameters to which they are parallel^ then will CQ^ CM bo 



o 




coDjugate. For it is evident that these diameters bisect OP 
and OF respectively ; that is to saj, each of them biaects a 
chord parallel to the other* 

ThU enables os to detemune the relation between the 
directions of anj two conjugate diameterB| for, in Art 88| 

PN* : AN,NA'^ CB* : GA% 

where the supplemental chords APj A'P may be supposed 
parallel to any assumed pair of conjugate diameters. Hence, 
if the ratio of PN to AN (or the direction of one of the 
diameters) be given, the ratio of PN to A'N (or the direction 
of the conjugate diameter) ia determined.* 

CoroUary 1. 

It readily foUowa that if P and.i> be pomts on two diameters 
of a central conic whose ordinatea P2T and DM (as in Art 45) 
are so related that 

PN: CR = DR: CN^CB: OA, 

• An e<iuivalent result may be deduced from Art. 14, Cor 4 and Art. 35, Qox. 8. 
H 8 aad ^ be the inclinations of two oonjngate diametetB to the axis, tan6 tan<;^=+ ^ 

(where rr, h nrc the scmi-axee), tlw B^gvtiTV riga being taken loc tbeellipee and the 

positive for the h/perbohi. 
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then win CP and CD be conjugate, provided that they He in 

adjacent quadrants in the case of the ellipse, or in the same 
quadrant or in opposite quadrants in tiie case of the hyperbola. 
If the ordinates of P and in the case of the ellipse, be pro- 
duced to meet the auxiliary circle in p and cf, as in the next 
figure, the angle pCd will a right angle, as will bo noticed more 
particolarly in the chapter on Orthogonal Projection. 

Corollary 2. 

In the hyperbola it Is evident that of every two 8apple^lental 
chords one must He wholly within and the other wholly without 
the cnrve ; and hence that ons and one anl^ qf every two etmjugoU 
diamden meets the carve. 

CoroUmy 8. 

To tew a pair of eoijiigato diameters indbed at a given 
angtoi let a segment of a circle oontammg 'tlie given angle, and 
described on any diameter PF' as base, meet the conic again in 
Oi then will the diameters parallel to OP and OP* be indmed 
at the given angle. 

PBOPOBmON ZI1I. 

45. The sum of the squares of any two conjugate diameters is 
constant in the ellipse^ and the di£'erence of tlie same is constant in 
the hyperbola, 

(i) If CP, CD be any two radii of an ellipse, and CN, CR 
the central abscisses of their extremities P and D respectively, 
then, by Art. 33, 

PN* I CA*- ON'^DS^ : Cfi"= 0£^ : 0A\ 

Let CP and CD be supposed to lie in adjacent qnadrantS| 
and let 

then the above proportions reduce to 

PN: CR^DR : CN^ CB : (LI,* 



* The same propodioni irill Inld when the oidfutM an oUiqa^ if CA and CB 
bt tha kngkht of Uw cont yoikHw g MDi-diMseten. 
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and therefore (Art. 44, Gor. 1} CP, CD are conjugate, and 
conversely. 




and CP' + CD^ = CiV" PxV + 0^^ + DR' = + GW ; 

or the sum of the squares of any two oonjogate eemi-diameteri 
of an ellipse ia constant and eqnal to the sum of the aquaras 
of the semi-axes. 

(ii) In the case of the hyperbola, let P be a point on the 
curve, and D a point on the hyperbola whose transverse and 
conjugate axes are BB' and A A respectively ; then, by Art. 33, 

PAT* : ON^^ CA^^DB : 0^+ (Ll«= Cfi" : CA\ 

Let OP and OD be sapposed to Ue in the same quadrant 
or in Tertieallj opposite quadrants, and let OD be regarded as 

UrmisMited at the point D!^ 

Let CN'-CE'^CA*i 
then the above proportions rednce to 

FN: CR^DR : CiV= CB : CA, 



* The ndiiis CD wfaieb doea not nmt tht eurve (Art. 44) Oor. 9) ii hen nguded 

as terminated by the ConjugaU: Hypeilwle. For another proof of the propoaitloii, ia 
which the length of CD is defined as suggested in Art. 34, the reader is rffcmxl to 
the next chapter; and for a third proof, to the chapter on Orthogonal Projection. 
It win be leett that flie ■hove eoiiTeiiticne iitth regard to tlie langCh of Ci> are 
ea n e letent wiOx one ■nothi^ hnt the tme definition of the IniQii of diaaieteia nUah 
do not meet tiw cme fi that glTcn in Soholiom 

H 
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and therefore (Art 44, Cor. 1) (7P, OD are coDjugate, and 
oonvenelj. 

Henoealflo DSf^PHT^Off^ 

and CF'-CJy^CN' + PN'-{Cir + DjR')=^CA*-CB'', 

or the difference of the sqaaiea of any two conjugate " seml- 
diameters " of a hyperbola is constant and equal to the difference 
of the squares of Uie seml-azes. 

OoroUary 1. 

Let the normal at P, which is at right angles to CD, meet 
the transverse and conjugate axes in G and g respectively ; then 
it may be shewn by similar triangles that 

and F^'.OD^ONiDR^CAtOB. 
Hence GD is a mean proportional to PO and 

C<m>Uary 2. 

JiP be any point on a oonto whose foci are 8 and J7, then 
anoe 0 is the middle point of BB^ 

^CF' + 2C8*^SP* + EP*=^ACA*Ti8P,SP. 

Hence CP' ± 8F. -2?= CA* + CA' -CS'= OA' ± GB'y 

and therefore, by the propositioni 8P, EF is eqoal to Ci>** 

PROPOSITION XIV. 

46. Tlie area qf any parallelogram whose sides are equal 
and parallel to two conjugate diameters of a central anno i$ equal 
to the area <^tke rectangle contained by the axee» 
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(1) Let a parallelogram be formed by drawing parallelB to 
two ooDjugato diameters FF^ DD of a ceutral conic through 




fiiflir estremitieB, and let tiie nonnal at Pmeet J>U m, and 
let it meet the a»i m 

Then since (Art. 45, Cor. 1), 

FQi OD'^CBi CA^ 

tlierefine PF.PG : PF.ODa OB' : OA.OB 

But, by Art. 43, the autecedents of this proportion are equal. 

Therefore FF.CB^OA.CB^ 

and the area of the whole parallelogram la equal to AFF.CDy 
that is, to S 0A,20Bf or to the rectangle contabed hj the axes. 
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In the case of the ellipse the parallelogram describecl as 

above completely envelopes the curve; but in the case of the 
hyperbola two of its sides only touch the curye (Art. 44, Cor. 2). 

(ii) The proposition might also have been proved bj Bbewiug 
that, with the construction of Art. 45, 

which lail ezpmnoii reduces to i CA^OB, 

PJtOFOSinON ZY. 

47. I%e vUercept upon any tangent hy any two conjugate 
diameters ia divided ai ^he curve ^to eegmentt to wAtbA the 

parallel radius is a mean proportional. 

Let the tangent at P meet any two conjugate diameters 
m T and and let CD be the radius parallel to tlie tangent. 




Let PF, Dv be ordinates of tlie diameter CT^ and PM an 
ordinate of Ct) and let the tangent at D meet the former 
diameter in t'. 

Theui by similar triangles, the tangent at D being parallel 
to CP. 

PT : CT^ CD : Ct\ 
and Ft : CV^Pti PM^ CD : Cv. 

Therefore* PT.Ft : CV.OT^ OJT : Cb.Cif ; 
and the oonieqaeiits in thb proportion bemg equal by Art 89| 
therefore PT.Pt^ CD"^ 

* More briefly, the condition that CT, Ct shoold 1w oonjngstfl (aotl^ p. 
at oooe the nbtiaa PT,Ft : CP* = CUf* : CT*, 
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or CD is a mean proportional to PT and Pt\ and when the 
point Pis given the rectangle Pt.PT 'is constant. 

CcrcUary, 

If the tangent at any point Q meet any two parallel tangents 
in R and then will the radins parallel to the tangent be a 
mean proportional to QB and QR, For, in the figure of 
Art. 39, it is evident that CB and CB are parallel to the 
■applemental chorda PQ^ PQ^ and are therefore conjugate 
diameterB. MoreoTer, if BO meet RP in r, the aemi-diameter 
parallel to BP will be a mean proportional to P'r, P'R^ and 
therefore to PjB, FR. 

SCHOLIUM C. 

Although the conjugate axis of a hyperbola and its other 
diameters which do nut meet the curve are commonly regarded 
as terminated by the conjugate hyperbola, this oonyentioiL is bj 
no means aocorate^ but the true account of the matter is that given 

beIow^ 

Given the relation (Art. 83) between the coordinates of any 
point on the hyperbola 

the true length of the semi-axis conjugate is found, by making CI{ 
yanishi to be \/(- 1) CB, Let this m denoted by so that 

PIP : CA^- CN^^-CB^ : CA*'- C/l3' : CA, 

which shews that the hyperbola may be regarded as an ellipse whoso 
minor oxio io a oortain imaginary quantity. In like manner the true 
length of the semi-diameter conjugate to CP, in the second case cf 
Art 34, is V(- 1) and if this be denoted by CZ, we may write 

Cr« : CP'- Cr"- C8* : CP", 

as in the case of the ellipse. Now» treating /3 and 2 as if they were 
real points on the curve and supposing p to be the projection of 2 
upon the axis, we have, precisely as in Art. 45, § i, 

CN* + Cp' -= CA*; FN* + Bp* = C/?; CP* -»- CI* = CA* + (7/3»; 

which will be seen to be equivalent to the results of Art. 45, § ii, 

CN* - CR* - CA*\ PIf*-J)R*= - CB^i CP*- CD*m CA*- CM*. 

And 80 in other eases (cf. Art. 40) we may pa.«98 at once to 
properties of the ellipse, in so far as thoy involve CB^ and CI)\ by 
writing inplaco thereof C/)' and C'«^ that is to say, by chanying the 
tiym of (7J* and (7J>*. 

Next consider the hyperbola as a partioolar form of ellipfle 
whose determining ratio has become one of majority. "When this 
ratio has increased up to unity the further focus and vertex are at 
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infinity ; but as f^oon as it pxroods unity they at once come back 
from infinity to jEf and A' on the opposite of A. The true length 
of the axie of the hyperbola is therefore A <x> A't the complement 
otAA% and the distaaoe between its lisoi is i9«oi9| the oomftonent 
of SIT. In like manner tlio distsnoe of any point P on the oorve 
from the further focus IT is to bo regarded as JZ oo P, the comple- 
ment of J/P ; and thus the fundamental bifocal property assumes 
the indeterminate form SP + If co P A<x) A. In order to naas 
to the determinate form of &e bifooal property of tiie hyperoola 
from the property of the ellipse, we may remark that a point 
moving in a Btrai^rht line firom the further focus // of the former 
to a point P on iS'- branch of the curve may bo supposed to move 
either (1) wiihin ths curve, from J7 to oo and from oo to Pt always 
in the same direction, or (2) along the finite length MP m m« 
cppMtU direction ; and we may therefore regard //P, drawn towards 
tne convexity of tlio iS-branch, as essentially negative, and the finite 
axis AA' as likewise negative. The ellipse property, SPJtUP-AA', 
thus becomes, in the ease of the hyperbola, 5P+ (- EP) =» (- A A'). 
6o in Art. 15, Cor., in the case in which the focal chord meets the 
nearer branch of a hyperbola in Q and its further branch in P, we 
1 12 

mnst write ^_ "^Jq^z' •ow»3mm» wi*b the same prin- 
ciple the normal to a hyperbola at P bisects the interior angle 
between P8 and P to JET; and if two tangents TO, T& be drawn 

from T to the same branch of a hyperbola, the angle 8T0 will be 

equal to the anglo between TO' and T<x> IT. 

Combining the results of the two preceding paragraphs, we 
infer from the property SY.ffZ^ CB* in the eUipse, that 
SY. (- BZ) - (- C//) in the hyperbola ; and from SP.MP^ CI^ 
in the former, that SP . {- HP ) - (- CI?) in the latter. On the 
same principle, Prop. i. assumes the form 

PIiriA2T,{'A'N)m(-CJSl^ i CA* 

in the case of the hyperbola. In Art. 86, Cor., if the focal chord 

FF' be positive CD^ \\\\\ bo negative, atul vice verm. From the 
result PF . CD ^ CA. CB, obtained in evaluating the conjuputo 
circumscribing parallelogram of the ellipse, we deduce in the case 
of the hyperbia that 7- PP) . V(- 1) CD - (- CA) . V(- 1) C^l 
and the final result is inaependent of the f]&ctor - !)• 

THE BIFOCAL D£i;INXTION.* 

PROPOSITION XTT. 

48. The tmigrni to a bifocal conic makes equal angles toith 
the focal distances of its j^int of contact. 

* The ibeomn* ia iUs notion baTft for the most put betn ahmdj ptoTed m 
other wajB; tmhtiMjue hm derit«d frooi the Ufocal propaty, 8P BP^AA\ 
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(I) Let TPQt be a chord which meets the oonio in the 
adjacent points JP and and let 8M be taken equal to BP 




upon SQ^ and Bn equal to IIQ upon HF^ bo that 

Now in the iaoeoeles trianglee AnP, AQ, as the angleB at 
8 and if are diminished indefiniteljrj eaich of the xemaining 
angles becomes reaej approximately a right angle; and hence 
dtimately, when Q ootdeaces ^th P, the triangles BnQ^ AiQ 
become ngki^mgled at m and n» 

And since these triangles haye the common hjpothenose 
PQ, and it has been shewn that 1^ Qm are equal, therefore 
the angle 8QT of the one triangle is'eqoal to the angle EFt of 
the other. That is to say, the point Q being supposed to hsTO 
coalesced with P, the angle 8PT is equid to HPtj or the 
tangent at P makes equal angles with the focal distances of 
that point. 

(ii) Or, conversely, taking EuCLID^S definition of a taogeoty 
we may proceed as follows. 

In the case of the ellipse, P being any point on the curve, 
and S' the foci, in SP produced take Ps equal to PS\ 
draw the bisector of the angle B'PSf and take any point Y 
npon it. 

Then since 8Yw evidently equal XosY^ 

8Y^ 8Yr^ 8Y+8T> 8t> 8P^ fi'P; 

that is to say, the som of the focal distances of any point other 
than P upon the bisector of the angle SPs is greater than the 



by which tho elUp^c and b}'perbola are sometimeB defined. From this property it 
is evident Otat an ellipse may taoed iritii ffae pofatt of » penoQ moved akng • 
etilnft wheieof the eiidi en fixed, so as to keep tt etratohed. 
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transTcrse axis; every such point therefore lies without the 
curve, and the bisector of the angle S'Pa is the tangent at P. 
The proof applies mutaiia muiandia to the hyperbola. 

OaroUofy. 

The normal at P bisects the angle between the focal 
distances of P, estimated irithin the curve; and hence it easily 
follows that O being tlm point in which it meets the axis 

PROPOSITION XVII. 

49. The two tangents to a bifocal conic from any exiemdl 
point subtend equal or supplementary angles at either focus. 

This may be dedoced from the lemma that a circle can be 
iyh<irribed in any quadrilateral which is such that the sum or 
dijfmm (if two qf its sides is equal to the sum or difirmee 
qf its other two sides. 

If four straight lines touch a drde at points a, b, c, d, and 
if they foim hy their intenectionf the qnadrilateralt FOQA, 

R 
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BPHQi BOHB^ as in- the diagram, it teadily Mows, from 
the eqnali^ of the two tangents (as.Oo, C^) from any eztetnal 
point to * chrde, that 

OP-vQR^OQ^PR\ 8P+HP=SQ-^EQi 

and SO-EO^SB-HB; 

andf oouTenelj, if one of these relations he giyeui a dide 
can he drawn touching the fonr straight lines. 

The LBMiCA heing assumed, if P, Q be pomts on a conic 
whose foci are 8 and J3^ then since 

a circle can bo described touching SP^ SQ^ IIP^ JIQ^ and 
having its centre T at the point of concourse of the external 
or internal bisectors of the angles SPJIj SQH\ that is to say, 
at the point of concourse of the tangents at P and Q,* 

And since SP and SQ touch a circle whose centre is 
therefore ST bisects the angle between them; and in like 
manner HT bisects the angle between HP and HQ, That 
is to say, the tangents TP^ TQ to the conic subtend equal (or 
supplementary) angles at either focus. 

Corollary, 

One or other of the angles between any two tangents to a 
conic is equal to half the sum or difference of the angles which 
theur chord of contact subtends at the focLf Taking the case 
of a pair of tangents jTP, TQ to an eUipse whose chord of 
contact (as in the next figure) does not pass between the foci, 
we may shew, by equating the angles of the quadrilateraU 
TP8Q^ TPHQ to eight right angles, that the exterior angle 
between the tangents is an arithmetic mean to P8Q and PHQ, 



* If with 8 and H fod aa clHpae be dfawn throocfa P, Q and a l^poMa 

throngh 0, R, their common diameter through T will bisect PQ in the one cunv 
and OR in the other. Hence the middle points of the three diagonolB of anj 
qnadrilateral in which a circle can be inscribed He upon one diameter of the circle. 

f This theorem, with its analogue for the parabola (Art. 28), was proved bj 
BoaoenOH {SeeHimtm ConStanm SUmmta, S^^)* ^ ^ slightly diffennt form it 
iriQbeiiotleadagaiataiSdholiiimD. ^ ■. 
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FROFOSinOV ZTIU. 

50. The two tangents to a bifocal conic from any external 
jpoint are equally incluwd to its two focal distances^ each to each. 

Let TP^ TQ be the tangents at P, ^ to a conic wliosc 
foci are S and ZT; then will the angles STQ^ UT'P be e^jual 
to one another, unless P and Q lie on the same branch of a 
hyperbola, in which case they will be supplementary » 

(i) In the case of the eHIpsei produce EF to any point 
and let SP^ HQ intenoct in 0. 

Then since the tangent at F bisectB the angle &PV^ and 




ET bifleets the angle FRQ^ therefore 

L HTP~ TPV~ THP^\8PV^ \PnQ = \POH ; 

and in like manner it may he shewn that the angle STQ is 
equal to \QOS or ^PO//. 

Ilenco TP and TQ make equal angles with the focal 
distances of T,* 

(ii) If the tangents be drawn to opposite branches of a 
hyperbola) they will still make eqnal angles with 8T and HT. 

(iii) If both tangents be drawn to the /9-braneh of a 
hyperbola, and if HT be produced to a pomt IT, it will be 



* In Art. 87 the pointi S, X tsoA S^i P*, M\ Jtf am conqraHe, w will 

likewise be the case (Art. 9, Cor. 1) if Jiff be any ttraight Un«, and P Ms polar. 
Henoe, if A', X' be the fwft of the directricc*, SPH - SMX - S' M X' = SPIT. 
It follows by the propositioa that the intercej>ts on any chord made by tht curve and 
At cMreefrirM mIIvwI •jMof («r m^fhmMtaty) tu^flu at the pok ^ffte ekerd. 
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teen that th«y make eqotl angles with ST and H' T respectively, 
whidi ia in accordance with the principleB of Scholiam C. 

Corollary I. 

The hieeetora of the angles between any two tangents to a 
bifocal conic are the tangent and normal to the two confocala 
ihrougli their point of concourse. 

Corollary 2. 

The trumgle whereof the base is equal to the transverse axis 
4^a otmie and «to remainuiff sidc'^ to the focal distances (tf aniy 
external point has its vertex angle equal to the angle between Ifttf 
tangents to the conic from, ihoA point and its remaining angles 
io ^ angles which either tangent subtends at the fbeL For in 
the first figure, if BP prodnced to » point H' be equal to the 
transrerse a»s, it ia evident that the triangle TH'P is identically 
eqnal to TKP, and hence that Uie triangle 8TH! ia of the 
fipeclfied linear and and angular dimensions. 

BOHOLnJlC D. 

The thecxem of Cor. 2 may bo cxprossod as follows. If tho 
straight lines in either diagram bo regarded as a fraim work 
lointod at thoir ends, and if 6' and M be drawn apart (or brought 
together) until the distance between them is eqnal to AA\ then 
wOl 8PM end SQS become straight lines, and the angles at the 
jointa (emept 8PJT and SQlf) will be equal to the angles at 
the same points in the original figure, the iimor and outer angles 
at T being interchanged. The angle HTJI in the deformed figure 
is in general equal to the angle between the tangents, but in 
the third case cdf the proposition it becomes supplmenierg thereto. 
The IbUowing are some applications of this theorem. 



108 CENTRAL COMICS. 

(i) If the angle between ihe tengente be « righi angU^ tbea 
8T*+SJ^ = AA^, whence the propOTty of the director circle 
readily follows. In any case, tho angle 6 between the two 
tangents £rom aoy given point T eatUdes the relation 

8T* + ST* - 28T. ST oos 6 • AA\ 

(u) Since the exterior Tertez angle of the triangle is equal to 
ihe eum of ita nnglee at 8 and J5^ therefore the supplement of 

the angle between any two tangents to an ellipse is equal to 
ihe turn oj the angles tchich either tangent subtends at the foci. In the 
hyperbola, as may be proved in like mnnner, the difference of the 
angles whioh either tangent aabtends at the fool will be equal or 
snpplementazy to the angle between the tangents, aooording as 
they nro drawn to opposite branches of tho curvo or to the 
same braiK h. In tho one case, P and Q in tho doformod figure 
will lie ou opposite sides of Slf, and in the other case on the 
same side of it. 

(iii) It may be shewn from the deformed figure that 

TP* I T<im8P,SPi 8Q,S<1. 

Hence, having deduced (Art. 45, Cor. 2) from the bifocal 
definitioii that 

8P. ITP+ CP*" CA'+ CB*=SQ.irQ-¥ CQ', 

we infer, taking the case in which CP, CQ are eonjtiff<U$, and 
therefore equal and parallel to the tangents at Q and P, that 

8P.SP'C^i 8Q.SQ'CIf; CP' ¥ Cif^ CA*+ OB^; 

and hence, that mi s0 9am the tangents are as the parallel radii. 

PROPOSITION XIX. 

51. At any point of a hijbeal conic iht prq^eiion ^ ik» 
normal ierminaied hf the conjugate asna upon the dutanee the 
jMnnt fixm either Jbaie ts equal to the temi-axie treamerm, 

"Let the normal at P meet the conjugate axis in and draw 
gk and gl perpcndienlar to 8P and SF letpeotlvelj. Then 
since the normal bisects the angle kPlj therefore • 

and gk^gl 

And since also the hypothenoses of the right-angled 
triangles gkS^ glH are equal, therefore the aide 8k of the one 
is equal to the side El of the otl^er. 
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Therefore JPk^i{BPt BP)^ CA. 

Corollary 1. 

If OK be drawn, as in Art. 11| it follows from this pro* 
positioD, together with Art 5S, Cor. 2, that PK.CA » 05". 

Corollary 2. 

By the converse of Art. 38, Cor. 3, the diameter Ck is 
parallel to the tangent at P, or perpendicular to the normal; 
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i£tlierelbi« it medt the normal in 

and FQ.PF'^ FK.Fk = CB\ 

PROPOSITION ZZ. 

52. The distance of any point on a bifocal conic from either 
focus varies as its distance from a corresponding Jixed dtredrix 
perpendicular to the axis. 

Bisect the angle between the focal distances of any point P 
of the locus, estimiLted vMin the cnrvoi and let the bisecting 




9 



line meet ihe axes in O and ■ Let a paralleL to the tranmne 
axis throngfa P meet g8 m M and gS in and let per- 
pendicolan be drawn to the aada thiongii those pointii neeting 
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it in X and W, We shall shew that these perpendiculars 
are directrices. 

Since l SMP^ gSH^ gHS^ QP8^ 

the points Sj P, E being evidentlj eaoBytllioi tberefore| 
in the Bimibur triangles 8FM^ SGF^ 

8P : Pif- SG : SP^ SQiGEi SPi PH^ CSiCA\ 

and therefore 8P is in a constant ratio to PM. 

Andamoe BE : MN^ 8G i PM^ 08* t 0A% 
tberefbre MN^ or SOZ^ is constant, and MX is a Jlxed siraight 

The enrve maj therefote be deserilied wHIi S and ICT, or, 
in like manner, with M and NW^ as locim and directsix. 

ChroUary l« 

The line PO in the abore constraction htang evidently the 
normal at P, it follows that the foeal dukmcea of the point tn 
idUfiik <fts normal of any point of the eurve meets the conjugate 
axujtase trough the feet qf the perpendxculara from thai point 
to the directrices. Hence an obvious construction for the 
normals from g with the help of the ruler only. 

CoroUarjf 2. 
Smoe Gg : Pg ^ BG i PM^ 08" i 0A\ 

therefore PGiPg^ CA' - CS' : CA* = CB' : CA\ 

SCHOLIUM B. 

The name Foous has reference to the optical property in 
rdatton to the oonio of the points to whioh it is now oonmumlT 

applied, viz. that rays prooeeding from one of them and reflected 
at tho curve would converge to or divei^ from the other (Act* 97)t 
or become parallel to the axis (Art. 25). 

Afoux>iiiu8, who introdooes the £)d somewhat late in his 
treatise^ proves their properties in tlie foUowing order (Lib. in. 
props. 45 — 52). Starting with the property, A S . A' S =• CB'j he 
shews that the intercept on the tangent at any point P by the 
tangents at the vertices subtends right angles at the fod; that 
the tangent at P and sUiier cf the fixed tangents make eqnal 
angles with the focal vectors to their point of concourse (a special 
case of Art. 50) ; that a pair of the focal vectors to its points ol 
concourse with the two fixed tangents intersect on the normal at 
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its point of contact; that it makes ei^ual angles with the focal 
distenoes of that point ; that the axis eabtendii a right angle at 
fhe foot of the focal pcrpondicular SY upon the tangent; that 
the diameter parallel to ///* meets tlie tangent upon the cir- 
cumference of the circle on AA'f viz. in the same point F, and 
lastly, that HP + HP'AA', 

The property of the focus and direetriz hj whioh we defined 
the general conic is given in the Mathematical Collections of 
Pappus, Lib. vu. ptop. 238 (toI. u. p. 1012, «i. Hultsch, 
B£aoL., 1877). 

NxwToir, to whom some later writeis were indebted for their 
acquaintance with the property, mentiona it in the JPtincipit^ at 

the end of Lib. i , Sect, nr., in connexion with his construction (a 
modification oi De la Hire's Lib. viri. 25, to which ho refers) for 
an orbit whereof a focus and three points are given, viz. by 
detennining a point of the direetdx upon the dioid joining each 
pair of giren pomte on fhe onrve. 

EXAMPLB8. 

201. If ^^and CD be equal portions of two straight bars, 
and if they be ooDnected by binges with two equal bars AD^ 
BC in such a manner that initially AB and CD form opposite 
Bides of a rectangle and AD and BC its diagonals; then (1) 
if a tide of the rectangle be fixed, the remaining parts of the 
framework being moTed about in any way in a plane, the intei^' 
flection of the cross bars will trace an ellipse; or (S) if a 
diagonal be fixed, the oontinnationa of AB and CD will croflB 
one another npon the are of a hTperbola. 

202. The sides AD^ DC of a rectangle ABCD arc divided 
into the same number of equal parts, and straight lines are 
drawn from B and A respectively to the points of section. 
Shew that the corresponding lines of the two series meet on 
an eliipse whose axes are equal to the sides of the rectangle. 

203. A paiallelogram ABCD has its diagonal AC tsX right 
angles to the side AB. If CD be divided into any number of 
equal parta and straight lines be drawn from A to the points 
of section, and if A C be divided into the same number of 
equal parts and straight lines be drawn from B to the points 
of section, then w ill the corresponding lines in the two series 
meet on a hyperbola. 
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204. The straight lines joining the vertices of a conic to 
opposite ends of any Rc^ent of the directrix which sahtende 
a right angle at the focus intersect on the curve. Hence shew 
how to trace an ellipse or hyperbola, and prove that the ellipse 
is a closed cnrve giving wholly between the perpendicolars to 
the azu at its vertices. 

205. The locus of the point at which the distances of either 
vertex from a focus and directrix subtend equal angles is the 
auxiliary circle. Hence sliow that the ellipse cuts the ordinates 
of its auxiliary circle In a coustaut ratio.* 

206. If AM and A'M be taken on the axis of a conic eqoal 
to the focal distances of any point P on the corvci shew that 

CP««0^+CJ»r; 

and deduce that the square of the ordinate of P varies as the 
rectangle contained by its abscisses. 

207. If a circle be drawn through the vertices of a conic 
and any point on the cnrve, find the locus of the second point 
in which it meets the ordinate of the former. 

208. If two ellipses whose major axes are equal have a 

common focas, they will intersect in two points only ; and their 
common chord will be at right angles to the straight line 
joining their centres. 

209. Given a chord of a parabola and the direction of its 
axis, the locos of the focus is a hyperbola whose foci are at the 
extremities of the chord. 

210. The straight lines from either focus of a come to the 
ends of a diameter make equal angles with the tangents thereat. 

211. A circle can be drawn through the foci and the 
intersections of any tangent with the taogents at the vertices. 

212. The intercept on any tangent by the tangents at the 
extremities of a focal chord subtends a right angle at the focus. 



* If /> be a point on the lociis, then : PX = SA : AX = SA' : ^'A', and therafom 
A'p is the outer bisector of the angle SPX, and is at right angles to Ap. Hence 
pN* - FN* rsSp*-SP'' = e« {PX^ -NX^ = e*. PN*, and varies as pN', or 

I 
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213. The major axis 18 the maximura chord of an ellipse, 
and the minor axis is its least dianieter. When is the angle 
subtended at the curve bj the straight line joiniug the foci a 
maximum ? 

214. The focal Tecton to wy two points on a conic meet 
in two otber points lying on a oonfocal conic, and the tangents 
at the two pairs of points colntersect. Examine the case in 
which the focal vectors are drawn to opposite eztremities of - 
a diameter. 

215. Find the locus of the centre of a circle which touches 
two fixed circles. Also, if two circles, the sum or diflference 
of whose radii is constant, be described about fixed points, 
find the locus of the centre of a circle of given magnitude 
which touches both of thcni. 

2x6. If FQ be a chord of an ellipse, and if the ordinates 
of its eztremities to either axis he produced to meet the cor^ 
responding auxiliaiy circle in p and then will I*Q and pq 
meet on that axis; and if the tangent at p meet the same 
axis in T, then will TP touch the ellipse at P, and the 
abscissa of P will be a third proportional to CT and OA, 

217. If any tangent to an ellipse meet the axes in T and 
the tangents from those points to the major and minor auxiliary 
circles respectively will be parallel two and two, and their 
four points of contact will lie on two diameters of the ellipse. 

218. The perpendiculars to the axes from the points in 
which a common diameter meets the two auziluuy circles of 
an ellipse intersect two and two on the curve. Hence shew 
how to constmct an ellipse with the help of two fixed con- 
centric circles. 

219. If two points on a straight line move along the arms 
of a right angle, any other point on the line will trace an 
ellipse whose semi-axes are equal to the segments of the line 
between that point and the former two.* 



• The moving lino may he snpposcd |inm1kl to the "common diameter" ilk 
Bs. 218. Thk theorem explains the cou^tructiou of the £UijUic C'otupaua. 
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iio. The ordmates of the pointB in which way tangent to 
an ellipse or hyperbola meets the carve the taogents at its 
vertices and the conjugate axis are proportionals, and the 
product of the extremes or the means is equal to the square 
of the semi-axis conjugate. 

221. If any ordinate to cither axis be bisected in 0, and 
AO, AO meet the tangents at A and A \n T and T re- 
spectively, then will TT be the tangent at the extremity of 
the ordinate ; and tlie straight line joining the intersections of 
BT^ UT and 8T\ MT wUi be the normal at that point. 

2 2 2. If two ellipses with equal axes be placed vertex to 
vertex, and one of them then roll upon the other, each of 
its foci will describe a circle about a focus of the latter. 

223. Qiyen a central conic, shew how to find its centre, 
axes, foci, and directrices. 

224. Given a focus and two points of an ellipse, the locus 
of the other focus will be a hyperbola. If instead of one of 
the two points tho length of the axis be given, determine the 
loci of the centre and of the second focus. 

225. Given one focus of a conic inscr^)>ed in a triangle, 
shew how to determine the other focus. If an ellipse inscribed 
in a triangle have one focus at the orthocentre, its other focus 
win be at the centre of the circumscribed circle, and its 
auxiliary circle will be the nine*point circle of the triangle. 
Examine the case in which a focus of the inscribed conic is at 
the centre of the inscribed cirde of the triangle. 

226. The angular points and the sides of a triangle; being 
taken as the centres and directrices of three ellipses which have 
a common focus at the orthocentre, shew that the sum of the 
squares of their major axes is double of the sum of the squares 
of the sides of the triangle ; their minor axes are equal to one 
another, the square of each bemg equal to the sum of the 
squares of the three latera recta; the sum of the squares of 
the eccentricities is equal to two; the intercepts made bj the 
ellipses upon the sides of the triangle are conjugate diameters ; 

12 
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the perpendiddan of the tmng^le ate the eommon choidt of 
the ellipfies, and their six polea lie on three focal chorda parallel 

to the sides of the triangle. 

227. If CP be anj radina of a conic, and if a parallel to 
it be drawn from the vertex A to meet the curve in Q and 
the conjugate axis in shew that AQ.AR is equal to SCP** 

228. A straight hnc equal to the radius of a circle slides 
with one end on a fixed diameter and the other end on the 
convexity of the circumference. Shew that any Intermediate 
point on the line traces an ai*c of an ellipse. 

229. From a fixed point 0 a straight line OP ia drawn to 
a given circle. Find the envelope of a straight line drawn 
through Pat a constant inclination to OP, 

230. The straight line joining the foci of a conic subtends 
at the pole of any chord an angle equal to half the sum or 
difference of the angles which it subtends at the extremities 
of the chord. 

231. If CB he the projection of any radius CD upon the 
axis of the coniC| and OL the ordinate of the middle point O 
of any chofd* parallel to CD^ prove that 

OL.DR : CL,CE= CB' : CA\ 

Hence shew that the diameters of conies are straight lineSj 
and obtain the relation between the inclinations of any two 
conjugate diameters to the axis. 

232. The ellipse has a pair of equal conjugate diameters, 
which coincide in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes, and which are 
equal to the sides of a square whose diagonals are equal to 
those of the said rectangle. 

What is the corresponding property of the hyperbola 

• Art. S8 gl^ PN^ '•^ QM* In tema of CYt-M Cif*; whence the nqnM 

leeolt readily follows. 

t It ha-H two paire of (infinite) coiijui:ate iliametcra which are in a ratio of equality, 
and each pair cuiucide in diroctiou vith one of the equi-coojogate diameters oi the 
alUpee which haa theeameaxea. 
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233. The common diameters of equal similar and concentric 
ellipflefl are at right angles to one another. 

234. Fincl the loci of the centres of the foor circles which 
toach the azb of a coiuo and the two focal Tecton to any 
point on the carve. 

235. A chord of a conic which subtends a right angle at 
the vertex passes through a fixed point on the axis. 

236. If a hyperbola touch the sides of a quadrilateral in- 
scribed In a circle, and if one focos lie on the cirdci the other 
will also lie on the circle. 

237. If three elides be described on the transverse axis 
■nd the two focal distances of any point of a conic as diametersy 
determine their radical centre. 

238. If the tangent at a point P whose ordinate to either 
axis is PN meet the corresponding auxiliary circle in Fand 
shew that ^| JT, Z lie on a cirdoi and that FN bisects the 
angle YCZ. 

239. If an ellipse and a hyperbola hare the same azesy 
the director drcle of the one will pass through the foca of 
the other. 

240. The diagonals of any rectangle circomscribing a conic 
are conjugate diameters.* 

241. The diagonals of any parallelogram dreomscribing a 
conic are conjugate diameters, and the sides of any inscribed 
parallelogram are parallel to oonjngate diameters. 

242. The sura or difference of the reciprocals of any two 
focal chords at right angles, or of the squares of any two 
diameters at right angles, is constant. 

243. The locus of the centre of an ellipse which slides be- 
tween two straight lines at right angles is a circle. 

244. The cirde described upon the straight line joining the 
fod of a conic meets the conjugate axis in two pdnts such that 

* Tliis npp<^ara bom De la nirc'a original proof of ths f iope rty o( the dwBOlOV 
didflb ^ which he amiMd the theorems of Arts. 89, 46. 
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the sum of the squares of the perpendiculars therefrom to any 
tangent is equal to half the square upon the transverse axis. 

245. Detennuie the pontioDB of a diord of an ellipse which 
tobtendfl a right angle at each of the foci ; and also the locos 
of the pole of a chord wUdk eubtends supplemeDtarj angles 
at the foci. 

246. The opposite sides of a quadrilateral described about 
an ellipse subtend supplementarj angles at either focus. 

247. The aogle whidi a diameter of an ellipse sabtends 
at an extremity of the major axis is supplementary to that 
which its conjugate sabtends at ao extremity of the minor 
axis. 

248. If a focal chord of a conic be drawn to meet at a 
given angle any tangent, or any chord subtending a constant 
angle at one of the foci| the locus of the point of intersection 
will be a circle. 

249. To what does the theorem that confocal comes interaect 
at right angles reduce when the two fodi coalesce? 

250. The circle described about any point on the axis of 
a hyperbola so as to cut its auxiliary circle orthogonally meets 
the ordinate through that point upon the circumference of an 
equilateral hyperbola. 

251. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets 
the directrices to the nearer foci, and drawing perpendiculan 
through the latter to the joining lines. 

253. The straight lines joining any point to the intersections 
of its polar with the directrices touch a coni'ocal conic 

253. In Art. 4, if the centre of the circle be taken midway 
between the vertices of the conic, shew that the directrix will 
be the polar of the focus with respect to the circle. Hence 
shew that every chord of an ellipse or hyperbola which passes 
through its centre is bisected at that point, and that the curve ia 
consequently gymmetricai with respect to lU conjugate axis. 
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254. The locus of tlie vertex of a trianglo whose base 
and the ratio of whose sides are given is a circle, whereof 
E diameter is determined by dividing the base of the triangle 
Qzternallj and interaallj in the given ratio. Hence diew that 
a straight line parallel to the axis of a conic meet* the carve 
in general in two points, and that the two points aie eqni- 
disUmt from a fixed straight line parallel to the duectrix.* 

255. Apply the same method to determine the po'mts in 
which any assumed straight line meets the conic ;t and also 
to shew that the diameters of conies are straight lines. 

256. Prove the following construction for drawing tangents 
to a conic whose foci are 8 and H from a given external point 
O, Abont 0 with radios 08 describe a circle, and abont S 
with radius equal to the tran^Sverae axis describe a orcle ; then 
will the required points of contact lie upon the straight lines 
drawn from if to the points in which the two circles intersect. 
Fh>ve also that the two tangents as thus determined subtend 
equal or supplementary angles at either focus. 

257. If the diagonals of a quadrilateral circumscribing an 
ellipse meet at its centre the quadrihiteral must be a paral* 
lelogram. 

258. If a prindpal ordinate meet an ellipse in P and its 
auxil^ary circle in Qj the distance of the former point from 
either focus will be equal to the perpendicular from that focus 
to the tangent at Q. 

259. The locus of the middle point of a focal chord of a 
conic is a similar conic. In what other cases will the locos 
of the middle point of a chord of a conic be a eimilar conic? 



♦ The two pointa are determined as follows. Let the parallel meet the directrix 
In Q, anil kt Z and Z' tliride SQ in a ratio equal to the eccentricity. Descrilw the 
circle ou ZZ', and let it cut the parallel iu P and P*. The projection of the cent|:« 
of this dide upon the aatia of the cooio eridently lie* midway between the projeetiene 
of Z and Z' upon the •ame, that is to say, midway Utwcen the veitiOM of the conic. 

t If the assumed line incot the directrix in Q and make an angle a with the axis, 
diride SQ in the ratio « coii a, and upon ihe intercept bctwt-eu the two i>oint8 Lhiu 
defeennineddeiedbeseiidecattiiigtheavoiiMd line in P uaA J", wUdi win be the 
points xequixed. 
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260. If tangenti be drawn to ft conic at the extremitiea 
of a pair of oonjngate radii, the focal Tectora to their point 
of oonconrw wiU meet those diameters in four points Ijbg 
on a circle. 

261. If SY be a focal perpendicular upon the tangent 
at P and CD the radios parallel to the tangent, 

8Y^i 0B»^ flP : C!D»= 8Pi %0A ± 8P. 

26j« The feet of the perpendtcnlars from one focBS of a 
oonic to a pair of tangents are on a straight line at right angles 
to the distenee of their point of intersection from the other 
focns. 

263. Find the greatest or least value of the sum of the 
squares of the focal perpendiculars on any tangent. 

264. The normal at any point of an ellipse is a harmonio 
mean to the focal perpendiculars upon the tangent at that point 

265. If one focns of a conic which touches the sides of a 
triangle he at its centrold, the distances of the other focus from 
its sides will be as the lengths of those sides, 

266. If the normal at P meet either axis in (7, shew that 
any circle through those points will intercept on the focal 
distances of P chords whose sum or difference has one or other 
of two constant Talnes. 

267. The diameters parallel to the tangent and normal at 
P intercept on SP a length equal to HP-^ and the latter dia- 
meter meets SF on the circumference of a circle. 

268. The circle described upon the central abscissa of the 

foot of the normal at any point is cut orthogonally by a circle 
desci ibcd about that point and equal to the minor auxiliary 
circle. 

269. The intercepts on the foeal vectors to the points of 
contact of a conic with any circle which touches it in two 
points have one or other of two constant values. 
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270. Any tangent and its normal meet cither axis in points 
T and Q such that CQXT^CS*. In what caa«fl does the 
nonnal meet the conjagate axis without within or upon the 
curve ? If a circle touch an ellipse in two points and also touch 
its direetrices, its centre will be at an end of the minor axis. 

271. The intercept made by the durectrices upon any 
normal chord of a conic subtends at the pole of ttie chord an 
angle equal to half the sum or difference of the angles which 
the distimoe between the fod subtends at the extremities of 
the chord.* 

272. If two chords be drawn from any point of a conic 
equally inclined to the normal at that point} the tangents at 
their further extremities will intersect upon the normal. 

273. Supplemental chords of a conio which are equally 
Indined to ^e curve at their commoq point bare iheir poles 
upon the director circle, and theur sum or difference is equal 
to the diameter of the same.t 

274. The normals at the extremities of any two conjugate 
radii meet on the diameter which is at right angles to the 
chord joining those points; and any two normals at right angles 
to one another intersect on the diameter which bisects the chord 
joining the points at which the normals are drawn. 

375. If on the normal at P a length PQ be taken equal 
to the semi-diameter conjugate to CP| the locus of Q will be a 
cude of radius CA ± CB, 

276. If normals be drawn to an ellipse at the ends of 
any chord parallel to one of its equal conjugate diameters, 
the locus of their intersection will be a line perpendicular to the 
conjugate diameter* 



* If the normal at P lucct the 5-directiix in and 0 be the pole of the nomuUi 
the circle on Oli will pass through and P. 

t Bee Wolrtenbolmtfb Book ^ Matkomalieai ProNmOt No. 49S (London and 
Cambridge, 1867). If PQ, PQ' be two such chonls they will evidently touch a 
confocnl, and the pamllfl chonls will also touch tlic same. Hence the tangent at Q 
will make equal angles with PQ and a parallel to J'Q', and will be at right angles to 
tlio tangent at P, Otherwiae ttiiia ; tiia tangent and nonnal at P divide Q(t hai^ 
numioally, and the nocnul ia an oidinata of Qd* «nd paialld to the tangent at Q. 
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277. With the conatnictioii of Art. 52, shew that 

8giPg = rG: SM^ Pg : gM^CS : CA. 

Shew aiflo that the locL of the middle points of PO and Pg aie 
oonioa. 

378. If .y be the projectioii of any point Pen a oonie upon 
the tangent at a given point 0, find the relation between the 
lengths of ON and PN* 

279. If PQ be a chord of a conic which subtends a right 
angle at a given point 0 on the curve, and ^fX be the pro- 
jection of the chord upon the tangent at 0^ shew tliat 

OP* ^ OQ"^^ constant, 
and that PQ pasMs through a fixed point on the normal at O.f 

280. If PG be the normal at any point P on an ellipse, 
Q the point in which tlic ordinate of P meets the auxiliary 
circle, and Ii the point in wliii-h CQ meets the ellipse, then 
will (JG bo parallel to the normal at i?. Moreover, if any 
two chords of an ellipse be at right anc^lcs, its diameters 
conjugate to the corresponding chords of its auxiliary circle will 
be conjugate diameters of a certain couccotric ellipse. 

281. If ^ be the projection of any point in the plane of 
a conie apon its transverse or conjugate axis, and T the point 
in which its polar meets the same, shew that CN.OT is equal 
to CA* in the former case and to CB* in the latter.f 

282. If P, P' be any two points whereof the one lies on 
the polar of the other, and N' be their projections on tho 
transverse axis, then 

CN.CN' PN.P'N' 
OA' * CjB* " ' 

• Let the normal at 0 meet tlie Cwm again in If, and let AT meet tlie tangent 
at // in Jf; then OX varies as a mean pivportional to PN and I'M {fix, 73, and note 
p. 65), and also as IW + PM <- Oa. 

f The interoept on tlie normal TarieR aa the diameter oon jngate to CO* 

X Let the diameter through tlic ii.sstimod ]»>iiit 0 ni* < t the directrix in and let 
its yo\ax mwt the directrix in Jt, wliicli will 1m,> tlic onhoccnlrr? (Art. 14) of the 
triangle STV, Then, TV being paraUd to SO (Art. 17), CN:CX~CO:CV 
sCStCT, 
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283. If P and Q be any two points ou a conic, M and 
N their projections on cither axis, and T the polat in which 
FQ meets the same, shew that 

CT[FM^ QN) ^PM.ON^ QN.OM.* 

284. Shew also that If CL be the central abscissa upon 
either axis of the point of concourse of the normals at J* and 

then aZ/.C2* varies as CM.CN. 

285. If the normals at four points of a conic cointerscct, 
and if the three pairs of chords joining those points meet either 
axis in T, r; U'i F, F'j shew that 

286. If the normals at four points of an ellipse or hyperbola 
oointersecti each pair of chords joining the four points wtU 
be parallel to a pair of conjugate diameters of the hyp^bola 
or ellipse which has the same axes, and will meet either axis in 
points which are conjugates in an inTolntion determined hj 
the latter cnrve4 

287. The sura or difference of the squares of the perpen- 
diculars from the extremities I* and 1) of any two conjugate 
aemi-diametcrs of a conic upon a fixed diameter of the Bamo 
Is constant ; and if CN and (.'It be the abscissm of P and I) 
upon that diameter, and 2 CP' be its length and 2CJ)^ the 
length of its conjugate, then 

and FNiCRr^miCN^Ciy iCF. 



• Equate the artas (67' r - CQT) and {CPM + PMS Q - QCX). 

t If Z> be the projcctiou upon cither axis of oiiy point 0 ou the normal at P, and 
g tie the point fa which the nonnal meeto tJiat. wia, then OLiPM^CG*^ CL',MQ\ 
and CG and MG vary as CM. 

J The pairrt of j/oiuts iii Ex. '285 detemiino an involution wlio-c centre is C, and to 
which the ends of the axiti in qiies^tiun likewise belong. If these poinu be on the 
tiUMfene axi^ €T,CT' ^i^zs CA^CA' zi- CA*\ and if om the oonjngnte naSm, 
cr . rr ' vB eqaid to - ia the caae of the elBpee^ and to ^ Cil* in the CM 
hjrperbola. 
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288. The vertices of tlie conjugate circumscribing parallelo- 
gram of a conic lie on a similar conic, and their polara envelope 
another similar conic. 

289. The mBorihed paraUelogram whose diagonals are at 
right angles envelopes a circle, the reciprocal of the aqnaie 

of whose radios is equal to ± . 

290. If the polar of any point on an ellipse with respect 
to its minor anziliaiy drcle meet the major and minor axes 
in H and JT, shew that 

CB* CA^ CA' 



+ 



CM*" CK* CB*' 

291. Supplemental chords being drawn to a conic fix>m 
its vertices, the perpendicnlars to than at thdr common point 
make an intercept equal to the latvs rectum upon the axis. 

292. If an ordinate of any diameter meet the curve in P, 
the diameter in and any two supplemental chords drawn 
from its extremities in Q and iS, shew that PJf is a mean 
proportional to QM and JUf, and that QR ia bisected by the 
tangent at the intersection of the chords. 

293. If two conjugate semi-diameters CP, Ci>, or their 
prolongations, make an intercept P'iX upon a line which is 
parallel to PD and meets the conic in Q, shew that 

294* From extremities of two conjugate diameters of an 
ellipse a pair of parallels are drawn to any tangent; if any 
diameter meet these paralleb in P and Q and the tangent in 
Ej shew that 

295. If PP' and Diy be conjugate diameters of a hypei^ 
bola and Q any point on the curve, then will QP*+ QF* 
exceed QD^'i-QJ/* by 'a constant quantity. 
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296. Find the azes of a given conic bj means of Art. 44, 
Cor. 3. 

297. Given two conjugate diameters of an ellipse, shew that 
the loons of the centre of the circle through their common 
point and the points in "which a tangent parallel to one of them 
meets any two conjugate diameters is a' straight line perpen- 
dicular to the other. 

298. Given two conjugate semi-diameters CP, CD of an 
ellipse or hyperbola, prove the following eonstmction for its 
azes. In the direction CP or in the opposite direction take 
PQ a tliird proportional to CP and CD ; draw the tangent at 

P, and through 6', Q draw a circle having its centre upon it ; 
join G with the points In which the circle cuts the tangent. 
The directions of the axes being thus determined, shew how 
to tiud their extremities. 

299. Given two conjugate diameters CP, CD of an ellipse, 
with centre C and radius CP describe a circle, and let KK' 
be its diameter at right angles to CP; then will the axes of 
the ellipse be equal to SD±K'D^ and parallel to the bisectors 
of the angle £i>^'.* 

300. Shew also that, if DN be taken equal to CP and 

be placed so as to cat it at right angles in a point Z, and 
if AB be that diameter of the circle round CLN which passes 
through 2>, then will CA^ CE be the directions and IjB^ UA 
the lengths of the semi-axes of the ellipse. 

301. Any point of or in the same straight line with a rod 
which slides between two fixed straight lines describes an arc 
of an ellipscf 

• See the Oxford, Camhri<l;!f, and J)u})lin Mt.^sfnger of Mathematict, vol. III. 
pp. 151, 227 (1866} ; and the Mttstnga- of Mathanatkt (^'ew Series), rol. T. p. 122 
(187S). 

t Of two conjugate radii of an ellipse let CP be the Bhorter and CD the longer ; 
draw a perpendicular DF. to CP, find in the prolungation of or vrithin ED take DQ 
equal to CP. Then if a straight line Kit equal to KQ elidcA between CP and 
the poinl wbidi divldM it into legmento KO voA OM vopal to CPandi^jSwiUbea 
point on the curve, viz. one who«e abacis-^a on CD is tenuinutctl by the perpendicular 
from M to CP. As in the sjxKzial c.-w of Ex. *21H, KO . OM - CA . CB. See Ledla'k 
Geometrical Amljftii, and Geometry of Curve Linu, p. 257 (Edinburgh, 1821). 
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302. The choHs joinuig the eztramities of two diameters 
of a conic and of their conjogates respectiveij are either parallel 
or conjugate in direction. If a aeries of diords paaa throngh 
a fixed point, the chords of the corresponding conjugate arcs 
have the same property; and the diameterB throngh the two 
fixed points are at right angles. 

303. With the orthoccntrc of a triangle aa centre two 
ellipses arc described, tlie one touching its sides and the otlier 
passing tlirou;;h Its angular points; prove that tliese t llipsca 
are similari and that their homologous axes are at right angles. 

304. The perpendiculars from opposite foci of a conic upon 
two conjugate diameters interMct on a concentric conic passing 
through the foci. 

305. If a chord AP drawn from the vertex A be divided 
in such a manner that AQ : PQ = CA* : CB''j shew that the 
perpendicular from Q to the line joining Q to the foot of the 
ordinate of F divides the transverse axis iu the same ratio. 

306. From the foot of the ordinate of any point P on a 
conic a parallel is drawn to AP to meet the diameter throngh 
Pin Q; shew that J Q is parallel to the tangent at P. Shew 
also that the hiseetors of the angles ASP and AHP internet 
on the tangent at P. 

307. If two conies whoso transverse axes are equal be 
inscribed in the same parallelogram, their foci will be at the 
corners of an equiangular parallelogram. 

308. Any one of a series of contermmous circular an» may 
be trisected by drawing a paur of hyperbolas whose determining 
ratio is equal to two, and whose centres and Tertices triaect 
the chord of the arc How does it appear from this construc- 
tion that the problem, to trisect a given angle, admits of three 
solutions? 

309. If any two conies have a common focus, one pair of 
their common chords cointcrsect with the corrcs])on(ring direc- 
trices, and the other pairs subtend equal or supplementary 
angles at that focus. 
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310. A diameter meets the oonlc in its aoziliaiy cirde 
In Q, and the tangent at either Tertez in T. Prove that when 
the diameter through 2* coalesces with the axis PTand QTm 
in the duplicate ratio of the axes. 

311. The perpendicular drawn through any point of a conic 
to one of its focal distances and termioated by the conjugate 
diameter varies inversely as tho principal ordinate of the said 
pointy and the perpendiculars from the vertices upon the 
tangent at any point meet its focal distances npon ^zed circles. 

312. A parabola of given linear dimensions being drawn 
to touch any two conjugate diameters of a conic symmetrically^ 
find the locus of its focus. 

313. The tangent at P meets any two conjugate diameters 
in and T8^ tH meet in Q ; prove that the triangles BPT^ 
BFtf TQt are similar, and also that the area of the triangle 
CPT varies inversely as OPC 

314. The two points of a conic at which a given chord 
subtends the greatest and least angles are at the extremities 
of a diameter equal to that which bisects the chord.* 

315. If an ellipse touch a given ellipse at adjacent ex- 
tremities A J 7? of its axes and also pass through its ccntrOi 
the tangent at the latter pomt will be parallel to AB, 

. 316. With the normal and tangent at any point of a conic 
as axes a conic is described touching an axu of the former 
at its middle point ; shew that the foci of the conie so drawn 
lie on fixed circles, whose diameters are equal to the sum 
and difference of the axes of the given conic 

317. Two fixed points being taken in given parallel lines, 
a straight line revolves about each point and meets the opposite 
parallel If the envelope of the line joming the pomts of 



* The chord must subtead equal aoglea at either point aDd a consecutive point oit 
tiieoiirvo. The two pointi tharafofre lie on segment* of circles descnbed upon the 
chord so as to touch the conic. 
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ooDooane be a oonie toaching the paraUels at the fixed points, 

determine the locus of the point in which the revolving lines 
intersect. 

318. A chord of a circle which subtends a right angle at a 
fixed point envelopes a oonie whose foci are the fixed point and 
the centre of the cirole. 

319. A straight line being drawn througli a fixed point 
S to meet a given pair of parallels in Y and Zj shew that the 
envelope of the circle on YZ as diameter is a conic, of which, 
the parallels are directrices and S is a focus. 

320. On the axis of a hyperbola whose determining ratio 
is equal to two a point D is taken at a distance from the focus 

• 8 equal to the distance of 8 from the further vertex A\ and 
A'P b drawn through anj point P on the curve to meet ihe 
latus rectum in JT. Prove that DK and 8P intersect on a 
certain fixed cirde. 

321. The parallelograms whose diagonals are any two 
diameters of a conic and their conjugates respectively are 
of equal area. 

322. If tangents TP and TQ be drawn to an ellipse whose 
foci are 8 and IT, and CP and be the parallel semi- 
diameters, 

TP. TQ + CF. CQ « T8. TH* 

323. Find the locus of a point such that the tangents there- 
from to a central conic contain with the scnii-diamcters to 
their points of contact an area of constant magnitude ; and tho 
locus of a point such that the product of its focal distances 
varies as the product of the tangents. 

324. The distance between anj point and anj point on 
its polar is cut harmonically by the tangents at the eztreinitiea 
of any chord through either point.f 

* WeliM«to8liewtlimttlwtrUagIei97'jr (Art.50,Oor.2)iseiiiHa'toP70+i"C^i* 

which follows from Elx. 3'2I. taking into account that PrQ::z\ {PSQ + PJBQ). 

t In the tractate, De Linearum Ge^metricarum Proprietatihus Gtneralibut, forming 
the Appendix to A Trtatm on Algebra, <^e., by COLUI Maci.ac&iii, late FrofeMor of 
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. 325. If 0 and Pbe any two poiDts in the plane of a conic 
whooe centre is C, the perpendioulan from 0 and (7 to the 
polar of P are to one another aa the perpendieolars from P 
and C to the polar of 0, 

326. If two conies be concentric and similarly situated, the 
pole of any tangent to the one with respect to the other will 
trace a concentric conic ; and if the two conies be also similar 
the third will be similar to both. If the axes of the two be 
identical, the pole of any tangent to the one with respect to 
the other will lie on the former. 

327. Find a point which haa the fame polar, and a line 
which haa the same pole, with reepect to three oonica, whereof 
one haa double contact with the other two. 

328. An ellipse has double contact with Tiach of two 
circles, whereof one lies within the other. Shew that its 
chords of contact with them meet in a fixed point on the line 
joining their centres; the locus of its centre is a circle passing 
through their centrea ; ita eccentricity is constant ; and the locus 
of ita fed ia a circle concentric with the outer given circle. 

329. Any diameter of an ellipse variea mTcraelj aa the per- 
pendicular focal chord of ita auziliaiy circle. 

330. If a parallelogram circumscribing a conic have two 
of its angular points on the dircctrice8| the other two will lie on 
the auxiliary circle. 

331. If two paralleli^grama he eonitroeted, the one by join- 
mg the ends of two parallel focal chorda of a coniC| and the 
other hy drawing tangenta to it at those points; the area of the 



Hktliematics in the Unirersitj of Edinburgh (LoTHVOV, 1779), it ia shewn (Sect I. 
§§9-1 1. Cf. Rahnon'fl Higher Plant Curvu, Art. 60), that if a straight line reTolying 
abont a fixed point P meet a cunre of the order in n points, and the tangenti at 
fhon pointe meek anj Me nm ed efendf^ Hne tiiTtnigh P in iT, L, M, Ac, then will 

+ -pj^ + + Ac. the constant ; and if the asBumed line through P meet the 

enrre^ Til. iatben points it, B, (7,ao,tliiBaMMtnt iviUba«q,Mlto^-i'^-l-^ 

4- Ac. In the particular case nf Ex. 824, it is evident that the point P, its polar, and 
the tangents at the extremities of any chord through P divide anj straight line iroia 
P harmonically. 
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one will vary directly, and that of the otber inversely, as the 
projection of one of the focal chords apon the conjugate axis. 

33a. If SYj MZ be the focal perpendicvlars upon the tan- 
gent at P to an ellipse, and SY\ HZ' perpendicularft upon the 
tangents from P to a confocal ellipee, then will the rectangle 
YY\Z2i be equal to the difference of the aqaarea of their 
major (or minor) flemii^zea, 

333. Determine the condition that the intercept on any 
tangent to a bifocal conic by two fixed tangents may subtend 
equal angles at the foci. 

334. The tangents to a conic from any point on a circle 
through its foci meet the circle again In two points soch that 
the Moond tangents therefrom intersect upon the circle. 

335. Given an ellipee and a ciide through its foci ; prove 
tiial their common tangents tonch the chrcle in points lying 
upon the tangent to the ellipse at an extremity of its conjugate 
axis. 

336. If the tangent to a conic at a given point be met by 
any two parallel tangents, the focal distances of the points of 
concourse will meet on a fixed cirde| whose centre will be on 
the normal at the giyen point. 

337. The product of the tangents to a eonio from any point 
is to the product of its focal distances as the distances of the 
point from the centres of the chord of contact and of the conic 
respectively. If the tangents from any point to a conic he 
in a constant ratio to the parallel diametersi determine the locoa 
of the point. 

338. Given an ellipse and one of its " cercles directeui-s,"* 
shew that an infinity of triangles can be described about the 
one and inscribed in the otber, and that ail will have the same 
orthocentre. 

339. An ellipse may be described by means of an endless 
string passing round two fixed points. If one focus he taken 



* See the MOond paragraph of Scholium B (p. 90) and compare £z. 225. 
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sn^^where on a given straight line whilst the other remains 
constantly fixed, the envelope of all the ellipses described with 
a given string will consist of two arcs of parabolas. 

340. Shew that the line joining any. pout oataide a oonio 
to tta oentrOi and the radical axis of a pair of circles through the 
point, the one passing through the points of contact of the 
tangents from Uie point, and the other passing through the 
foci, are equally inclined to the focal distances of the point. 

341. If a normal to a conic meet the curve again in Q and 
the directrices mHy R; and if 0 be the pole of the chord and 
8j 8' the foot; prove that OB and 8'E, OB intersect on 
the normal at Q. In the ease of the parabola, any nonnal 
chord produced to meet the directrix subtends a right angle 
at the pole of the chord; and the polar of the middle point of 
the chord meets the focal vector to its point of concourse with 
the directrix upon the nonnal at its further extremity. 

342. At any point P on the auxiliary circle of an ellipse a 
tangent is drawn meeting the axis in T, andiM, FA' are drawn 
to the vertices meeting the ellipse again in D and prove 
that the chord i>j& passes through 21 

343. The polar of any point 0 with respect to a conic and 
the perpendicular to it from 0 meet cither axis in points T 
and O such that 

CG,CT^CS\* 

344. If a point bo taken anywhere on a fixed perpendicular 
to either axis of a conic, the perpendicular from it to its polar 
will pass through a fixed point on that axis. 

345. If perpendiculars 8Y^ HZ^ CM^ FN be drawn to the 
polar of any point P, and if FN meet the axis in 6^, shew that 
8Y.BZ^0M.NG\ CM.FG^CB'i and that the normal at 
a point on the curve which has the same central abscissa as F 
is a mean proportional to NG and FG, 



* Comparing Ex. 281 (note), CG : C3 zz CO : CV = C3 : CT. 

K2 
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346. The poles of a cfivcn straight lific with respect to • 
series of confocal coDica lie upon a Bccond straight line perpen- 
dicular to the former. Hence shew that if a chord of one conic 
touch another conic having the same foci, the tangents at its 
extremities will meet on the nonnal at its point of contact, and 
conversely the foot of the perpendicular from their intersection 
to the chord will be its point of contact. 

347. If a triangle inacribed in a oonie enrelope a confocaI| 
its pobts of contact will lie fleveraUy on three of the four drclea 
whidi tondi the sides of the triangle. 

348. If a chord of an ellipse be drawn touching a confocal 
ellipse, the tangents at its extremities meet the diameter parallel 
to the chord on the circumference of a fixed circle, and the 
intercept on the chord hj the diameter parallel to either tangent 
is of constant length the chord Tftries as the parallel focal 
chord of the outer eltipBe, and oonyerselj a chord which so 
varies envelopes a confocal; the projection upon the chord of 
the normal (terminated hj either axis) at an extremity thereof 
is of constant length; if any circle touch a given ellipse in two 
points, the chords which can be drawn to the circle from either 
point of contact so as to toudi a fixed confocal are of constant 
length, and conversely the envelope of a chord of constant 
length drawn to the circle from either point of contact is a 
confocal ellipse. £xambe the case in which the minor axis of 
the inner ellipse is evanescent. 

349. If the arms of a right angle envelope two confocal 
ellipses the line joining the points of contact will envelope a 
third ellipse confocal with the former two ; and if two parallel 
positions of each arm be taken, the perimeter of the parallelo- 
gram formed by joining the points of contact will be constant, 



*]fa|liiida\ ^tellie taai'tam of tin ontor rad iuwr ampNt and 
X*sa^-a^ = 4'-i^,tilie intoeept <m the choid is ~; the pw j eeBoni ttpon it of 

the normals arc ~ and ^ ; a«d ita length in terms of the parallel fi>ca] chord /is 

no o 

Bee the Oj/ord, Cambridge, and Dublin .\fe»senger of Matjiematict, vol. iv. pp. 11—22 

(186f)), in which article scTcral of the examples foUowiog are likewiae solred. 
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ancl each pair of Its adjacent sides will make equal angles with 
the tangent at their point of concourse. 

350. An ellipse which has doablfi oontact with each of two 
fixed confocals has a fixed director circle ; and an ellipse which 
has double contact with one of two fixed confocal ellipses, and 
has its foci at the ends of any diameter of the other, has a 
fixed anxiliaij circle. 

351. Four tangents bebg drawn to a come, if one pair of 
iheir points of intersection lie on a confocal each of the 

remaining two pairs will lie on a confocal If TP and TQ 
be a pair of tangents to a conic, and tangents be drawn from 
Pand ^ to a confocal and Intersect in points S and //, then TP 
and TQ subtend equal or aupplemcatary angles at S and if; 
the four tangents from P and Q touchy one and the same circle^ 
and 

SPtUP^SQtRQ* 

352. GiTen two confocal ellipses, shew that the latus rectum 
of any ellipse which has its foci on the inner fixed ellipse and 
touches the outer is of constant length.t 

353. The locos of the centre of a conic whidi has four-point 
contact with a given conic at a giTCD point is a straight line 
through the centre of the fixed eonic. 

354. Prove Graves' Theorem, that the sum of the tangents 
from any point on an ellipse to a fixed confocal ellipse exceeds 
the intercepted arc of the latter by a constant quantity. | Prove 
also that the difference of the tangents to an ellipse from any 
point on a confocal hyperbola is equal to the difference of the 
segments into which the intercepted arc of the ellipse is divided 
by the hyperbola. 

• Sec the article referred to in the note on Ex. 848. 
t With the notation used abov«^ iU kagth • 

X Sec Salmon's ComV Srrdon.*. Art. 899. The theorem may also be dedaced from 
£x. 3dl as in the article referred to in the note. Adding the perimeter of the inner 
dlipae, we see that the outer confocal may be deecribed with the help of a loop of 
string placed round the inner enm^ a couelfueUon which beoomea eqnifalent to that 
of the note on A rt. 18 when the imuT dUpe ndooea (by the TMwecwce of its minor 
azia) to the line joining its foci. 
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355. If three ellipeee be described u in £z. SASy baviog 
their nz foci at three points on the inner confocal, the sum 
of the areas of their minor anxiliaiy circles will be constant. 
Moreover, if anj number of ellipses be described with the same 
nnmber of points on a given ellipse as foci (everj such point 
being a focns'of two of them), and if the several dlipses touch 
as many fixed eonfocaU, the areas of their minor anxiliarjr 
circles will be connected by a linear relation.* 

356. If every vertex but one of a polygon circnmscribing a 
conic trace a confocal conic, its remaining vertex will likewise 
trace a confocal, and the perimeter of the polygon will be 
constant. 

357. If two points trace an ellipse (in the same direction) 
with velocities which are always as the focal diords parallel 
to the tangents at those points, the tangents will intersect on 
a fixed confocal ellipse, and their angular velocities about their 
points of contact will be as the central perpendiculars upon them. 

358. If a parallelogram can be inscribed in an ellipse whose 
semi-axes are A and so as to envelope a coaxal ellipse whose 
semi-axes are a and 6, 

359. If a single quadrilateral can be described about one 
of two given conies and inscribed in the other, any uamber of 
quadrilaterals can be so described, and they will have one 
diagonal in common.t 

360. If the normal at any point F to an ellipse meet the 
two perpendicular tangents to a confocal ellipse in K and L, 
shew that PK. PL is constant and equal to the difference of the 
squares of their major or minor semi-axes. 



* If /9 be the minor MndHois of one of the variable elllpMS and ^ the are jolataig 

its foci, tlicn fP T= c (fp + r'). where e and e' are certain constants (Ezx. 352, r?">1). 

t The quadrilateral and its ciicamKiibing conio can be projected into a rectangle 
aadadiole, wbidilattarttiatteflwtfiHtorebelaol ttie pfrojeotion of the inscribed 
eonle. See abo Ex. S82. 
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361. If from the intersections of any two parallel taDgents 
to an ellipse with the tangent at a fixed point four tangents be 
drawn to a given confocal ellipse, the four intersections of the 
latter will lie on a certain circle having its centre on the normal 
at the fixed point ; and the radius of the circle and the intercept 
raade by its ceotre upon the normal will vary as the perpen- 
dicular diameter of the oater conic* 

362. If a tangent to a conic (or other curve] cuts off a 
constant area ficom anotberi it will be bisected at its point of 
contact, and conyerselj.t 

363. A central conic which passes through four given points • 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the game four points4 

564. Qvrt a constraction for finding a point P sodi that 
if straight lines PQ, Pfi, PS^ FT be drawn fix»m it to meet four 
given straight lines AB^ CZ>, AO^ BD at given angles, the 
rectangle PQ.PR maj be m a specified ratio to P8.PT. Hence 
shew how to draw the tangent at any given point on the locos 
of P; and determine a pair of conjugate diameters of the same.§ 

365. If a parallelogram A8PQ has its opposite vertices A 
and P on a conic, and its sides AQ^ A8 meet the curve in 



* The four tangents in any assumed poiitioii will intmaek OB a eiidiA (Art. 60). 
Any Otber qti.Tlril.iteral hiscril)ed in the same circle so as to enrclope the inner 
flllipse will have the interaectioos of its opposite sides at points F and Q, on th4 
JbtdtaHgtHt (ES.S51Q; and it may be ihewn vm t u mdj tint tbs feoond tangeute 
tcom P and Q to the outer dlipae are paraUeL Uiiking one of the parallel tangenta 
eoincide with the tangent fit the fixed p'^int, wp that the centre of tlic circle 
niiMt lie on the normal. Let M now be the intenection of the diagonals of the 
qnadrliateral, JNT the filed point, CD the wmi-diameter conjugate to CN, and p the 

radius of tiic cii'clc ; then (Ex.348) \0 = %CI); M\= -^CD ; p*- - 1 ) CD*. 

K' no \ K* J 

See also Mathematical (^ucj^umm, jfc./rom (he EoDCATlOHAL TUCXS, vol. XlU. p. 31. 
t See Salhom% Conig SetUoiu^ Art. 896. 

X Let TP, TQ be taagenti to an dfipie, end OAS, OCD eberde peaUel to 

TPf TQ. Determine a diainetrr of each of the two parabolas through A, B, C, D 
(Ex. 184) ; then it is easily seen that PQ aud the diameter through T in the ellipse 
an parallel to the diameters of the parabolas. 

§ Bee NbwtoiiM Mie^ple, lib. i. leet. v. leaaia 111. The mask tm enoipks 
arc mostly ?o\vci\ in the same Section, which will npej ft oanfiil ita^f* 0M elao 
Book u. of Leslie's (7 eomclry Cmtc* Liwi. 
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B and 0; the stnuglit lines jdnbg anj point on ih» com to 
B and 0 wiU meet F8 and PQ in points T and soch that PB 
Taries as PT, and eonvenely. Bence shew how to draw a 
taogent to the oonic at aoj point; and shew how to draw a 
conic through five given points, and prove that one conic only 
can be so drawn. 

366. If two straight liaes BM^ CM turn about fixed poles 
B and G so that thehr intersection M moves along a fixed 
straight line or directrix, and if BD and CD be drawn at given 
angles to BM and GiM respectively, the pomt of oonoonxse B of 

« the second pair of lines will trace a conic passing through the 
poles Bf Cy and converselj.* 

367. By the foregoing construction (or otherwise) determine 
any number of points on a conic passing throagb five given 
point8.t 

368. Describe a conic passing through four points, three 
points, two points, or one point, and likewise touching one, two, 
three, or four straight lines respectively. Examine the caaes in 
which two or more of the given points or lines coalesce. 



* For distinctness of conception let the points B, T>, A, P in the following folation 
be suppoeed to lie (in the ord^ specified) oq one branch of hjrperbolA and C ou 
tlieo(lMrlimMli,MiBKiwio«^ figure (lemma 21). JXvw wliai tiie moTing point 
jriuMaattnmiadpodtloniVon the^/jrMfpis MP befhe oonwpwidiag Used point 
on the locus of D. Dmw PDT, CDR through any other position of 7>, and make 
tbo angle BPT equal to BNM and CPR equal to CNM ; then it may be shewn 
that rTiNH=PBiliB, and PMtNM^ PC i NC. Hence PT Taries as PR^ 
and tliflraCora \if tito pfeotding lemma (Be. 866)— as Nbwtom abraptly oonclndM 
the locus of 2) is a conic through the point.^ B, C, P. The last step (see Le Sueur 
and Jacquier's edition of the Principia) is explained as follows : when AW becomes 
infinite, let D assome the position A ; then it may be proved that BA is parallel 
to Pr vd C4 to PJt Let Pr, CA meet in <9 and PJI; JM in a Theq 4APq 
b the parallelogram of Ei. 365, and PThas been shewn to vary as PR. 

t Still using the same figure, let A, B, C, P, D be the given points. Take ABC 
and ACB BB the given angles which are to rotate about B and C as poles. The 
Other two points P and 2> enable vs to determine two points Jf and JV^ on the 
dirrctrir, and the whole curve can tlicn ho described. Or apair, if A, B, C, 7), E 
be five points on a conic, let AC, BE meet in F, and draw from D a parallel to 
CA to meet BE in G \ then to determine the point JI in which the parallel meets 
the corre again, wn liavs BO.OH tBa.aS=AF,FC tBF.FE, The diametsr 
liiaecting the pwdlels can now be drawn, and in like mmier a aeoood iffi^tTf 
can be determined. .^ence the centre is loaowni 4c. 
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369. IfAFFy BQQ be the tangents to a ooidc at the ends 
of a diameter AB^ and FG and PQ be tangents to the same and 
intersect in 0, shew that 

AF'. BQ==FFi OQ^FOiOG, 

and tliat FG^ FQ^ AB cointeneet 

370. If in a parallelogram LMIK any conic be inscribed 
tonching the sides ML^ IK^ KL, IM in J, B^ any fifth 
tangent to tbe oonio wiU meet those sides in points F^Q^H^E 
such that 

MEtMI^BKiKQ, 
and KHiKL^AMiMF. 

37 1. If the inscribed conie in the preceding example be fixed, 

JTQ . 1£^- JTZr. i£F- a eonstant 

Moreover, if a sixth tangent be drawn to meet DE in e and IQ 
in ^, then 

KQ : Mi = Kq I ME^ Qq : Ee. 

372. Hence shew that the diagonals of the quadrilateral 
EqQe are bisected by one and the same diameter of the conic, 
and that the locus of the centre of a conic inscribed in a given 
qaadriiaterai is a straight line bisecting its three diagonals. 

373. If /J5, ID be the tangents at given points -0, D of a 

conic, and EQ the intercept made by them on any other tangent 
to the same, shew that lE.IQ varies as ED. QB.* Hence, if from 
two fixed points in a given pair of straight liries any other two 
lines be drawn, each to meet the opposite fixed line, shew that if 
the straight line joining the points of concourse envelopes a 
conic touching the fixed lines at the fixed points, the locus of 
the intersection of the variable lines will be a conic satisfying 
the same condition, and conversely. iiiXamine the case in which 
the iixed lines are parallel. 



* By making IIia rizth tugemt ]b Bz. 871 ooindde aoooeaBiTdj with IE and XB 
wc deduce that the two rectM^ an SB Jf / to MJO, When if u «t iiilliiitgr tll9 
become e^aal (Ex. 163). 
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374. Qvnn five taagenti to m ocmic, determine its five pomts 
of oontaet with them;* and given five points on a oonic, deter- 
mine the five tangents thereat 

375. Given the centre of a oonie and a aelf-oonjugate triangle, 
shew how to determine the diameters oonjugate to its sides and 
to describe the conre. Hence (or otherwise) shew how to 
describe » conic touching five given straight Imes. 

376. Given a tangent to an ellipse, its point of oontact| and 
the director cirdci shew how to constmct the ellipse. 

377. Two ellipses have a coramon focus and equal major 
axes, and one of them revolves about this focus in its own plane 
whikt the other remains fixed : prove that their chord of inter- 
section envelopes an ellipse confocal with the fixed ellipse. 

378. The condition that a straight line which makes inter- 
cepts CB and CD on two fixed straight lines should envelope a 
conic touching the fixed lines is of the form 

a • Cir . CD -f ft . 00 -f e . CD + <^ - 0, 

where the ratios of a, r, (? are constant. Determine the points 
of contact of the envelope with the tixed lines; and explain the 
result when the intercepts are connected bj a relation of 
the form 

C.&.aZ>«a constant 



* V ABCD be the pentagon fenned by the Ave tangente, the etniglit Une joining 
D to {AC, BE) puses through the point of contact of AB, as appean moit timpiy 

by Bupposiufj two sides of the envelopinir lioxagon in Brianchon's thoorom to coalesce. 
When five points are given, the tangeuta tlicreat may be drawn and number of points 
on tbe enire nay be foand with the help of PmobI^ hexagon. Bee Sahnon^ 
CwiiV Section*, Art. 269. 

t Call the straiglit line bisecting the three diagonals of a quadrilateral its 
DuMKTua. The diameters of any two of the qaadrilaterala formed by the five 
tangents defeennine the centre of the conic, and any one of the qaadrihtanb gtvee 
a eelf<conjagale tilaagle. For another solntton. in which the five points of oontaot 
are fin«t found, sec Lib. i. Sect. v. of the Prhiripia 'jm-ip. L'T, ]ir ->i. VX]-, and see 
Ex. 374 (note), and fiesaut's Conie Sections treaied Gtomttricatly, Art. 2*29 (1875). 
It is erident that tbe diamelerB of the five quadrila t e r als formed by fire straight 
lioaa meat in one point* Tib ttie eentn of Che eoate toooUiiff 
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379. In order that the envelope in Ex. 378 may be a 
parabola the ratio of a to the other oouBtants moat Tanish.* 
Hence shew that the polarB of a fixed point with respect to a 
series of confocal oonics, and likewise the normals appertaining 
to the tangents drawn to them from that pomt, envelope a 
parabola touching the axes of the confbcals. 

380. If OP and OQ he the tangents from a fixed point 0 
to any conic which has two given points for foci, each of the 
corresponding normals is the polar of 0 with respect to a conic 
having the same foci ; and the circle ahout OPQ passes through 
a second fixed point f\ such that CF and CO lie on opposite 
sides of the transverse axis and make equal angles tberewitb| 
and CF.C0-'C8\ 

381. A tangent being drawn from an extremity of one axis 
of an ellipoe to a coaxal eUipflOi find the leng^ of its intercept 
on the other axis and the ordinate of its point of contact to 
either axis. 

382. Deduce from Ex. 356 that, if a single w-gon can be 
described about a given conic and inscribed in a given coni'ocal| 
any aamber of n-goos can be so described. 

383. If a triangle can be circnminscribed to two confocal 
eUipses, the straight lines joining the extremities of the axes 
of the outer most pass throngh the intersections of the tangents 
at the extremities of the axes of the inner ellipsct 

384. If PQIt be a triangle circuminscribcd to a pair of con- 
focal ellipses and P' be the point of contact of Qli^ shew that 
the confocal hyperbola through P passes tlfrough P" and the 



• The genera] condition of Ex. 378 is implied in Ex. 373, nn<l tlic condition that 
the envelope may be a parabola is ioferred from Ex. 183. In what foliowB, supposuig 
A, If to be the ooordiiiates of the fixed point, we see firaoi Ex. 84S (wBx. 270) that, 
if the etivi loping line make intcrcopto CL and CM m the transrene ud conjagste 
warn, k.CL-k.CM- Va^; and ooueqwDtly that the oiTelopew » pMnbola whidi 

makM interoepto -j- aad — ^ on tiie tam» 

t The proof may be flimpilifiod by considering the special case in which a side 
of the triangle is paraUel to an axia of the ellipaes. The ««mi-axea a, i and v^fVot 

a' h' 

.the ovter and Inner dH|M an conDacM liiy the idation — 4* ^ = 1^ 



Digitized by Gopgle 



140 



point diametrically opposite thereto, and that if the outer ellipse 
be regarded as .traced by means of a loop FFT passed round 
the inner, the loop will be bisected at P". 

385. The area of an eUipae is a mean proportional to the 
areas of its aoxiliaiy dicles, 

386. A quadrilateral can be circuminscribed to two confocal 
ellipses if the common difference of the areas of their major and 
their minor auxiliary circles be equal to the area of the inner 
ellipse ; the locus of the pole of any chord of the outer ellipse 
which touches the inner is a circle whose diameter is equal to 
the sum of the axes of the latter; the tangents to the inner from 
any point on the cater ellipse are as the parallel focal chords 
of the latter ; the chord joining the ends of a pair of semi-axes 
of the outer touches the inner ellipse and is divided at its point 
of contact into segments equal to liie semi-axes of the latter. 

387. Prove Fagnanl's theorem, that a quadrant of an ellipse 
can be divided into segments which differ by the difference 
of its semi-axes, the greater segment being that which is termi* 
nated by the minor axis.* 

388. If 0 be the common oentre of an ellipse and a cirde 
of equal area, Pthe point in which the circle meets a qnadrant 
AQPBoi the ellipse, and OQ be eqnal to radios coigiigate to 
0P\ shew that the middk pomt of the qoadrantal m ABVutB 
within the arc PQ, 

389. If a hexagon can be circuminscribed to two confocal 
ellipses, and AP,*BQ be the tangents to a quadrant A'B" of 
the inner from the extremities of the semi-axes CAj CB of the 
outer ellipse, and F be Fagnanl's point of division of the qoad- 
rantal arc ABi shew that 

wBQ-wiA'P^9xtBF^mAF» OA- CB,\ 



* The point of couuct last mentioned (Ex. 866) dirides the inner eUipee in the 
aMiUMrqpeoUled. ForaiM«lMrgMineferlMlimM(iee8almon%Cbiiw 

t If X«= (7ii>- CJH^^Cm- CBT^, and if tlw teagtat Sf aurt llw rater 
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390. Any circle through the focus 8 and the further vertex 
A* of a hyperbola whose eccentricity is tioo meets the curve 
in three points P, R which determine an equilateral triangle,* 
and conversely the circumscribing circle of any equilateral 
triangle inscribed in a hyperbola whose eccentricity is two passes 
through a focus and the further vertex ; the focal vectors SP^ 
SR meet the curve in three other points which likewise 
determine an equilateral triangle; if P be any point on the 
/9-branch of the cuire the angle A'SP is double of the angle 
8A'F, and if be any point on the opposite branch the supple- 
ment of A'SQ is double of the supplement of SA'Q^ any chord 
through 8 subtends a right angle at A' ; the equilateral triangle 
PQR envelopes a fixed parabola having 8 and the directrix 
for focus and directrix ; the tangents to the hyperbola at P, M 
Ibmi a triangle F'Q'IH ioacribed in a fixed hyperbola of eccen- 
tricity four; the tangents to the latter at P*, Qf^ S form a 
triangle inscribed in a fixed hyperbola of eooentridty eight, and 
80 on oontinnally. 



* This byperboUiF— whoM diiectiiz bioeeto BA*—)b ohm of the tiumotobb (Ex. 808) 
of any dwabur an whenof A'S ta the dMnd; and iBbm riw**«g of the icmaikaUe 

property that PQR is an equilateral triangle ia that th« problem of fntectiug a giren 
angle a admits of the. thrte dittinct $olutiotu | (3ir j;a). Since the solution mnst in 
•ny case be threefold, it is erident a priori that it cannot be effected by means of a 
■traight line and drole, wUch can inteneet in two points only. All this la fnlly 

pointed out by BoaOOTICH in his Sf'-fionum Cnnirnrum Klemtntn, §§ 274-279. 
Nkwton shewed {^ArithmHien UniversulU, prob. 36) that the locos of the vertex of 
a triangle on a given base and baring one base angle differing from twice the other 
by a eonataat angle ii a onfaio onm^ which ledaoea to the bypeitol* in qoeation when 
the constant angle ranishcs ; and he remarked that {P being a point on the .9-branch) 
the angle at ^' in the triangle A'SP is equal to okk tuibo of the exterior angle at P. 



von. 

The undermentioned Examples and others are solved wholly or 
ia part in vols. i~XZXX of Mathematical Quettiont with iMr StiuUmu 
fnm the Educational TiMee (London, 1864 — 78) : 

Ex. TU (vol. ixii.); 174, 222, 226 (l.); 324 (xxii.) ; 328 (n.); 
881, 882 (m.); 884 (xii ); 336 (xin.); 338(zzi.); 339, 340 (xzii ) ; 
841 (xxn.); 847, 848 (xT.); 861 (ziu.). 
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CHAPTER V. 

THB ASYMPTOTES. 

53. The Asymptotes of a hyperbola are two diameten 
equally inclined to the axis and such that, if £ be anj point 
on either of them and O^its oentral abeciBsai then 

in other words, the asymptotes are the diagonals of a certain 
rectangle which is determined by the two axes of the hyperbola. 

If any two conjugate diameters meet EN and its prolongation 
in L and it follows from Art. 44 and the above relation that 

and hence that in the limiting case in which the diameter CL 
Godeeoes with aa asymptote OE its conjugate CM ooaleacea 
with the flame, or an asymptaU may he regarded a» a diameier 
conJugcUe to «ew{^ 

Two bypedbolas are wid to be conj agate when the tranrafle 
azifl of each is coincident with the conjugate aads of the other; 
thus, the transTerse and conjugate axis of a hyperbola being 
AA' and J9Cfi'| those of the Conjugate Hyperbda will be Bff 
and AA\ It is evident that a pair of conjugate hyperbolas 
have the same asymptotes but lie on opposite sides thereof. 

64. Idmiting ponHona qf TangenU, 

The asymptotes are so called because, being produced, they 
continually approximate to the curve (Art 06) but without 
actually meeting it until produced infinitely. We shall shew 
that such lines may be regarded as ton^mltB tdbse poitUa <if 
contact are at infinity. 

The tangent at any point P meets the axis in a point T such 
that CT varies inversely as CN the abscissa of P (Art. 39) 
and therefore vanishes when CN is infinite. To determine the 
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position of a pair of tangents which pass through the centre 
of the hjperbok, draw the taogentB from 8 to the Auxiliary 




Grde (Art 6), and dnw the diimetin titrougli the points in 
which they meet the /9-directriz. The points in question wiU 

lie on the circle, since the diameter AA' of the circle is divided 
harmonically at 8 and X, and the directrix is therefore the 
polar of S with respect to the circle. The tangents to a 
hyperbola from its centre arc therefore those diameters %Yhich 
pass through Uie intersections of the directrices loith the Aiixiliartf 
Circle. 

It is easily seen that the said diameters possess the property 

and are therefore identical with the asymptotes. 

It is likewise evident that they possess the property, 

^ CNi CE^ 08 : Oilsthe ecoentricitjr ; 

and hence that all hyperbolas which have the same (or parallel) 
asymptotes and lie on the same sides thereof are similar 
conies ; and the asymptotes themselves taken together are the 
limiting form to which the curve tends when its axes are 
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dimuiisliecl indefinitelji and thej may he rtgaritd as eomtUuiw^' 
a MfntZtir hyperhoUt,* 

The hjrperbola muf be called AeiUe or Oku»e aooording 
as the interior angle between ito asymptotes is less or greater 

tban a right angle; that is to say, according as its conjugate 
axis is less or greater than its transverse axis. In the in- 
termediate case, when they are equal, it is called Rectangular. 

It is easily seen that any two tangents to the same branch 
of the hyperbola intersect within the interior angle between 
the asymptotes and themselves contain a greater angle ; and 
likewise that any two tangents to opposite branches contain an 
angle less than the exterior angle between the asymptotes; 
and hence that an obtwe hjfperbola can have no real tangents 
at right angles, 

55. A construction for tJie Normal, 

If P be a point on the curve whose ordinate to either axis 
meets the nearer asymptote in and if the normal at P meet 
the axis in then (Art. 43, Cor.) in the case of the transverse 
axis. 

CN,NG : CiY'= 01? ; CA' = EN* : GIP-, 

and therefore CN,NO is equal to EN^ and the angle GEQ is a 
right angle, as may be shewn likewiae for the case of the conju- 
gate axis. Hence the following conatraction for the normal 
at a given point Pi 

Let the ardincUe of P to e^her axis meet the nearer asympMs 
tit E^ and through E drain a perpendicular to CE to meet ihs 
same axis in O ; then will PG he the normal at P, 

When CN is infinite the normal itself coincides with EG and 
is perpendicular to the asymptote. 



* Nofeioe in Art. 88 that when 8T tovchu the eirtle its diameter through T 
fhoul'J l>o tlic tnn-Tcnt to the hyperbola; and also that in this case SI' = CB - HZ 
MoteoTer (Art. 14, Cor. 1) the diameter conjugate to Coo most be parallel to the 
taafent at and mart fhmAm eoalene with Cm itself. The HrptaaoLA is 
distingdehed as the oonic which has a pair of tangents whose points of oontaet an 
at infinity and whose diord of contact is therefore the Straight Line nt Infinity 
(Art. 17, Oor. 2) ; and the Pa&abola is distinguished as the conic to which the 
UneatinllDityiaatangent, ainoe (Art. 27) 87*^ BA,8P^ 8A.ST, and therefore 
wban APbaoooMi inllaite the taDgmt TFis reaxmd wboUy to iafiai^. 
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PBOPO01TION I. 



58. ^ a panUd to mthtr oau qf a kjfperbola he drawn 
through pakU am the curve to meet the oijfwy^tokgf fX« produet 
i^4t$ migmmito between ike jpami and the asymptotea vritt he equal 
to Une e^wtn efUne emi-aaBit to which it teparaUeL 

Sint let a prinoipal donUe tivdiiiato FF be pfodnoed to 



meet ^e aajmptotes in E and JE*; tiien wOl PE^HP er 
J^Jf.P'^ be equl to 

For by Art 88 end by a property of tbe asymptotes, if PP' 
meet the transverse axis in Ny 

or PAr"+ CB^^EJPi 

and therefece 

PE.PE'^P'E.FE'u.EIP'^PN*'^ CB". 

In like manner it may be shewn that CA is a mean pro- 
portional to the segments Pe and Fe of a straight line drawn 
through P parallel to the transverse axis to meet the asymptotes. 

Hence it appears that tbe distance of P (or P') from tbe 
nearer asymptoto varies inversely as its distanoe 6on tbe 

L 
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other, and when the latter distance is increased indefinitely 
the former is diminished indefinitely ; the curve therefore as 
it branches out continually approximates to its asymptotes, 
but without actually meetiog them at aoy finite distance from 
the centre. 

It is easy to shew by a reductio ad ahsurdum th«'\t no 
diameter other than CE or CE' have the above property, 
or in other word8| that the hyperbola cannot have more than 
two aiymptotoB. 

Corollary, 

If PO be drawn parallel to one asymptote E'G to meet 
the other asymptote EG^ then will FO y&ry as FE and CO 
as PE\ and therefore FO.CO (fig. Art. 60) will be constant; 
and it may be shewn by taking F at the vertex that it ia 
equal to iC7^ or i (C^'+ C^*). 

PBOPOSITION II. 

57. Snie miireepiB an any tangent to a ^fpoMa hehoem 
Ae curve and tie aaymptaiBe are equal to one another and to 
the paraUei eemi-diameier / and the oppoeke iniereqvte on any 
chord between the curve and tie asymptotee are equal to one 
another,* 

(i) Let the tangent at P, supposed parallel to the scmi-^ 
diameter C/>, meet any two conjugate diameters in L and L' ; 
then by Art. 47 

FL.FL'^CJy, 

Hence in the caae in which L' coaleaoes with L and CL 
therefore becomes an asyniptotey FL* is eqaal to CD* } and in 
like manner, if the same tangent meet the other asymptote in jif, 
PJT is equal to Oi>% 

Therefore PL^FM^CD. 



* The hjpcrbola and it« AsympMa bdng itnibr QOiiioi (Art M), Um aiMm is 
a special caae of Ex. 60. The latter follows at once from Art. 14 pinr^, when 
the dirtetUm of CX and the moffnitude of CS :CX axe given, if the direcUon of CV 
beaMHiMdtlutflf i9F(iriiidibpeii)endioidw totbeoi^^ is determined. 

II ia eridvkt that a pair of ooDjnfila liTparliolM alio mab aqiial iatcmpte 
OQ*, fl^ OB any olwid. 
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(ii) Next let ^ be aaj chord of tlie bypeilioU moeHng the 
MjriBptotes m and let LPM be one of tbe tangents to 
wbidi it is peimDel. 

Tben the diameter OP bisects tbe chord Qq^ and firom above 
it is evident that it likewise bisects Mr^ whence it follows that 

QB^^i and Qr^q^, 

PROPOSITION III. 

58. The product of the Mpnentt into which any chord <if tile 
osye^ptofsi «i divided hjf Mitr uf file foinU in vikiik U mesls Its 
OMrsi iM tqmd to A§ $juar^ qfih$ paraUd 

(i) Using the same eonstmetion as in Prop. IL, let F be tbe 

middle point of the chord Qg. Then bj Art. 34 and hy parallels 
(Brst taking the case in which Q and q lie on the same branch 
of the curve), 

or QV*-¥01f^BV*.* 

Hence BQ.Qr^Bq.qr^RV*--QV'^CD% 

or CD is a mean proportional to RQ and Qr^ and to Bq and gr. 
The above proof may be adapted to the case in which q 



• Oonyewely, if this relation be assumed the point R must always lie on one 
of two itmght lines which continoolly approach the curve, that is to say, on one 
Of thatiTmpCotaiu 
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' lie on opposite hnrndiai of the hyperbola by writing — CP' for 
CI^ and - Gir for CP". 

(ii) These results maj also be deduced as follows firom 
Prop. I. 

From any point Q on the curve draw QRV! in any given 
direction to meet the asymptotes, and draw QEE parallel to 




the transverse or the conjugate axis to meet the same. Then 
QR varies as QE and QK as QE\ and therefore, QE, QE' 
being constant, QR. QR' is likewise constant. 

Supposing RR to become a diameter or a tangent, according 
as its direction cuts both branches of the curve or one only, 
we see that QR. QR is equal to the square of the parallel 
semi-diameter or of the interoept on the tangent between the 
curve and either asymptote. 

Corollary 1. 

If the tangent at P meet the asymptotes in X, M (fig. 
Art. 60), and if 0 be the middle point of CZ, and OF be there- 
fore parallel to CM^ then (Prop. I. Gor.) 

and therefore the area LOM is constant, is to say, the area 
of the tnanffle hounded the asymptotee and any tangent is of 
constant area, and it is equal to CA.CB, It is otherwise eridenl 

that the triangle in question is one-fourth of the conjugate cir- 
cumscribing parallelogram (Art. 46]. 

OoroUary 9. 
Moreover, if PJTbe drawn perpendicnlar to CL^ 
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■where 0^ varies directly as OP and therefore inversely as CO. 
Hence another proof that the difference of the squares on two 
conjugaU diameters is constant (Alt. 45). 

So loi^ as the chord EQr is drawn in a specified direction 
Qr varies invenelj as QR. If the chord be taken constantly 
parallel to the asynyrtote CMy so that the point r recedes to oo , 
it follows tliat Q CO varies inversely as QR, or directly as CR ; 
and moreover, that if QO be any finite portion of the chord| 
then Oqo likewise varies as CRj and the rectangle QO.Ooo 
▼anes as CM.QO. If YOZ be a chord drawn in anj other 
specified direction and meeting the chord parallel to the asymp- 
tote in 0, then (Art. 16, Cor. 1) OF.OZ yariea as QO^Om^ or 
as CB,QO\ and in the special case in which Qao is a fixed 
choid OY.OZ varies as the length QO, 

SOBOXAUK A. 

If the hyperbola he defined as the loons of a point P'sneh that 

if 0 be its projection upon one of two fixed straij^ht lines (7Z, CM 
(the asymptotes) by a straight line parallel to the other, CO.PO = a 
constant e\ we may proceed to investigate the properties of the 
curve as follows. 

If Xlf be drawn in a tpeeifUd direction through any position of 
the tracing point P, it is evident that PL . PJI is constant, and also 
that in the case in which LM becomes a tangent it is bisected at its 
point of contact P. In this case CL. CM= 2 C0.2P0 - 4c', uud the 
triangle CLM is of constant area. It may now be shewn that (with 
the notation of Art. 57) QR = qr ; CP bisects Qq and all other 
chorda parallt.l to the tangent at P; Qf^^ varies as CF^-CP^; and 
that the dificronce of the squares of any two ooujugate diameters is 
constant (Art. 58, Ck>r. 2). 

A straight line parallel to etther'asymptote CM meets the cnrve 
in one point only, since (figure of Art. 60) if CO be supposed 
constant, CO.PO vanishes when P is at 0, and increases con- 
tinuously up to 00 as P recedes from 0, and is therefore equal 
to c' for one po^ition of P only. Hence at any point P between 
the curve and its asymptotes CO,PO is less than Moreover, 
for any assnmed position of the intercept ZJf it is evident that 
PL.PM is a maximum, and therefore PO CO is a maximum, when 
PL e PM, Hence at the point of concourse P' of any two tangents 
to the same branch of the carve P'O CO is lees than c\ and 
P' therefore lies between the cnrre and its a^mptotss, or the carve 
is ssnvex to its aqrmptotes. 
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Lastly, if the h3rperbola bo regarded as the eiiTelope of a 
straight line LM which contaius a triaugle of constant area with 
two fixed straight lines CL and CIT, it may be shewn by the 
lbll<nring method (which applies also to £z. 362) that LM is 
bisected at its point of contact. If P be the point of concourse 
of the tangent line in any two positions Zif, L'M\ the areas LPL' 
and MFM are equal, and FL.PL' - PM.FM' ; and therefore in the 
oM In wUdi I'M* and LM ooaktM^ JPI?mPM\ or Uf is 
Iteoted at {h« point P of the enTolope. The hgrperbola may also 
be regaided as a ^pedal com of the enrelope in Eac 378, whioh 

makes intercepts -y- and ~ upon tiie fixed tangents, and tfaerefine 

touches them at it^/inU^ when h and o Tanish. 

PltOPOaiTIOH IT. 

59. Any tangent and its normal meet the asymptotes and the 
axes respectively in four points lyvug on a circle which passes 
t}irou(jh the centre of the hyperbola. 

The circle whose diameter is the intercept Og made by the 
axes on any normal passes through the centre, since the angle 
gOO is a right angle. 




Let this circle meet the asymptotes in X, if, and let LM 
meet Gg in P, From aoj point E'ukGL draw EN peipen« 
dicnlar to QQ. 

Then lECN- GCM- GLP^ in the same segment, 
and t CEN'* ECg =LGFj in the same segment ; 
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and therefore the triangles CNE^ LPQ are limilar, to that the 

angle at P ia a right angU^ and 

P<? 2 PL^ENi aN= CB ; OA. 

Himi]«ri7 FL-. I^^ OBiOA. 

Heneo PGi F^^OB" i OA*j 

or P ia the point at which Og is normal to the curve (Art. 52, 
Cor. 2) I and LM^ which 13 at right angles to Gg^ 'a the tangent 
at P. 

CoroUcay. 

From tliit oonstractkm It i^pears again the taagent XJf 
is Uieeted at its point of eontaet; and that 

PGxCD=^CDiPg^CBi CA, 

wliere CD is the senu-diameter parallel to the tangent. 

PROPOSITION V. 

60. The diameters of a h/geirbola being regwrded at termmaUd 
a< ike jtauUe in whiok tUy mtet the curve or «to conjugate^ 
<Mjf two eonfi^QU diameien are the diagorudt of a jmraUdoffram 
mkoH diet wr$ parallel ia and are bitected hy Aa a^fmpMee^ 
ike tangente at ikeir axirem&iee meet on ike aagmfMee^ mtd lAs 
dy^srmae ikeir eqamree i» eaneiaiU, 

(i) From a point L on either aiijmptote of a pair of 
oonjugatc hyperbolas let a tangent bo drawn to each, the one 

tangent meeting its carve in P and the second asymptote in J/, 
and the other meeting its curve in D and the second asymptote 
in M', Then will CP, CD be conjugate semi-diameters, and 
PI) will be parallel to MM'^ and will be bisected at the point 
0 in which it meets CL. 

For since (Art. .07) the tangent LM is bisected at P, and 
LM' at By therefore PI) is paralM to the asgm^tote MM\ and 
it also bisects CL. 

Moreover (Art. 56, Cor.), 

PO.CO - i {OA* + Off) mDO.OOf 

or PO is e(iual to DO; that is to say, PD ts hieeeted hg the 

asi^mptotc CL. But PD likewise bisects CL, and therefore CD 
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18 parallel to the tangent it P md it conjugate to OP. And 
if the parallel tangents touch the conres in P' and iX, as in 

the diagram, the one will evidently pass through M' and the 
other through if; and P'D will likewise be parallel to one 
asjmptote and bisected bj the other. 

(ii) Lastlj, if PN be the ordinate of P to the transverse 
axis, and if it meet CL in it is easily seen that OQm. OP* 
And in likt manner the ordinate DR to the conjugate axis 
meeU CL in a point Q such that OQ = OD^m OP*' OQi that 
if to aaj, il meets it in the aame point Q, 

Hence Cif-CP'^QN^-PN*^ GB\ 

and C(f^OJy^Qie''-J)£^~OA*i 

and therefore CP'^OP^^ CA' - CB\ 

To describe a pair of oonjogate hyperbolas with giTen 
itraight lines CP and CD as conjugate scmi-dlameters : draw 
00 to the middle point of DP and diaw OM parallel to DP\ 
then will OM and CO be the a^Tmptoten^ and the aacea will 
be the hiieetois of the angka between theui and the ibct wiU 
be the pomts in whtoh the azea ate cat bj a aide whoee raditti 
08 is a mean pfoportaonal to PO and %00. 
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BOHOLIUM B. 

Conjugate Hyperbolas are by no means to be regarded aa 
organically related and together making up one oontinaous curve ; 
but the one is a sort of anxiliaiy curve to w» oUmt, m thA oivde on 
ifti mijor axis is, for oxiunpl^ to the EiBpae. 

(i) The two branohea of a single hyperbola are to be regarded 
as constituting one continuous curve as was pointed out on p. 10, 
and as may be further illustrated in the following way. Let the 
hyperbola bo considered to bo traced by tho extremity P of a focal 
Tector SP (see p. 145) moving lound in the direction of the 
liaiidfl of a wateh noni the initial position 8A. As 8P turns 
Ihrough an inflnitssimal angle its extremity passes to a coru«euUv§ 
point on the curve, till at length by the continuous rotation of tho 
focal vector the point P recedes to infinity, SP having become 
parallel to the asymptote C£: it then passes instantaneously to 
the oppotiU position at infinity, that is to say {8P revolving 
gradually as before) the point P passes at once from the extremity 
of the line CE <x> to tho extremity of the line £C ao : at this 
infinitely distant point the curve eroMet iU atymptoUt and P 
pzoceeds to trace the opposite brsnoh in the direction p'A't and 
so Ibrth. The two infinitsly distant extremities of an asymptote 
or of any straight line may therefore be regarded as consecutive 
points, which likewise results from considering any straight lino 
as (1) a circle of infinite radius in its own plane, or (2) as one of 
the great oudes of a sphere whose radius hss beoome infinite* 
Osnying on the latter iUnslration, we see that (since the lengtii 
of a great circle on any sphere is constant) any finite straight line 
in a given plane together with its complumont (p. 77^ may bo 
regarded as making up a constant infinite length ; as was implicitly 
assumed in Chap^ zv. fidiolittm 0 (p. 102), snr if the hilboal pro- 
perly of the hyperbola^ 

he equivalent to Bio P-i-SPm A«o A\ 
then HP \ P ^ AA •'t A<*i A , 

(ii) It may be useful at this stage to give a conspectus of the 
several ways of viewing thoso diameters of the hyperbola which 
are not geometrically terminated by tho curve. 

a. By introducing the conception of imaginary points we may 
treat the hyperbola as a quasi-ellipse, and ignore the distinction 
h e tw e en intersecting and non-intersecting diametere of the curve* 

h. If we assign certain real magnitudes to the non- intersecting 
diameters TArt. 34) — srbitrarUy, indeed, but in accordance with a 
partial anadogy — we may then proceed to shew (Art. 67) that any 
such diameter is equal to tho intercept on tho parallel tangent 
made by the asymptotes, and may prove as in Art. 58, Cor, 2 that' 
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the dIfiiwMiM of ■quaxeB of aiqr two odjngate diameten k of 
oooftent magnitude. 

9. The non-mteraecting diameton may also be treated as ter- 
minated by the conjugate hyperbola, as in Arts. 45 and 60.* The 

objection to this mode of treatmont is that it not only proceeds 
upon an artificial analogy but tends to obscure tho fact of the 
essential continuity and ouenoss of the two branches of the 
hyperboUu 

d. Another method-^Tory simple in practice, but presenting 
of course the same difficulties at uie outset — ia to start with the 
Eqnilatwal Hyperbola (some of the properties of which can be 
proyed in terms applicable likewise to the circle or Equilateral 
KllipRo) and to transfer tho results thus obtained tO the general 
hyperbola by the method of Orthogonal Projection. 

(iii) Apollonius, in Lib. i. prop. 14 of his Oomcs» defines the 
two branches of a hyperbola as Opposite Sections CAvrart^ifVai). 
At the end of the same book (prop. 66) he shews, quite indepen- 
dently of the asymptotes, how to construct two pairs of opposite 
eeotionB with one and the same gifen pair of oonjueate diameters, 
and he definee the curves so drawn as Conjugate (Sv^vyelc). He 
afterwards proves in Lib. ii. prop. 15 that opposite sections have 
the same asymptotes, and in Lib. ii. prop. 17 that conjugate 
opposite sections haire the same asymptoteo. The term ConjugaU 
haa also been sometimes ajpplied to toe two branches of a single 
hyperbola, as for example in prob. 36 of the -4rfVAm*^iVa Untvenalitf 
where the words "conyeniant ad toiffugatam Hyperholam" xefev 
to the further branch. 

EXAMPLES. 

391. The ecoentrlo curole of any pout with respect to a 
hyperbola cats the directrix at two points lying upon radii 
whifiii are parallel to the asymptotei. Trace the hjperboU 
bj the method of Art. 4, shewing that the two points in 
which the circle cots the directriz correspond to the points 
at infinity upon the asymptotes, and the segment of the circle 
beyond the directrix to the further branch of the hyperbola. 

392. The circle described abont either focus of a bypeibola 
so as to bisect the semi-latns rectum cuts the hyperbola at points 
whose focal distances are parallel to the asymptotes; and the 
concentric circle which touches the asymptotes has its diameter 

ccj^ual to tho conjugate axis. 

• 
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393. Express the eccentricity of a hyperbola as a function 
of the angle between its atTmptotes. If the eocentricity and 
two points on the curve be given, and if one asymptote past 
throi^ a third fixed point in the same straight line with the 
fonner two, the locos of the centre will be a circle. 

394. If the abscisses upon either asymptote of any number 
of points on a hyperbola be in arithmetical progression, their 
ordiuates will be in barmonical progression, and conversely* 

395. The ordinates to either asymptote of the extremities 
nf anj chord of a hyperbola and the point of contact of a parallel 
taogent are proportionals. 

396. The intercept made by the directrices of a hyperbola 

on either asymptote is equal to the transverse axis. 

397. A hyperbola being regarded as the locus of a point 
whose distance from a given point is equal to its distance from 
a fixed straight line estimated in a given direction, prove that 
the given direction is that of an asymptote. Shew also that 
the straight line drawn from a focus to the nearer directrix 
parallel to an asymptote of a hyperbola is equal to the semi* 
lalns rectom and is bisected by the conre. 

398. The distance of any point on a' hyperbola from either 

focus is equal to the intercept on either asymptote between the 
ordinate of the point and the corresponding directrix. Hence 
prove in Art. 60 that if S and JI be the foci, 

SFMF^ eg"- CA*:^ CUP. 

Also prove that the difference of the distances of the ends of 
two oonjagate radii of a pair of conjugate hyperbolas from thdr 
nearer foci u equal to the difference of the semi-4xes. 

399. Every chord drawn to a hyperbola from a fixed point 
on one asymptote is divided harmonically by that point and a 
fixed parallel to the said asymptote, and is bisected by a fixed 
parallel to the other. 

400* The tangents at the vertices of a hyperbola meet its 
asymptotes on the circumference of the circle of which the 
straight line joining the foci is a diameter. 
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401. For what position of the tangent to a hyperbola bits 
intercept between the asymptotes a minimum ? 

402. The tangent to a hyperbola from the intenection of 
ao asymptote with a directris touches the com iipoa a focal 
vector which ii parallel to that asymptote. 

403. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 

between the asymptotes: it also subtends a constant angle at 
the intersection of the corresponding normal with either axis 
of the curve. 

404. Every chord of a branch of a hyperbola which subtends 
at its focus an angle equal to the angle between the asymptotes 
touches a certain fixed parabola* 

405. Find the relation between the intercepts made by any 
tangent to a hyperbola on two fixed straight Unea parallel to the 
asymptotes.* If OA and OB be two straight Ones given In 
position and AB the intercept which they make on any tangent 
to a fixed conic which touches them, deduce from Ex. 378 that 
the locus of the point P which completes the parallelogram 
OAPB is a hyperbola whose asymptotes arc parallel to OA 
and 07?; and examine the case in which the fixed conic is a 
hyperbola having its centre at 0. Also find the locus of Q if 
A and B be the points of contact of the given lines with any 
parabola which likewise touches a third given line. 

406. The chords of intersection of any circle with the asymp- 
totes of a hyperbola are equally inclined to either axis; the 
products of the segments of any two bterseeting chords of the 
asymptotes are as the parallel focal chords; and if 0 be any 



♦ If f and V be the reciprocaLi of the intercepts made by a variable Btraight line 
00 two fixed axes, the gcuerol condition that the variable line should envelope a conio 
is that £ and v ghould be connected by an equation of the second degree. Thia 
qratam of ''taagentlal coocdiiMteB* to folly developed in A TrtatkB of» mmm Ntm 
Geometrical Aftthods (vol. I., 1873) by the late Dr. Jamea Booth, who had also given 
an acoonnt of his method in a scjiaratc tract pubhshed thirty years earlier. Ilia 
discovery had however been anticipated by Prof. PlUcker of Bonn, whose method 
glvai in OrelkflB Jbmrnalf rO. TL pp. 107—146 (1S8S), and dated Oct 1S29, to in naLty 
identical witli the above. Sec the obituary notice of Dr. Booth in the MoiUUg N9lie0$ 
ifftkt Bojfoi AMroitomioiU Societj/^ voL XXXIZ. pp. 219—225 (Feb, 1879). 
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point on a chord PQ parallel to the ndiot CD of the hjperlx^ 
and Lf Jf the pomts in which it meets the asymptotes, then 

OL.OM-^OP.OQ^Cir. 

407. The tangent to a hyperbola at P meets one asymptote 
m 7* and TQ is drawn parallel to the other to meet the curve 
in Q] prove that if PQ meet the asymptotes in L and the 
line LM will be trisected at P and Q, 

408. The straight lines joining the points in which any two 
tangents to a hyperbola meet the asymptotes are parallel ; and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact. 

409. If one diagonal of a parallelogram whose sides are 
parallel to the asymptotes of a hyperbola bo a chord of tho 
curve, the other diagonal will He upon the conjugate diameter; 
and conversely if the three sides of a triangle be taken as 
diagonals of three parallelograms whose sides are parallel to 
two given straight lines, their other three diagonals will pass 
through the centre of a hyperbola which circumscribes the tri- 
angle and whose asymptotes an paralieL to the giTen lines. 

410. In Art. 89, if CM and ON be the central abscassn of 
the points in which the tangent meet the asymptotes, then 

CV.CT=^CM.CN=^CP'. 

411. If the ordinate of a point on the hyperbola to a given 
diameter be eqoal to the conjugate semi-diameter, the product 
of the corresponding abscisssB will he equal to the square of 
half the given diameter. 

412. Given the asymptotes of a variable hyperbola and a 
line parallel to one of them, if from the point in which it meets 
the curve a parallel to the other asymptote be drawn equal 
to cither of the semi-axes, the locus of its extremity will be 
a parabola. 

413. If an ellipse and a brandi of a confocal hyperbola 
intersect in P and the asymptotes of the hyperbola pass 
through the points on the auxiliary circle of the ellipse which 
correspond to P and Q, 
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414. A variable ellipse having its centre on a hyperbola and 
touching its asymptotes has in every position the maximnm 
area: shew that its chord of contact with the asymptoteB will 
envelope a aimilar hyperbola haTiiig the Mine aiyiDptoteB. 

415. A parabola being drawn to touch the axes of a hyper- 
bola at an extremity of each, prove that one asymptote is a 
diameter of the parabola and that the other is parallel to its 
ordinates. 

416. If a parallelogram be formed by drawing two pairs of 
parallels to the asymptotes of a hyperbola, its sides will meet 
the curve at the extremities of two chords which intersect upon 
a diagonal of the parallelogram ; and further, if any three 
hyperbolas have their asymptotes parallel, three and three, their 
three common chords will cointersect. 

417. The tangents to an ellipee at P and Q being the 
asymptotes of a hyperbola, prove that a pan* of their common 
chords are paiallel to PQ^ and that if the tangent to the hyper^ 
ixila at an extremity of one of these chords pass throogfa P the 
tangent at its other extremity will pass diroogh Q, 

418. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are drawn; prove that if 
one of them touch the ellipse the other will touch it, and that 
the diameters through the points of contact will be conjugate, 

419. If from any point P on a hyperbola whose centre is C 
straight lines FM and FX bo drawn parallel to and terminated 
by the asymptotes, and if an ellipse be drawn having CM and 
CN for conjugate radii, the direction conjugate to OP will be 
the same in both curves. 

420. Given the base of a triangle and the difference of its 
base angles, or given the base of a triangle one of whose base 
angles is double of the other, it may be shewn that the locus 
of the vertex is a hyperbola. Determine the asymptotes and 
the eooentricity of each by supposing the vertex of the triangle 
to be at infinity. 
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421. If tangcnta bo drawn to a hyperbola from any point 
on the conjugate hyperbola, their chord of contact will touch 
the opposite branch of the latter and be bisected at ita point 
cf oontact 

422. The four normals to a hyperbola and its conjugate at 
points lying upon a perpendicular to cither axis meet one another 
upon that axia. 

425. Find the locos of the centre of gravitj and the loeos 
of the centre of the cueamaertbtng cirde of a triangle of eon- 
itant area contained hy one rariable and two fixed Btraight 
linea. 

424. A parabola and a hyperbola have a common focus and 
the asymptotes of the latter touch the former; prove that the 
tangent at the vertex of the parabola is a directrix of the 
hyperbola, and the tangents to the parabola where it meets 
the hyperbola pass through the further vertez of the latter. 

425. Any two scmi-diauicters of a hyperbola contain the 
same area with the tangent at the extremity of either. 

426. The asTmptotes and any two conjugate diameters of 
a hyperbola divide any straight line harmonically. 

427. The chords joining any point on a hyperbola to two 
given points on the same intercept a constant length on eitlicr 
asymptote; and the intercepts on a given parallel to an asymp- 
tote between the curve and two such chords are in a constant 
ratio. 

428. If parallels to the asymptotes of a hyperbola be drawn 
from any point on the curve, any diameter will meet the 
parallels and either branch of the curve in three points whose 
central distances are in continued proportion. 

429. If any two tangents to a hyperbola and their chord 
of contact intersect any parallel to either asymptote, the square 
of the intercept on the parallel between the curve and the chord 
of contact will be equal to the product of its intercepts between 
the curve and the tangents. 
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430. On a straight line drawn io a given direction to meet 
the three sidea of a triangle a point ia taken whoee diatanoee 
firom the three sides are in continoed proportion ; prore that the 
locos of the point is a parabola or a hyperbola toaching the 
two sides from which the eitvemee are measared at the eztre- 
mttiee of the third aide. 

431. Oo a etraight line drawn throagh a fisced poiirt O to 
intereeet two giveii straight Unee a length OD is estimated 
a mean proportional to the intercepts between the fixed point 
and the two points of section; prove that the locus of D is 
a hjperbohi whose as/mptotes are the parallels through C to 
the fixed lines. 

432. A diameter of a parabola and the tangent at its 
extremity being taken as the asymptotes of a hyperbola, what 
are the magnitndea to which the ordinate and absoiisa of their 
point of concourse with respect to that diameter arc a pair 
of mean proportionala? ConTersely shew how to find a pair 
of mean proportionals to two given magnitndeSi 

433. The interoept on any parallel to an asymptote of a 
hyperbola (or to the axis of a parabola) between any point upon 
it and the polar of that point is bisected by the curve. 

434. The intercept made upon any straight line through 
either vertex of a hyperbola by parallels drawn to the asymp- 
totes through the other vertex is bisected at the point in which 
the straight line meets the curve again; the locus of the middle 
point of the intercept made upon any straight line through 
a fixed point by two given straight lines is a hyperbola to 
whose asymptotes they are parallel ; and further, if the latter 
intercept be cut in any other constant ratio,* the locos of the 
point of section will still be a hyperbola. In what case will 
the eooentricity of the locos be independent of the ratio in which 
thb intercept is divided? 

435. If Q be a point on a faypeihola and N a point on 
the nearer asymptotOi and if QE he drawn parallel to that 



• See flw ArkkmHoa VmMrmHi, praK ». . 
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asjrmptotc to meet the diameter conjugate to QN in 7?, then will 
the area of the quadrilateral CEQNhe equal to lialf the triangle 
cut off by any tangent from the asymptotes; and if the diameter 
parallel to QX meet QE in >Faud QI be drawn in the conjugate 
direction to meet the same asymptote in /, the quadrilateral 
CIQF will have the same constant magnitude. 

436. If 0 be any point in a chord QQ of a byperbola 
panUel to the tangent at P and CE an asymptote meeting that 
tangent m ^ and if Qi2 and 07 be drawn paraOel to the 
asymptote to meet the diameter which bisects the ohord| prove 
that 

QO.OQ \ Pfi:" = quadrilateral QRTO ; triangle CEP. 

437* If P be any point on a hyperbola and CD be COD* 
jugate to CP, shew that a pair of straight lines PE^ PF drawn 
parallel to the axes or to any other pair of conjugate diameters 
meet OD in points E and ^snch that 

CB.CF^ cir. 

438. A parabola which has an asymptote of a hyperbola for 
one of its diameters meets the hyperbola in general in three 
points such that the ordinates of two of them to that diameter 
are together equal to the ordinate of the third. 

439* From any pomt P on a hyperbola a parallel is drawn 
to one asymptote to meet the other in JU^ and an ellipse is 
drawn through P and M having its diameter which bisects Pif 
parallel to the latter asymptote and in a constant ratio to its 
GODjugate diameter, via. in the ratio of PE to Pif, where PE 
is a perpendicular to the latter asymptote ; prove that the ellipse 
meets the hyperbola again in three points such that the distances 
of two of them from the latter asymptote are together equal to 
the distance of the third point from the same.* 

440. If two cHlpscs touch a hyperbola and have its asymp- 
totes for conjugate diameters, any straight line whose pole with 



* For Snnples 425, 486--9 and others we De la Hii^adCecNbiicfCmi!^ 
TheiefBnnoesarai^veiitndeCafliB WaIt(Mi*B ProNrntUWuMratiom^ikeprnevi^ 
^PbtM Coerdinal* Gwrnttry, pj^ S7S— 292 (Cakbsimk, 1961), 
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fwpeet to one of tbeni lies on the b jperbola bas it pole witb 
reflect to the other on the hyperbols. 

441. If ABCD be a convex quadrilateral, and AD be pro- 
duced to K and BG to X so that KL may be parallel to AB, 
then will DL and CK be parallel to the asymptotes of a certain 
hyperbola described about the quadrilateral; and if ^Cy^ 
yDB^ BAa be the sides of a parallelogram and be parallel to 
the asymptotes, the straight lines drawn from a, /3, 7, 5 to 
bisect A By BC^ CD, DA reflpectivelj will comtenecl at the 
centre of the hyperbola. 

442. If an ellipse paae through the eentie and hare ite 
iod on the asjrmptotee of a hyperbola, and if the hjperbohi 
paawa throngh the oentre of the ellipse, the axee of each cnrre 
are a tangent and normal to the other, and the two axea which 
are normak are of equal length. 

443. If a diameter be taken at right angles to one asymp- 
tote of a hyperbola and parallels be drawn to the other 
asymptote from its extremities, any two supplemental chords 
from those points will make intercepts whose difference i» 
constant upon the parallels. 

444. The axes of the two parabolas which have a oommoo 
foens and pass throngh two giten points are parallel to the 
asTmptotes of the hyperbola whidi passes throngh the conunon 
foens and has the given points for fotL 

445. Any circle which touches both branches of a hyper- 
bola makes an intercept equal to the transverse axis on either 
asymptote; the tangents to it where it meets the asymptotes 
pass through one or other of the foci, and those which pass 
through the same focus contain a constant angle equal to the 
anglo between the asymptotes; and two of the chords of inter- 
section of the circle with the asymptotes arc tangents one to 
each of two ^ed parabolas whose foci are at the foci of the 
hyperbola. 

446. If two conjugate diameters of a hyperbola be eqnal, 
every two oonjogate diameters must be eqnal and the asymp- 
totes most be at right angles. 
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447. If two parallel cbords of a conic meet any tangent 
to the same in T and and if any straight line meet the 
chords in 0 an^ 0 and the tangent in then 

Hence shew that the ratio of any two infinite parallel chords 
of a conic is finite, being a ratio of equality in the case of 
the parabola, and being equal to the ratio of the distances 
of the chords irom the parallel asymptote in the case of the 
hyperbola.* 

448. IVom tw6 points 0 and o paralleb are drawn to tlie 
aajmptotes of a hyperbolai the paraUeli to one asymptote 
meeting the onnre in M and m and the parallek to the other 
meeting the carre in 2r and m; shew that if 

OMx ON^om : on, 

the points 0, 0 most lie ^ther on one diameter or on a pair of 
eoDjagate diameters. 

449. Prove by the Cartesian method or otherwise that if 
CAf OB and OOf Ofi he semi-axes of a fixed and a Tariable 
eonfocal ellipse respectiyely, P a point of eontact of the latter 
with an ellipse drawn through the fbor extremities of the axes 
of the formoTi and P^the principal ordbate of P, then 

CN: FN= CA.Ca : CB.Cff, 

Dednoe that the loens of P is a hyperbola; and likewise deter- 
mine its foci and asymptotes by considering spedal cases of 
the theorem. 

450. Every ellipse drawn through the fbor extremities of 
the axes of a given ellipse is cat orthogonally by a hyperbola 
eonfocal with the given ellipse and having its equal conjugate 
diameters for asymptotes.t 



* Bee the notes on Gmmttrical Evaluations by B. W. GfMM^ lLA.t in tbo 
M«$$enger of Mathemntics, vol. IV, pp. 154—6 (1875). 

t Sec Wolstenholmu'a M(ahcmatical Problems, Ko. 1182 (od. 2, 1878). 

M2 
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451. Find the locus of a poiot whose polar with respect 
to a oonic cuts off a constant area from the space between two 
given conjugate diameters; and find the envelope of the polar 
of a point whose ordinates cut off a constant parallclugram from 
the same. 

452. Having given the asymptotes of a hyperbola apd a 
point on the corre, determine its foci and directrices. 

453. Having given a focns and two points of a hyperbola 
and the direction of one of its asymptotes, or having given a 
focus and one point and the directions of both asymptotes^ 
shew how to construct the curve* 

454. Given the centre of a hyperbola and three points on 
the curve, dctermiue the directions of its asymptotes. 

455. Having given the centre of a hyperbola and a self- 
conjugate triadi determine the directions of its asymptotes. 

456. Having given four points and the eccentricity of a 
hyperbola, or four points and the direction of an asymptote, or 
three points and the direction of an asymptote and the eooen* 
tricity, shew how to eonstruct the conre. 

457. If tln'cc straif;ht lines be drawn from three given 
poles and two of their intersections lie on fixed directrices, 
their third intersection will trace a curve of the second order. 
By the above system of radiants or otherwise describe a 
hyperbola having given one asymptote and three points or the 
directions of both asymptotes and three points on the ciirFe.t 



* Five data in geneml determine a conic. An asymptote i.^i eqpiivalait to two 
diita, Tiz. to a tan}rr;nt and it? point of contact or two coiiK-iilcnt points on the ctirve : 
haviug giren tlie direction only of an asymptote wc have one of Uie two i^oints at 
iofinitf on the enrre: a focna will be seen lo be equivalent to two couOitioDs. 
Compare the note nt thi- end of Salmon's Gmie SeOhiu, "On the Ptobtem to describe 

a Conic under Five conditioiig." 

f See Leslie's OcvuuU t/ of Curee Lines, Book li. propei. 10, 21, 22. 
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458. Having given four points on any conic and one point 
on its director, or liaving given four tangents to ao equilateral 
hyperbola, shew bow to construct tbe curve.* 

459. The area of the sector of a hyperbola made by joining 
any two points on it to tbe centre is equal to the segment 
cut off from the space between the curve and its asymptotes by 
the ordinatcs of the same two points to either asymptote ; any 
other two ordiuateii in the same ratio as the formerf cut off an 
equal segment ; and the segment cut off bj any two ordinates 
is bisected by the ordinate which is a mean proportional to 
them. Prove also that if two equal hyperbolas have two of 
their asymptotes coiDctdent and the other two parallel, any 
parallel to their common asymptote will cut off from the qiace 
between two adjacent branehes produced to infinity an area 
equal to the parallelogram contained by the said parallel and 
the three asymptotes. 

460. If 0, P, R.., be any number of points on a brancli 
of a hyperbola whose abscissas CJSC^ OL^ GM^ CN.., on either 
asymptote are in continued proportion, the hyperbolic sectors 
OOP^ OOQj OOB.., will be in arithmetical progression, and 



* TbeSnteanof Bk. 4S8 mtj be made to depend iqpoii tihe ieeood bj icoi|»o- 

cating the conic vnth rcppect to the point on its director, as is done in Garkiu's 
The G(omctrkttl Construction of a Conic Stdion fuftfti't to Fitt Condittont of pnning 
tkrouffk giccn poinU and touch iug giotn ttniight liat*^ deduced /rom tht itroptrt'us 

lAe flwMlllif Olrdbr, p. 53 (Cambridge, 1852). It is in this very able tract t)int the term 
DlRKCTOU seems to have betn first used to denote the locus of intersection of tanj^cnta 
at right angles to a conic. The term is defined on p. 26, and in the Preface wo read : 
" By a weU known property of conio Motions, the loooe of the point of interaeetion 
of two tangenta at right angles to one another is in general a circle concentric with 
the conic section, and when the curve is a pambtdn the Ickii-^ is the directrix. Tlicre 
are aereral remarkable properties of this locus which, as far as the author is aware, 
haTe not been hitherto notioed, and he haa lonnd it oonvenient to denominate it the 
DiBBCTOR of theoonieaeetioii, whlohintheoaieof the panbob oolncidea with the 
directrix." 

f It is easily seen that the four ordinates to cither asymptote o' the xtr«mitic8 
of any two panllel dioide are pro^xtrtionols, and that the ondioate of the.point of 
oontact of vesf taagent ia ft mean pfopoitionid to the oidiiiatee of the extranitiea of 
any paialld ch(«d. 
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the se^enta OKLP, OKMQ, OKNR... wiU be in arithmetical 
progression. Given any three tenns of a geometrical series 
and the logarithms of two of them, shew bow to determine 
geometrically the LoaAiUTUM of the third.* 



* For the first part of Ex. 460 sec QrboobiI A, fiL YDrcnmo Opu$ Oeome- 
trieum Qimdrntnrm CircuH et Sectionum Com, lib. TT. prop. 126, p. 594 (AntTerpia, 
1647), aod hia Oput Gwmetricum Potthumum ad Muoktbium^ prop. 2^ p. 252 (Qandavi, 
IMfl). The MeondpartiiiiytenlTOdby tddnghypeitelieaeBnn 
IMVgWHion to represent the logHithms of a oorretpooding iierieB of abecisss which are 
ia geometrical progreasion, as was shewn by Alf. Ant. de Parasa in a tract published 
(AntT. 1649) ia Tindicatioa of Gr^. de Bt. Vincent against some aaperuons of 
Ifaiimu IbiEMainM. Logwittnat wty rita be wpw BB Pt ed ty tha "iwidMliwirf' <rf 
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CHAPTER VL 

THE EQUIXiATSlBAIi HYPEBBOLA. 

61. The Equilateral Jlyperhola 18 a hyperbola whose latus 
rectum is equal to its axU or latus [transversum ;* it is also 
called Rectangular since its asymptotes are at right angles. 
This curve and the circle, which is an equilateral ellipse| maj 
be together designated the Etjuilateral Conies. 

The properties of the equilateral hyperbola may for the most 
part b« derived icx>m those of the general hyperbola bj equating 
its axes to one another and to the latus. rectum, or bj top* 
posing the angle between its asymptotes to become a right 
•ngle; but since several of the special results thos obtainable 
may slso be proved independently with peculiar ease|- some of 
tibem in terms c(|ually applicable to tbe circle als0| we shall 
here treat tbe hyperbola in question to a great extent ab initio^ 
leaving it to be shewn in the sequel bow certain of tbe 
properties of tbe equilateral conies may be transferred to central 
oonics in general hj the method of Orthogonal Fh>jeotion. 

62. The latns rectum being supposed equal Co the axis, 
it follows from Art 88 that 

PN^ = AN, A'N^ ON* - CA\ 

which will however be proved independently in Art. 63. 

The axes being equal, the radius of the director circle 
vanishes (Art. 40), or the equilateral liyperbola has no tangents 
at right angles except its asymptotes. Again, it follows from 
Art. 45 that every diameter is equal to its conjugate, which 
leads to many further simplifications j but in this chapter we 



* In other wortls, this hyperbola is called oqnOatenl becaaae tke »Ue$ i^tkt 
wmvmm Hpon iu aacu (ScboL A» 82) art tqmt. 
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■hall ooBunenoe hy de/kUng any diameter which does not meet 
the eorve as equal in length to its conjogatey in panuanfse 
of the analogy between the equilateral hyperbola and the 
circle or equilateral ellipse. 

It is to be noted at the ontwt (Arts. 30) 54] that tils soem* 
iriciti/ of the equHatmil hyperbola w the ratio i(f the diagonal 
to the 9uh of a square, that the foot Z of the directrix bisects 
and that 

pBOFoainoir i. 

63. The principal ordinate of ant/ point on an equilateral 
hyperbola is a viean proportional to its ahscissfis. 

If X be the foot of the 5-directrix and therefore the middle 
point of CSj and if FN be the principal ordinate of any point 
F on the curvei then 

and ay«+/Ry«««ca:«+2^z*} 




therefore CN*^FN'^2CX*^CA\ 
or FN* Ss equal to CN^^-CA* or AN.A'N. 
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It is further evident from the figure that if be an ordiDate 
to the coujogate axis, 

as nrigbt also have been ioferred from the conaidention that the 
sqnare of the conjugate aemi-axia is — CA^* 

PBOPOftlTION II. 

64. Any two conjugate diameters of an (quilateral hyperbola 
make complementary anyles with either axis and niake equal 
angles vnth either asymptote, 

(i) If F he tasy point on the direetrix and 8Z be at right 
aag^ to 8Vf it is evident that OV and 8V are eqaaOj 
mdined to the axis and OV and 8Z make oomplementaiy 
angles with the axis. The proposition then foUows at once 
as a special case of Art U; it may also be proved inde- 
pendently as below. 

(ii) Let Q and q be any two poiuta.on the curve, QM and 
qm their principal ordinates, 0 the middle point of Qq and 
OL its ordinate, qK a parallel to the axis meeting QM in 
and n the point in which Qq meets the axis. 

Then since QM*-\-CA* is e^ual*to CM'' and £m'+CM' 
to Oin\ 



Q 



v/ 






1 









therefore Q3P - qm* = CM* - Cm*, 

or QM'^gm : Cif-f Cbis CM-** Cm : QM^qm^ 

that is to say, 

20L : 2CL = qK: QK, 
or the angle OCL\b equal to the angle qQK. 

J 
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Henee if tiie cbord Qq be parallel to • fiand diametori tiw 
loeoB of itB middlA pmnt 0 will be a aeoond fixed diaaetery 

and the indinatioiiB of the two diameters to either axis will 

be complementary, and their inclinations to either asymptote 
will therefore be equal, and couvcrseljr. 

OoreUarjf I. 

It is evident that any two diameters which are either 

conjugate or at right angles must Ho on opposite sides of an 
asymptote, and therefore that one of the two and one only- 
meets the curve. It is likewise evident that if two equal 
diameters be taken on opposite sides of either axis, the one 
will be equal and at right angles to the conjugate to the other| 
and oonverseij that any tujo diameters at right angles are eguaL 

OaroUary 2. 

If the normal at P meet the axes in O and g and the 
conjugate diameter in .F, it ia evident that FCQ is an ifloaceies 




triangle having eadi of ita angles at O and O oomplementaiy 
to FOG^ and hence that PC7«P(7->i^, or P is in this ease 
the centre of the drde of Art. ft9« Heooe or bj Art. 45, Cor. 1 
the normal ia also equal to CD, 

CoroUarjf 8. 

2%e angles heiween emy two HamOtin or otorc2r ors tgjmoX io 
the angles hetuteen As dkmUers oovyugaJts AerOo. For example, 
if FQ and PQ be any two chords drawn from the same point P 
on the carve and FQ and P*^ be the chords supplemental 
to the former from the further extremity P' of the diameter 
through P, the angles between the iurwer will be equal to 
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angles between the latter (Art. 44), or any chord QQ of an 
equilateral hyperbola subtends at the extremities of any diameter 
PP* angles lohich are either equal or supplementary. It will be 
Been that the angles subtended are supplementary when the 
diameter and the chord intersect within the dure (as in the 
figure of Prop. lY.) and ^gual when they intersect without 
the cnire. 

Corollary 4. 

The locus of the centre of an eguilateral hyperbola drcum^ 
msnSbing a given triangle is its nine-point circle^ aijMse tilO 
diameten to the middle points of its sides contain two and two 
the same constant angles as the sides to which they ara 
conjugate.* More generallj it may be shewn that tke drcum- 
wibed circle of any weff^eonjugait triumgU poMm through lAs 
csnfrfl^ since the diameteis to its angular points ara conjogate 
to the directions of its opponto sidsSi 

PB0F06ITI0N lU. 

66. Tk$p9iji6Gtion$^m^ twoeot^ugaie 9^ 
oases an dUimaiefy ejual io one murtker^ and the trimgU 
tttUbH ikeif art o^fooefit smZss ts qfamUani arw, 

(I) If CP and CD be conjugate semi-diameters, and 
and J)Ii be principal ordioates and Dn an ordinate to the 




* Sinoe each side and ita peipwMHcglwr ooMtttnto » hyperbola (Art. 54), thab 
tntewectkM bdong to tba abofe looos: hnoe » fintfi praof tliat the fwt cf «Im 
pi^anaiadm Ito CO ti» obda vUdb UMObi flw rfdMi 
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conjugate axis, wc have to shew that Cn or DR is equal to CN 
and that CR is equal to PN] which follows at once from the 
equality of the radii CP, CD and of the angles PCW, DCn 
(Prop. II.). 

lience also by Prop. I., 

(ii) The triangleB 2>Ci2 and PO^ being eqiud,tfaerofore 

A (DCR + DOP- COR) = PCN+ DOP- COR, 
or ^CD = DRNP=^ i ( CB) (CN- OB) 

which is an equivalent of the theorem fhAt the conjugate 
circaniicribing parallelogram of an equilateral hyperbola is 
equal to 401' (Art. 46). 

PBOFOfllTIOH IT. 

66. ^ haaB pf a triangle and the Bum or d^ffkrtnm <^ iU 
hut angles being given, the looua ^ «to vertex ie an ejuUaieral 
eonie,* 

(i) If the base and the sura of the base angles of a triangle 
be given, the third angle is constant and the locus of the vertex 
is a circle. 

(ii) Let P'CPbe a fixed diameter of an equilateral hyper- 
bola, V any point in CP produced, and Q any point on the 
curve. Then since QF and QP' are supplemental chords, 
the sum of the acute angles which these make with the 
axis is equal to a right angle (Prop. ll), and the sum of 
their inclinations to the fixed diameter PP^ is therefore 
ooDstant. 

The latter constant is at once seen, viss. by removing Q 
to infinity, to be equal to iwioe the angle wAtcA the nearer 
aeymptoie makes wilfh PP'« 

• Thia proposition forma prob. 35 of the Artthmritcn I'nirrrsnh's, and was Bug- 
gcstcd by Eucl. ill. 21, as is shewn by the preamble : ** Ubi angnlus ad Terticem, aivo 
(quod pcriude eitt) ubi summu oDgalomm ad basem datur, docuit Euclides locum 
Tertiob tmo dnnunferentiMn dieali; propomimos igitur inveDtfaMnm lod ubi 
diSoNBtiA angulorum ad baaem datur." Newton alao stated the oocoUaiy givai 
aboftt in the text for the caw in which the subtended angles are eyua/. 
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It follows that the angle at P or Its supplement, in the 
triangle QPP\ exceeds the angle at P' or its supplement by a 
constant quantity; and conversely, that if the base PP' of 
a triangle be given and the angle at P or its supplement 
exceed the angle atP' or its supplement by a constant quantity, 
the locus of the vertex Q of the triangle will be an equilateral 
hyperbola whereof FF' ia a diameter, aa waa to be proved. 

• 

Hence it may be deduced that the angles which any 
chord ot an equilateral hyperbola subtends at the extremities 
of any diameter are either ccjual or supplementary, as was 
shewn independently in Art. 64, Cor. 3. . 

PBOFOfilTION V. 

67. At any pot'nt of an equilateral hyperhola the ordinate 
to any diameter whicJi )nceti>- the curve is a viean ^ro^rtional 
to the ahscissps on that diameter. 

Let QVbii the ordinate of any point Q on the curve to the 
diameter PP' ; tlien since the directions of PV and QV and 
likewise the directions of PQ and P'Q arc conjugate, the 
angle PQ V is equal to QP' V (Art. C I, Cor. a), and the triangles 
PQ V and QP'Vt^ similar, so that 

therefore QV^ is equal to PV.P'Vqv CV'-CP\ 
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Bj changing the aign of OP* we obtain the ooneaponding 
property, TUfc 

of a diameter whidi does not meet the curve in real points. 

pBOPonmoN Ti. 

77ie product of the segments of any chord drawn through 
a fixed point to an equilateral hyperbola varies a» ike square of 
the parallel radius. 

Let QQ' be any chord drawn through a fixed point 0 and 
V the middle point of QC/^ and let CP be the semi-diameter 
parallel to the chord, g the point in which CO meets the curve 
or the conjugate rectangular hyperbola, and gy the ordinate of 
q to the diameter CV. 

Then by Prop, v., taking for example the caae in which 
CF and Cq are tenninated by the cunre. 




Hence OV*- QV*+ CP* : CP«- OV* : CO" : C/, 

which is a constant ratio since 0 and q are fixed points. 

It follows tiaX OV-QV or OQ.OQ' varies as CF% and 
MROR be any second petition of the chord and CF the radins 
parallel thereto, 

OQ.OQ : OB.OR^OP* : CP^. 
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PROPOSITION VII. 

60. ^ OA equQaival hyperbola eirewmer^bu a triangle tie 
paetea tkravgh ile orihooentre^ and amvendy/* and every eonie 
which jKMMt through Ae four pointa qf oonootsne qf tuo equi' 
lateral hyperbolae ie itetff an equilaieral hyperboUu 

If ABC be any triangle and AD one of ito perpendicnlani 
any equilateral hyperbola which circamacribes the triangle will 
have its diameterB parallel to AD and BO equal to one another. 




The hyperbola therefore meeta AD again in a point 0 
nich that 

AD.DO = £D.DO; 

that b to say, it paaaes either through the orthoeentre of the 
triangle or through the point in which AD produced meets its 
drcnnucribing circle. 



♦ This theornn waaderircd from Pascal's hcxagjnm in a memoir by Mil. Bri- 
AVOHON et PoffOKLBT contributed to Gcrgonne's Annalts (tome XI. pp. 206—220) 
irtCheoomiiieaoeaMtttof the 7(»r 1821, undflr the title: Rteh^^ti^§m'htUl $rmima iam 
(f unc Ihjjterboh EquUatert, au moyen de quatrt condition* tfonn^*— Tiz. thus. Let a 
hyperbola be described through A, B, C, and the orthoeentre 0, and let E and F 
be the two points at infinity on the curve ; let I, K denote the three points of 
ooneonne {AB, OB), {EF, CB), (A F, CC^ ; then BfK is s atnight line parallel to BC 
(since / is at infinity) or peq>endicular to A O, whence it leadily foUows thBt H is the 
orthoeentre of the trian[j;U; AOK and that OK the din-ction of one asymptote ia at 
right angles to AK or OF the directiuu of the otiu-r. llie remaiiwlcr of Prop. rii. 
follows independently from the fact that by adding together two eipeitioos of the 
idem a(x' — jr') + &e + cy + <l = 0 we arrive at a third equation of the same form s 
the property of the orthoeentre of any triangle is a tpecial case of this latter thwrnrn 
(Alt. 64). See Prof. Cay ley's \ot« on tAs Rtctungular Syperbola in the Os^ardf 
Camirid^, and 1MH» Mmmu/tr oj M^kmttk *, tel. I. p. 77 (1862). 



Digitized by Google 



176 TBB EQUILATERAL HTPEftBOLA. 



Bat it cannot pa«8 throogfa the latter point, for if so AD and 
BCwoM be equally inclined to its axes (Art. 16, Cor. 2) and 
parallel to its asymptotes, and either B or C would be at iufinitj : 
it therefore passes through the orthocentre. 

Conversely, any conic which passes tlirougli the three angular 
points and the orthocentre of a triangle must be an equilateral 
bjrperbola. 

Moreover, if three of the points of intersection of any two 
equilateral hyperbolas be taken as the vertices of a triangle, 
both curves will pass through its orthocentre ; and therefore 
every conic through their four points of concourse must likewise 
be an equilateral hyperbola. 

From this proposition it is manifest that when three points 
of an equilateral hyperbola are giTea a foorth can be found; 
and hence that when four pomti are given the carve is in 
general determined. 

Corollary. * 

If DA C be a right angle, the points A and 0 coaleeoe and 
AD touches the curve at A, Hence the tangent at any point 
^ on an equilateral hyperbola may be determined by drawing 
any two chords AB and ^0 at right angles and drawing AD 
perpendicular to BO* If ^ be a fixed point, BC ia constantly 
parallel to the normal thereat* 

PROPOSITION VIII. 

70. Hie product of the distances from the centre at vthtch any 
tangent and the ordinate of its point of contact to any diamekr 
meet the mme it conetant; and the product of the interc^s an 
any tangent between the curve and any two conjugate diameters u 
tgwd to fkt square <^ the parallel radiite. 

0) Let the tangent at Q meet any diameter OF m and 
let QKbe an ordinate to that diameter. 

Then since OP and OQ are conjugate to QV and QT 
respectively, they contain equal angles (Art 64, Cor. 3], so that 



* TliellidlpdiitoQtlieiioniMl(Bz.279) throagh whidiACpMMS is otherwlie 

8ccn to be at infinitj since when AB and AC an pualld to the aiijmptotes BC 
beoomet the ftrMght lifle ax, infinity. 



Digitized by Google 



THB BQUILATEBAL H1PEBB0LA. 



177 




CV: QV^QV: VT. 
Tbeieforo CV.CT^CV*^OV.VT^CV*'-^QV* 

- CP\ 

fii) If the tangent at Q makes intercepts CTand Ct on any 
two coojugatc diameters, it may be shewn in like manucr that 

or QT.QtmCif'^Olf^ 
when CD is the nidiiu oonjogate to OQ, 

flOHoiinx. 

An excellent machine for describing any number of Bectav- 
OVLAX HTPBBS0L4S havuig the same asymptotes was oonstnietsd 
by Mr. H. H. S. Cunynghame, of St John's College (1873), on the 
following principle. Lot a fixed straight lino meet the axis of a 
rectangular hyperbola at right angles in Hi from any point P on 
the ourre draw PIf and Piv perpendicular to the fixed line and the 
axis; and on CiTprodnoed take MO equal to CA, Then 

oif + par- C2r+ par- ch; 

and conversely if 0 be a fixed point and MP a variable perpen- 
dieolar to Hie fixed line SMj then provided that the ImgOi OMP 

is constant the point P will describe a rectangular hyperbola, and 
its centre C, wliicli is dotorminod by taking II C equal to OMP, 
will be ind'-pentl'-nt of the disfancc Oil. The machine itself consists 
of a lixod bar JIM and a sliding cross bar placed in a horizontal 
plane: a string fixed at 0 is Iropt stietehed 1^ a weight in the 
directioii OMPi and a pencil attached at a point P to the string 
traces an arc of a rectangular hyporbola by the motion of the 
cross bar. By varying the length Oil any number of rectangular 

N 



178 



EXAMPLE). 



hjpeibolas having the same asymptotM can be traced with the 

same length of string. 

In a noto On the 2Ieehanical Deicn'ption of the Carietian, by J. 
Hammond, Batht £ngland {American Journal of Jlathrmafics, pure 
and appUedj vol. i. no. 3, p. 283, 1878), the following, applicable to 
the Hyperbola, is given. Sappoee two thin circular d^sca A and 
B rigidly attached to each other to lotatc ubout their common 
centre, and suppose the opposite ends o£ a ilue string (which paasea 




through small rings at C and D and is kept stretched by the point 
of a pencil at /*) to bo unwound from the two discs. Thou will the 
increments of the lengths CP and D2* bo as the radii a and b of the 
disos, and P will deaoribe a eiir?e having the property 

a. DP-b. CP = a constant, 

which becomes a hyperbola when the discs are equal. If one end 
of the string be wound on to its disc whilst the other is unwound 
the carve traced will have the propertgr 

0 . b . CP- a constant, 

and will become an ellipse when the discs are equal. 

The mechanical description of the ellipse by the property of 

Ez. 219 was efifocted by Guido UbiiKli,*' who was considerea to have 

made an important discovery ; but the property is montionod by 
Proclus (on Eucl. i. dof. 4) as was remarked in tho first volume 
of tho ^rarium Phtlosophia Matkematicuif uuctore Mario Bettino, 
lib. I. pp. 88 — 45 (Bononiflo, 1648). 

EXAMPLES. 

461. Trace the locas of the middle point of a straight lino 
which cats off a constant area from a comer of a square. 



* Ouidiubaldi Planisphaeriorum Univeriolium Theorica, Lib. ii, end (Piaauri, 
1679). 
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462. Place in a rectangular hyperbola a chord which shall ' 
be equal to and be bisected by a diameter of given length. 

463. The chords eonnecting the ends of a fixed diameter 
of a euble and of anjr doable ofdmate id die same intersect 

upon an cqoilateral hyperbola. 

464. In the rectangular hyperbola the diameter conjugate 
to the normal at any point b at right angles to the diameter 
through the point; any two diameters at right angles bisect 
chords at right angles, and oonyersely; and any chord sab- 
tends equal or supplementary angles at the extremities of 
a perpendicalar chord, 

465. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle is upon the inscribed circle of tho 
triangle, and the ceutrc of the circle is on the hyperbola. 

466. The tangents drawn from opposite foci of a hyperbola 
to any circle which teaches both Inranches intersect apon one 
of two rectangolar hyperbolas, each of them having one asymp- 
tote in common mih the original hyperbola and having the 
line jouiing the foci of the latter for a diameter; and these 
two lectang^ar hyperbolas will coalesce if the original hyper- 
bola be rectangular. 

467. If two points F and Q move with equal velocities 
along the arms AB and BC of a right angle, the one starting 
from A and the other simultaneously from Bj and if A A' be 
drawn equal to AB and in the direction opposite to BQ^ shew 
that A^I* and AQ intersect upon a branch of a rectangular 
hyperbola, and determine its centre and ai^mptotes. 

468. The circles described upon the six common chords of 
any two rectangular hyperbolas as diameters cat one another 
ortiiogonally in opposite pairs. 

469. If a parallel to either asymptote of a rectangular 
hyperbola meet any principal doable ordinate PQ in 0 and 
the carve in S, shew Aat 

£iOCM^iOI\OQ. 

M2 
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470« Of two chords at right angles or conjugate in direction 
in an equilateral hyperbola one and one only is a chord of a 
single branch. Explain the apparent failure of the proof of 
Art. 10, Cor, 2 which arisesi from the equality of diameters which 
are conjugate or at right angles in the equilateral hyperbola;* 
and shew that no circle can intersect the curve or its asymptotes 
at the extremities of a pair of chords which are parallel to two 
such diamotera. 

47 1. The foci of an ellipse being situated at any two diame* 
trically opposite pomts of a rectangolar hyperbola, shew that 
the tangpeots and normals to the ellipse at the points in which it 
meets the hyperbola are parallel to the asymptotes of the lattery 
and shew that the tangents to the ellipse from any point of the 
hyperbola are parallel to conjugate diameters of the latter. 

472. If CA be a semi-axis of a rectangular hyperbola, and 
a perpendicular C F be drawn to the tangent at P, the triangtes 
AGPsokd ^Or wiU be similar. 

473. Prove that the feet of the perpendiculars of any triangle 
arc a conjug&te triad with respect to any equilateral hyperbola 
which circumscribes the triangle ; and shew that the same result 
may also bo deduced from Example 76. 

474. Given a chord of an eqmlatend bypeibola and the 
polar of a given point on the chord, shew how to determine 
two other points on the cnrTe.t 

475. The circle described on the line joining the foci of an 
equilateral h3rperbola as diameter meets the asymptotes at points 
lying upon the tangents at the vertices; and the circle described 
about auy point on the conjugate axis as centre so as to pass 



* It is only ill Maov^BM with tt oonvontjon which is not BtricUy accumtc that 
euch diameters arc paift to Vic pqual. See Cliap. iv, Pcliolium C, p. lOl. If ABC he 
a triangle aimultaneooaly inscribed in a circiu and on equilateral hyperbola, and if 
the perpendienliir from A to BC nraet the drde in I>, the hyperbola in £, and SC 
tt«af in then /'B . = /"^ . /T) = - . /"A'. 

t On the given cliord AS as dirunetcr dc?cril>p a circle cutting the polar of the 
given ]>oint 0 in A' and Yi tiicn will the points (AX, BY) and {AY, £X) be the 
exttemities of the dxnd through 0 tfc ri^t aagte to AS. 
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through the vertices meets the curve again at the extremities 
of one of its own diameters. 

476. If PQ and FQhe any pair of sopplemental chords of 
a raotangQlar hyperbola, and if the tangimt at Q and its ordinate 
to PF* meet that diameter in T and shew that the biaectore 
of the angle PQP' are parallel to the asymptotes, the segments 
OP and TP snbtend eqnal angles at Q, and the drcle aroond 
OQTUnuhm QV, Shew also that any chord sabtends snfkple- 
mentaiy angles at its pole and the centre of the carve, and that 
tiie inclinations of any two tangents to their chord of contact 
are eqoal or supplementary to the angles which fhey subtend 
at the centre. 

477. If a conic pass through the centres of the four circles 
which touch the sides cf a triangle it must be a rectangular 
hyperbola, and its centre will lie on the circumscribed circle of 
the triangle. 

478. The foci of all the ellipses which can be inscribed in a 
given parallelogram lie on a rectangular hyperbola passing 
through its four Tcrtices. 

479. The lines connecting the extremities of any two chords 
drawn through a focus parallel to conjugate diameters of an 
equilateral hyperbola pass through fixed points on the asymptotes. 
Examine the cases in which the focal chords coalesce or are 
parallel to the axis. 

4S0. The axis of the rectangular hyperbola which touches 
an ellipse and has its axes for asymptotes is a mean proportional 
to the axes of the ellipse. 

481. Construct a rectangular hyperbola having given the 
centre and a tangent and a point on the curve, or having given 
an asymptote and a tangent and its point of contact, or having 
given a diameter and one other point on the curve. 

482. The common tangents to the circles described on any 
two parallel chords of opposite branches of a rectangular hyper- 
bola as diameters subtend right angles at the extremities of the 
diameter which bisects the chords. 
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485, If two right anglM revolve about opposite extremitiet 
of a diameter of a rectangoUr hyperbola so tbat the pomt of 
oonoonne of two of their arms is always a point on the curve, 
their other two arms will make equal intercepts on the normal 
at that point, and will themselves intersect upon die curve* 

484. Tangents (or normals) are drawn in a given direction 
to a series of confocal conies : prove that the points of contact 
lie on a rectangular hyperbola passing through the foci and 
having an asymptote in the given direction. 

485. The lines connecting the extremities of any chord and 
any diameter of a rectangular hyperbola intersect in two points 
which are concyclic with the extremities of the diameter : deter- 
mine the condition that they may intersect on a Jixed circle. 

486. Fmd the points on an equilateral hypeibola at which 
the normal b parallel to a given chord. 

487. The locus of the pole of any chord of a parabola which 
subtends a right angle at the focus is a rectangular hyperbola. 

488. The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa; the tangent from the foot of 
the ordinate to the auxiliary circle is equal to the ordinate; the 
projection of the normal (terminated by either axis) upon either 
focal vector is equal to the semi-axis; and the intercept made 
on any tangent by the as^'mptotes subtends a right angle at the 
point in which the normal meets either axis. 

489. Any two supplemental chords of a rectangular hyper-* 
bola form an isosceles triangle with either asymptote, and con- 
versely. 

490. Any two conjugate diameters of an equilateral hyper- 
bola contain equal and similar triangles with the ordinates and 
abscisstt of their eactremities to any other diameter. 

491. The sum or difference of the inclinations of any two 
conjugate diameters of an equilateral conic to a fixed diameter 
is constant : distinguish between the several cases. 



Digitized by Google 



« 



183 



492. Any circle drawn through the extremities of a diameter 
of a rectangular hjrperbola meets the curve again at the extre- 
mities of a diameter of the circle, and its tangents at those points 
arc ordiuatos of the diameter of the hyperbola. 

493. The circles described on parallel chords of a reetaognlar 
hyperbola M diameters have a common radical axis. 

494. The ends of the equal conjugate diameters of a series 
of confocal ellipses lie on the oonfocal rectangular hyperbola. 

495. The straight line joining tho feet of the perpendiculars 
from any point of a rectangular hyperbola to two conjugate 
diameters is parallel to tho normal at the point. 

496. The opposite arcs cut off by any two diameters of a 
rectangular hyperbola subtend equal angles at any point on 
the curve. 

4 

497. Any two rectangular hyperbolas so placed that the 
axes of the one coincide with the asymptotes of the other inters 
sect at right angles, and each of their common tangents subtends 
a right angle at the centre; and if two tangents to a pair of 
conjugate rectangular hyperbolas be at right angles, the straight 
line joining then: points of contact subtends a right angle at the 
centre. 

498. If on opposite sides of any chord of a rectangular 
hyperbola equal segments of circles be described, the four points 
in which the completed circles meet the hyperbola again will 
be the ang^ar points of a parallelogram ; and if parallels be 
drawn from any point on a rectangular hyperbola to the sides 
of an inscribed parallelogram, they will meet its opposite sides 
in two pairs of points lying on a circle. 

499. The foot of the local perpendicular upon any chord of 
a rectangular hyperbola which subtends a right angle at the 
focus lies on a hxcd straight line. 

500. The normal at any point P of a rectangular hy perbola 
meets the curve again in Q, and is a chord parallel to the 
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Dormal: prove that PRj QR and P£!^ QR intersect on the 
diameter at right angles to CP.* 

501. In anj right angled triangle inscribed in an equilateral 
hyperbola the perpendicular upon the hypotenuse is the tangent 
at the right angle. Hence shew how to find a third point on 
the curve when two points and the tangent at one of them are 
given; and shew that the curve Is determined when two points 
and the tangents thereat are given, or three points and tlie 
tangent at one of them, or two points and the tangent at one 
of them and a second tangent. 

502. Qiyeo the middle points tod the directioiis of two 
diords of an equilateral hyperbola, the two pomts and the 
intenectton of the parallels tbrongh each point to the opposite 
chord determine a eirde which passes through the centre of 
the hyperbola. 

503. If through each of two points a parallel be drawn to 
the polar of the other with respect to an equilateral hyperbolsi 
the circle through the two points and the intersection of the 
parallels will pass throagh the centre of the hyperbola. 

504. Given the centre of a rectangular hyperbola and a 
self-conjngate triad, determine its aBymptotes.t 

505. Two equilateral hyperbolas can be inscribed in a given 
quadrilateral, and their centres are at the points in which 
the dlamctcr| of the quadr'datcral meets the circumscribed circle 
of the triangle formed by its three diagonals. 



• Bnmpta 471, 48S, 484»40»-600 and othon am fram Wotatadioliiirfi JfoO*- 

nutfico/ Problems. 

t If C be the centre and P(iR the oonjugate triad, let CP meet QR in and 
upon QR take points Q' and Hf woA that CfV^ iPFa CF; th«n will C<X nd OX 
te tbs ny mi i tote fc Hie following method appUat to ftw geHttat hjpaMM (Bx. 466). 
Dmw CP', CQ', CR' parallel to QR, RP, PQ, and find the two douhle lines off iho 
iafohlfcion determined by the pairs of conjugate rays CP, CP'; CQy CQ' ; CR, CS^. 

I a theorem of Nkwtoh (Priaeipiii, Lib. I. sect. T. lemma 25, cor. 3} the 
eentmcf all the eonloi inwaibed in a qtudriktend Ue upon theatadglit linaOBs* 672) 
whidiirahaTVcaUadtheDuMsnBof tbaqiMdiUatcna (11.I68). 6ae aho Bs. 61A. 
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506. The three pinn ef bhorie oonneeting any four pointa 

on an equilateral hyperbola tntereeet upon the circumference 
of a circle which passes through its centre. 

507. The nine-point circles of the four triangles determined 
bj four given points cointersect at the centre of the e<^uilateral 
bjperbola which passes through the four points.* 

508. Four points being taken at random in a plane, there 
exiets in general one other point in the same and one onlj 
aneh that the lines radiating therefrom to the middle points 
of the nx lines oonneoting the four points are incUned at the 
same angles as the lines which they seTerallj bisect. 

509. Given any two points in the plane of an equilateral 

bjperbola and the directions conjugate to the diameters passing 
through thera, determine a circle on which the centre lies. 
If a chord and the direction of the polar of a point upon it 
be given, this circle passes through the point and bisects the 
chord and has its tangent at the middle point of the chord 
in the given direction. 

510. Determine the centres of the four equilateral hjperbolas 
which pass through two giyen points and touch two given linee.t 

511. Given two pomts of an equilateral hyperbola and 
two tangents to the same, detmune the four positions of the 
chord of oontactt 

* Three other circles may be determined by £x. 502 and another hj Ex. 606^ 
making iu all Kioar, which pass thix)ugh the same point. 

f UA and A*hti3a» given points, C the inteteeetton of tlie tangents, and X and 
7 the points in which they meet ylA', the points .1, .1' and X, Y detennioe an 
fnTolution through one of whose foci P or Q the chord of contact of the two tangents 
most paas : let it paas t}m>ugh of which CQ will be tlie Pohw. lii&cct AA' iu / 
■nd JTIn and dsaw a eiicle througli P and / having its tangent at /parallel to 
CQ (Ex. 509). Through the second intersection of CI witli the circle draw Px meeting 
CK in X, and dni'.v the Uxngent to the circle and k-t it meet Cii in y : then the 
intersectiuoB of with tlic circle determine two of the required centres, and the 
other two ai« determined by interchanging P and d. This oonstraetion is given hj 
FONCBLKT in Gergonne's Annalet, tome XII., where he corrects (p. 244) the mis- 
statement of the joint axtioie by Biianchon and Ponoelet (XL 218j that the Jtmr rinfi 11 
to on on K circle. 

I Detennine as before the point P on the chord of contact and its pokr CQ; 

find a third point U on the cune (Ex. 474) ; and let F and F' be the fod of tho 

involution detcmuncd by .-1, I) and the pair of points in which tlic tangeotS meet 
AD, Then will J'F and PF' be two poaitiona of the chord of contact. 
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5 1 2. Givvn tbat tbe centres of all the eqaUatenl hyperboUs 

circnmscribing a triangle lie on a circle^ deduce the fundamental 
property of the nine-point circle of any triangle. 

513. The three circles whose diameters are the diagonals 
of any quadrilateral belong to a coaxal system,* whose limiting 
points are the centres of the two inscribed eqoilateral bypei^ 
bolas. 

514. The director circles of all the central conies touching 
the same four lines have a common radical axis,t which is 
also the directrix of the inscribed parabola; and if the conies 
touch but three lines, their director circles have a common 
radical centre. 

515. The circumscribed circle of any triangle which is self 
conjugate with respect to a conic cuts its director circle ortho- 
gonally :| if the conic bo an equilateral hyperbola the circle 
passes through its centre : if it be a parabola its durectriz passes 
through the centre of the cude. 

516. The base of an isosceles triangle being upon a fixed 
straight line and each of its equal sides passing through a fixed 
point, whereof one is on the fixed line, shew that the locus 

of the vertex of tlic triaiiji^K:'. is an equilateral hyperbola jjassing 
through the fixed points and having an asymptote parallel to 
the fixed line. 



* See TowNSEN d's Chegpun M <ib Moitm Q iW MS y qf Ik* Poktt, XiiM^ anil Clrnli^ 

Art, 189 (vol I. p. 253). 

t This follows from Prop, vii by reciprocation, as in the Oxford, Cambridge attd 
JhMiu Meuenfjrr of MaAmatiet, Yol. I. p. 169. A direct proof hy InTolntion ii 
given in vol. 1 11. p. 31 of the same, by "W. K. C." [Cl:p»oud.] 

J It may bo shewn tint llio circuniimribcd circle of V.:(- traiif'le formc^l by the 
throe diogoaala of a quadriluttiral la orthogonal to the circles on its three diagonals 
at diametem. Ef. 615 then follows -with tiie help of Ex. 514 by regarding the ridea 
of any self conjugate triangle as the diagonals of a qiKVLlriIat<.>ral which envelopes 
the conic. This tlieorem is due to OaskIX, who proved it by tbc CarN -ian method 
in his work (p. 33} already referred to in the note on Ex. 458. Eight years later 
the equitalent theorem : " On domte «n triangb confugue d mm ePipie,,.ta tangeHl$ 
memie d» eetUrt de l*eUipte au etrdi eireoMcrU au triatiyle est igaU h la eorde dm 
quadrant d'ellij/sf," was proposed by Cap. Faurc a.^ Qiu^t, 624 in the .Vo«re//« 
AnnaUi, tome XIX. p. 234 (1860). Sec alao X12. 290, 345; XX. 25, 77; t. 308 
(2me 86xie). 
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517. If through five concycUc points taken in fonre five 

equilateral hyperbolas bo drawn, their centres will lie on a 
second circle of diameter equal to the radius of the former. 

518. The loens of the centres of all the conies which pass 
through four gives points is a oomc Prove that the locos 
will rednce to a wrek if any two of the conies throagh the 
four pobts be equilateral hyperbolas, and to an eqwUOavl 
hjfperbola if the four points lie on a circle. 

519. The angular points and the centroid and orthocentre 
of any triangle determine ten triangles whose nine-point circles 
meet in a point; and this point lies on the circumferenee of 
the maximum ellipse that can be inscribed in the original 
triangle.* 

520. Shew that the centre of any equilateral hyperbola 
inscribed in au obtuse angled triangle lies upon the circle 
with respect to which the tiiaiigle is self conjugate. 

521. The angular points of a triangle and the extrenuties 
of any diameter of its circumscribmg circle, taken four together, 
determine five equilateral hyperbolas whose centres lie on the 
nine-point circle of the triangle. 

522. A variable triangle circumscribes an equilateral hyper- 
bola and its nine-point circle passes through the centre of the 
curve : prove that the locus of the centre of its circumscribed 
circle is the hyperbola in question. 

523. Prove that the opposite sides AU and CI) of a paral- 
lelogram inscribed in a rectangular hyperbola subtend either 
equal or supplementary angles at any point r on the curve j 
the circumscribed circles of the triangles PAB^ PIJCj FCD^ 
PDA are equal; and the product of the perpendiculars from 
F to each pair of opposite sides of the parallelogram is the same. 

524. With the extremities of any diameter of the circum- 
scribed circle of a triangle as foci two parabolas are drawn 



* Sec Mathematical Questions, 4<!./r«m the Educatiokal Timks, toI. iv. p. 89. 
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toQchlng the ades of the triMigle; prove that the tangents at 
their vertices are the aaymptoteB of one of the series of reel* 
angular hyperbolas which pass through the Tertiees of the 
triaogie. 

525. Given tlie base of a triangle, prove that if the bisectors 
of its vertical angle be p.arallel to fixed lines, or if its two 
sides make equal angles with two fixed straight lines, the 
locus of its vertex will be a rectangular hyperbola whoso 
asymptotes bisect the base of the tnangie and are parallel to 
the bisectors of its Tertical angle. 

526. Given two fixed tangents to a Tariable parabola and 

a fixed point on its axis, prove that the locns of its focus is 
a rect«angular hyperbola having its asymptotes parallel to the 
bisectors of the angle between the fixed tangents and its centre 
at the bisection of the lino juiuiog their point of concourse to 
the fixed point on the axis. 

527. If a reetangnlar hypeibola has doable oootact with 
a parabola, the line joining the interseetion of their common 
tangents with the centre of the hyperbola is bisected by the 
directrix of the parabola. 

528. The circle described with any diameter of an eqfd- 
lateral hyperbola as radius meets the curve again in three 
points which determine an equilateral triangle ; and conversely, 
the circnmsraribed circle of any equilateral triangle inscribed 
in an equilateral hyperbola has one of its radii coincident 
with a diameter of the hyperbola. If OA and OB be the 
bounding radii of a circular arc AB^ shew that a point of 
trisection of the arc lies upon the rectangular hyperbola which 
has OA for a diameter and passes through the point of con- 
course of OB with the tangent at A to the cirde. Deduce 
from the above that the problem, to trisect a given angle, admits 
of three solutions. Prove also that that if pomts P and Q be 
taken on AB sach that 

arc JP=2 arc BQ, 

the intersection of ^Pand OQ will lie on the hyperbola. 
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529. A pair of mean proportionals to two pven magnitudes 
m and 7i may be found as follows. Describe a parabola of latus 
rectum equal to //i, and with its axis and the tangent at its 
vertex as asymptotes describe a hyperbola whose semi-latus 
rectum Is a mean proportional to m and 2/j ; then will the 
distances of their point of concourse from the asymptotes be 
the two mean proportionals which were to be found.* 

530. The eircle described on any radius of a rectangnlar 
hyperbola as diameter , meets the curve in two points whoso 
distances from the asymptotes are in continued proportion; 
and conversely, the hyperbola drawn through the point of 
concourse of two sides of a rectangle so as to have the other 
two sides for asymptotes meets the circle circumscribbg the 
rectangle in a second point whose dbtances from the asymptotes 
are a pair of mean proportionals to the sides of the rectangle. 
Hence shew how to find a pair of mean proportionals to two 
given magnitudes.t 

531. The difTference of the ordinates of the points in which 
any tangent to an equilateral hyperbola meets the directrices is 
to the dltrerencc of their distances from the centre as the tliagonal 
to the bide of a square ; and their distances from the centre are 
to one another as the focal perpendiculars upon the tangent.j; 

* lUs co mtr nction also (oL Ait. Oar.) fa Meribed to Heiuwehiniii. 

t The Delian problem of the Duplication or the Cubb (le. the oonstroctioii 
of a cube of twici; tlic volume of a given cube), which so exercised the ancient 
' geometers, was nxlucod b/ Hippocrates of Chios to the problem of fading a pair 
of mam proportionab to two giTon magnitudes (Art. SO, Oor. and Exx. 482, 529, 680). 
See Rtimer's UUtoria ProblematisdeCxjBl DrPLiCATiONH (Guttingnj, 1798); Walton's 
J'rnhhmx in illustration of the prinrlples of Plant Coordiiuite Geometrt/, p. 157 ; 
Bretsclineider's JJte (Jeometrie und die Gcomeier ror Eoklidks, § 78. The method 
of Bx. 680 fa employed in Oi%oira da St Yineoifa 0pm Getmuirietm (ttadtattwrn 
Circuli (lib. TI. prop. 138, p. 602), and elsewhere. The TniaBCTION or THE AirOLE 
(Exx. 308, 390, 528) like the former problem is equivalent to the eolution of a cubic 
equation, and either maj bo effected hj the intcrsectioa of a dicle with a parabola 
as was proTed, in the thiid book of bta Geometria, by Dk3 GaRTM; who Itetliar riiem 
that Kolid pvoUema in general can be reduced to the aaae two coastmetioM, and 
gives his reasons for concluding a priori that "Problematn SoKda eotutrm IMH posrint 
ahsqw Stdionibtu Conicis, nec quce magit eompotita $tuU tiae aSM Matir, magit 
cimpositU." 

X Exx. 581—7 tire from Booth's New Geometrical Methods, i. 291—2 and i. 348 ; 
Exx. 538—40 from Gregory St. Vincent's Qpm (Taom. Quadrat, Ciradi, lib. ti. 
profe. 146, 156, 166 (pp. 606>16). 
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53^* The auxiliary circle of an equilateral hyperbola is the 
envelope of the linps joining the points in \sblch any two diamctCR* 
at right angles meet the curve and its directrices respectively. 

533. If taogents be drawn to an equilateral hyperbola from 
a point on one of its directrices and their chord of contact be 
produced to meet the directrix, the intercept npon it between 
the chord and the pomt will sabtend a right angle at the centre ; 
and If the tangents be drawn from anj point not on the direetriz, 
the focal distance and the polar of the point will intercept on the 
dtreotrix a length which sabtends a right angle at the centre. 

534. The intercepts on cither directrix of an ec^ulhiteral 
hyperbola between any chord and the taugeuts at its extremities 
subtend equal angles at the centre. 

535. The chords drawn from any two fixed points on an 
equilateral hyperbola to a variable point on the same intercept 
on either directrix a length which sabtends a constant angle at 
the centre, the constant angle being a right angle in the case in 
which fixed points are theyertices; and the angles subtended 
at the centre bj the intercepts on the two directrices are together 
equal to the angle subtended bj the chord joining the fixed 
points. 

536. If a right angle revolve about the centre of an equi- 
lateral hyperbola, the abscissa of any point on either arm varies 
inversely as the abscissa of the point in which its polar meets 
the other arm. 

537. If a diameter of a parabola meet the curve in P and 
the directrix in ^[ and a length MPQ be taken on it equal to 
the normal at P, the locus of Q will be a rectangular hyperbola 
having its centre at the vertex of the parabola. If M'F'Q 
be any second position of MFQj shew that the hyperbolic area 
QMM'Q is equal to the product of the arc FF' oi the paraboU 
and its semi-latus rectum.* 



* When the diamctcrH are confecutive the diatanoe be t wwm them is to the mo 

PP' as the subiiormiil at /* to the normal, whence the required result readily follows. 
Thus the (^UADaAiu&B of the HyperbolA is reduced to the BsatutiOAiios oi the 
Finbok. 
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538. A hyperbola having for asymptotes the axis of a 
parabola and the tangent at its vertex cuts the parabola in 0, 
and APQ is drawn from the vertex of the parabola to meet it 
in Q and to cut the hyperbola in P; prove that if the ordinate 
of Q cut the hyperbola in it', the scj^inent AOPla equal to one- 
third of the segment APli\ and if from the latter segment 
AO'P be cut olf equal to one-third of its area, then will A(y 
and the ordinate of 0' meet QR and AQ rcspectivelj on a 
parallel through 0 to the axis of the parabola. 

539. If from any two points Q and Q on the above hyper- 
bola parallels be drawn to its asymptotes meeting the curve in 
3/, M' and N, N', the areas OQM, OQNj OQ'M', OQ'^' will 
be proportionals. 

540. If ifarongh the point Q a aeoond parabola be drawn 
hanng the aajmptotes for ita axis and the tangent at its Tertezi 
the arcs of the two parabolas will trisect the area QMN, 

sron oir tsb mn-voniT onaLB* 

The property of the Nine-point Circle was stated and proved by 
Brianchon and Poncelet in uergonne's Annalet, xi. 315 (1831). 

Seo above, p. 175, note. Tho property may be verified asBOg^festea 
in Ex. 512, viz. tlius. Each of tho six chords connecting a triiid 
ABC and its orthoceutro 0 (Art. 69) is a diaraotor of ouo of tho 
series of equilateral hyperbolas which can be drawn throug^h 
Aj By C: tiiese six ohoras are therefore biseetod by the locne of 
centres (a circle), which also contains the three intersections 
Dy E, F of tho chrirds taken in opposite pairs (Art. 54 and p. 171, 
note). A Bhort pruof by inversion of the theorem (Salmon's Conic 
Sections, Art. 131, Ex.), that the ning-fomt «Me of 9 trian^U iouehe* 
it» %n»cribed and exscribed ci'reks, was given by Mr. J. P. Taylor, 
Fellow of Claro College, in the Quar' rh/ Journal of Mathematics, 
vol. XIII. p. U>7. The same iiino-]>oiui cirolo touches tho slsteen 
inscribed and exscribod ciicios of the four triangles determined by 
a triad and its orthooentre. 
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CHAPTER VII. 

TBB OONB. 

71. An unlimited straight line which passes through a fixed 
point in space and moves round the circumference of a fixed 
circle generates a surface whicli is called a Cone.* The line in 
any of its positions is called a iiiidc or a Generating Line of the 
cone I the fixed point is called the Vertex^ and the straight line 
joinbg it to the centre of the circle b called the Axis of the 
ooncf 

When the axis is at right angles to the plane of the circle 
the sorfaoe generated is a Eight Cireular cone : in other cases ~ 
the cone ia called Oblique or Scalene. In this chapter we shall 
■hew that the curve of intersection of a cone with a plane is a 
parabola, an ellipse, or a hjpcrhola ; and we shall derive their 
elementary properties from the cone itself, confining oar attention 
in general, for the sake of simplicity, to the right circular cone. 

In the particular case in which the section of a right 
circular cone is taken at right angles to its axis, it is evideot 
that the section is a drde. Any circular section may be 
regarded as the Bcue of the cone. 

The Focal Spheres of any phine section of a right dreohur 
cone are the spheres which can be inscribed in the cone so as 
to touch the plane of section. Their points of contact may be 
defined as the Foci, and the btersections of their planes of 
contact with the plane of the section as the Dirwstriee* of the 

* The oomplcte oone oooaiBtB of two infinite portions oa opposite tides of the 

VMtaz. Tlic (right) cone as defined by ErcLID (IkK)k XI. def. IS) is the finite 
figure (p. 193) described by the revolution of a right-angled triangle about one of 
the udoi containing the right angle. 

f Tlift oone and its axis arc thus defined by APOLUMivf at the begfanhig of his 
TTfpl KfturiKiuw (p. 13, ed. Halley). In the oblique cone, which haf t'.vo set? of 
circular eections, this definition gives two lines, cither of which may be colled the 
" axis." In aoaljiical treatises on Solid Geometry the tenn axis is not used as above. 
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section. We shall shew that these points and lines are identical 
with the foci and directrices as hereinbefore defined. 

In what follows suppose a plane through the axis and at 
right angles to the base of the cone to be taken as the Plane 
qf Reference and the Sediim to be made by a plane at right 
angles thereto. 

TB£ OBDINAT£. 

PK0P08ITI0N I. 

72. The tquare qftke principal orduutte m jeefibfi variei 
a§ lie prodnet i^the conttptrnding (Attuaa. 

(i) Let A and A be the wtioes of the aeedoni PP a 
prineipal double ordinate meeting AA* in and let the plane 
of circnlar aeetion through PP meet OA* in and OA m 
the pobt 0 being the Tertez of the eene. 

Then'in the cirde PJST is eqnal to LN.MN, And aa ZJf 
noffei paiaDel to itiel^ MN yariea aa AN and LN miea aa 



0 




A'N. Therefore PN'^ varies as AN.A'N^ or the aqnare of the 
ordinate variee as the product of the abeciflees. 

When the section cuts ail the generating lines on the same 
side of the vertex it is an JEUipaej and when it cots both 
branches of the cone (fig. p. 199) it is a Hyperbola. 

0 
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(ii) If tiw axis AN of the section be paraUel to the lide OL 
of the ooDOi theii| in the -figure of Art. 74, since the length LN 
k eomtaat whilst NR ysries es the ahscnasa AK^ therefore PY* 
(or LN, NR) Tsries as AN^ and the'section is a PardbdUu 

Henco it appears that whatever be the vertical angle of tbo 
cone the section is a parabola, a liypcrbola or an ellipse according 
as the angles LOA and OAN are together equal to or greater 
or less than two right angles. 

Corollary 1. 

Since in the former part of the proposition 

FN* I AN. A'N^ LN. MN ; AN. A'N^ AH. AK : Ai*", 

whera AH and AK are the diameten of drcolar sections, it 
follows that ih» eanjuffole aans of the MCtum {$ a mean proportional 
to the diameters of the circular sections through its vertices^ and 
the semi-axis conjugate is a mean proportional to their radii 
or to the perpendiculars from the vertices oi the section upon 
the axis of the cone. 

Corollary 2, 

Hence it readily follows that the orthogonal projection of the 
section upon a plane of circular section is a conic having a focus 
upon the axis of the oone.* 

8Cn0I.IUM A. 

MBN^ficmcuB (or Menochmus) is said to hnvo been tlio discovoror 
of tho conic seciions, which have boon accordingly called after him 
the Menachmian Triad*. Thus Proclns in tho second book of his 
commentaries on the First Book of Euelid, writing on Dvfl 4, states 
upon the authority of Geminus : "But with respect to these 
Boctions, the conic were invented by ^rfcriechmuH (sic), whlcli also 
£ra8to8theue8 relating says, Hor tn a cone JUdti^htnian Urmriet 
tdpii^' (Ihos. Taylor^s ProtHm, i. 134) ; and see the end of tiie 
letter of Erastothenes to Ptolemy, given by Eutokius in his com- 
mentary on Archimedes, Do Sph(vr» si Cjfl, (Axohim. 6^., p. 146^ 
ed. TorelU), where tho same verse, 

fi7^ Mertj^fttlwt nfyvrofuif rptdhatf 



* Thin propirty w«b given by W. U. Talbot, ol Ctunbridge, in G«rgonn«'ft 
AnmUf, XIV. 126. 
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appears in its original context. The authorities are given as above 
in Breteohneider's, Die OeomsUr wnd dit Oeomeirie vor EukHdM, 
$116, p. 166. 

The parabola, the ellipse, and the liyperbola were anciently 
regarded as the sections oi right circular cones of dilforent angles 
by planes at right angles to their sidea^ and were accordingly known 
as the Beotions of fhe zight-angled, the acute-angled, and the 
obtuse-angled conee reepedaTdy. Afoiloniub showed that thej 
could all bo cut from one and the same right or Ft nlono cone, and 
he gave them their names Parabola, Kilif>^^, Ifyperbula, for the 
reason assigned above in Chap. iv. Scholium A, p. b2. cJoe I'appi 
Alez. CoUtdio, lib. Tn. § 30 (p. 672» ed. Hultsch); and J. H. T. 
Hiiller's Bntr&ge %ur Termimtogie dtr Grkekmhm Jfirfibwa^iiiw, 
p. 25 (Leipzig, 18G0). AucnmEDES is sometimes wrongly sup- 
posed to have employed the term Parabola, for the reason that ono 
of his treatises came to bo known by the title, 'Apx*f"i^ot;£ rtrpa- 
ymyifffiot UapapoMit, whereas thxoaghont the txeatiee the author 
uses only the periphrasis, rj rov opOoyuylov kmi^ov ro/io. In like 
manner ho calls the ellipse rj rou oivyutyiov Ktovov rofid, and the 
ezoeptional occurrence oi the term EUipMe itself in his work Jh 
Comid. H Spharoid. (lib. i. cap. 9, &c.) is rightly attributed to an 
error of transcriptioB. 

Eutokius, at the commencement of his oommentaiy on the Conies 
of Apollo JTI us (p. 9, od. Ilalley) explains the names of the three 
conies as follows.* Let LOJi be the angle of thu cone, AN the axis 
of the aeofcioii supposed at right angUi to th$ tide OS, and A the 
vertex of the section, which will be a Parabola, a Hyperbolay or an 
Ellipse, according as the angle of the cone is equal to, or greater or 
loss than a right angle. The Parabola is nocurdingly paid to bo so 
called bocauso AjV is parallel to OL : the Hyperbola bucauso tho 
angles LOA and Oj^JV together •xwed two right angles, or because 
NA falls beyond the vertex and meets tho side LO produced : and 
the Ellipse because the angles LOA ami OAX are together Ubs 
than two right angles, or because it is a dotective circle (ici/«:\oi' 
cWctir^). li however the names in question were first introduced 
hj ApoxiAinvB, it is clear that they are to be explained as on p. 82. 
lie property of the ordinate there given is used by him to discri- 
minate between tho throe conies and forms tho actual basis of his in- 
▼estigatious, so that having once obtained it he mokes iu reality 
TQiy little furtiier use of the cone. 

THE ASYMPTOTES. 

rUOPoSlTlON II. 

73. The sections of a com hy ijaralld planes are similar 
curves; and the (tstfmptotes of th hijperholic sections made 

* The passage is given in tiie Qnok at the end of Waltom*e geometrical PreMem 
(■00 above^ Si. 580, note). 

02 
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parallel planes arc parallel to the sides oj the cone which He 
on the parallel plane through its vertex. 

If EDj fixed straight lioe through the vertex 0 of the cone 
meet a pair of parallel planes in M and and if a variable 
plane through OMN meet the sectioas made bjr those planes in 
Pand then 

MPiNQ^OMz ON^ 

or the parallel vectors MP and NQ are in a constant ratio, and 
the sections arc therefore similar. 

If M and N be the centres of a pair of hyperbolic sections 
the vectors and NQ become infinite together: hence the 
asymptotes of any two parallel hyperbolic sections are 
parallel to one another, and therefore also to the sides of the 
cone determined by the parallel plane through the vertex, since 
this is a limiting position of one of the planes of section. 

Corollary. 

The angle between the asymptotes of a hjperboKc section 
caimot exceed the vertical angle of the cone; and eonTersely 
in ofder to cot a hyperbola of given eccentricity from a cone 
ve mnst take a oooe whose Tertical angle is not less than that 
between the asymptotes. 

TIIE FOCAL SPHERES. 
PBOFOfimON III. 

74. The distance of any point of a section from the point of 
contact of its plane with either focal sphere is in a constant ratio 
to the distance of (he poiyit from the plane of contact of the sphere 
with the cvne^ or to its distance from the line in which thcU plane 
meets the plane of section.* 

Let 8 be the point in which the plane of the section teaches 



* The reader who prefers to define a conk: as the section of a cone by a plane 
may define its foci and directrices by means of the focal Fplicres fp. a? Pierce 

Morton (Scbol. B) proposed to do. The pi-o|)Ofiitiun will ihen tuke the form that 
"TlMdiitonoeof aaypoiatonaoonie from eUtaerfiMai b in a oomtMit ntb to its 
dutanoe iatm the co twp o n diag diseotriz." 
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either of its focal spljcrca, and MX the line in which it meets 
the plane of contact of the sphere with the cone. 

Take any point P on the section, and let Q bo the point 
in which the aide of the cone through F touches the ^erOi 
and let FM be rappoflod parallel to the a^ia of the section. 

(i) Then the tangent Pi9 to the sphere ia equal to the 
tangent PQ^ and the perpendicdar from P to the plaike of 
contact variea aa PQ^ and likewise aa Pif ; and thereifoie 8P 
▼ariea aa that perpendicular^ and likewiae aa PJf.* 

Hence the point of contact 8 and the line MX an a FotMi 
and ZMreefruT in accordance with their definition on p. 1. 

(ii) This result is usually obtained, rather less directl/, aa 
follows. 

Having made the same construction, let the aide of the cone 
through the yertex A q( the section touch the sphere in £ 



O 




and meet the plane of circular section through P in .5; let FN 
be the ordinate of P to the axis AN of the section, and let X 
be anpposed to lie in the plane of reference. 

♦ If a and fi \Mi the inclinations of tlie axis of the cone to the axis of the Bcclion 
and to a aido of the cono reepcctiTcly, then SP = oos a . aoc » PM ; or th* eecentriritjf 
Is equal oMc.no^, tad b thm/km Knitod bjr the vertiod angle of tin eooo and 
owimI MCMif aflCjSl 
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Then sinoe BP ib equal to PQ, and PQ is equal to SE^ 
therefore 8Pia equal to BR 
Henoe and by parallels, 

SP:NX=EE:NX=AE: AX 

^A8:AX, 

or SPia to PJf or in the eonstant ratio of &i to AX. 

In the case of a bifocal conio the second focus and directrix 
are determined in lilce manneri as is indicated in the diagrams 
of Art 75. 

PJiOFOSITION IV. 

• 

75. 2%e Sinn or diffiarmoe of ihe dirtasusn of any powi om 
a HCtion from the points of eoniaet of its fiane with the fooaX 
spheres is oonstanty being equal to the interoqat made hy the pkam 
vf eontact of the spheres upon any side of the oone. 

Let i9 and JST be ^ foci, or points of eontact of the foeal 
spheres, and Q and S the points in which die spheres meet 
iho generating line through any point P oC the section. 



o 




« 
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(i) Then nooe the tangents firom P to either sphere are 
equal, iherefora hj addition in the caae of the ellipse, 

SP+HP = PQ + FE=. QR^ 
which is tho same for all positioua of Pon the flection. 

(ii) AndbymibtFactionintheoaeeof thehjpeihola, 




which is coDstanti as in tho former case. 

Corollary, 

In the first figure if OA and 0A\ drawn from the vertex 
of the cdne to the verticee of the section, touch the ^S^sphere 
In £ and then 

or OA ~ OA is equal to SIL In the second figure it may bo 
ahewu iu like maimer that OA + OA \& equal to SU* Ileuce 
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tin wouA nd ij k the ntio of 0A'± OA to AA\ ana the 
diitaiioeoftlMfiNifiraiiitlieceiitrais|(Oil'± OA}. 

PBOPOSfnOM Y* 

76. The tangent at any point of a section makes equal angles 
wUh the focal distances and with the side of the cone.* 

Let TFt be the tangent at any point P to the section, and 
let the side OF of the cone meet the focal spheres in p and p'. 

Then since the tangents FS and Fp to the /S-sphero are 
equal, and likewise the tangents T8 and jQ?, therefore the 




* TMs property and ita npplicntiona were pointed ont by me in an article on 
A» Angle-proptrtjf ^ ik» Bight Circular Con» oontiibaled in Jane 1871 to tho 
MMtmgtr qf JfodaNofm (voL I. p. 97), and in wilwequeut attidak The mm 
msUiodB woe employed in Booth's TVeatite on Conic* published some years later in 
the second Tolume of his New Geomttrical Methods; bnt from the introdaction to 
that Tolume we learn (p. x) that the subetanoe of the treatise had been read befbie 
the Bogral Indi Amkmj in 1887, ■IUmmi^ not pnliliilMd till forty yeMniftv. 
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triang^ T8P and TpP are equal in all respects, baving their 
anglee at T equal and thdr angles at P and tbeir rapplementa 

equal. 

In like manner it may be shewn that the angles at T and 
those at P in the triangles THP and TpP are equal. 

Hence i SFt ^pPt^ pPT^ EPT, 

or the tangent TPt makes equal angles with the focal diatanoea 
BP and HP and with the side OP of the oone.* 

P£0P0S1TI0N VI. 

77. y tttt^mXi J» dmum to a aetitkm from any jmnt m tito 
pUm^ tmd a die cf Ike cone le draum ihrcnigh eiSm pouU of 
eontactf the mtereqH upon it between the fooal spheres subtends 
at the pomt ef oowoune vf ike tangents an angle equal to the 
angle between them. 

It may be ahewn as in Art. 76 that tlie anglea 8TP and j? TP 
aie equal, where T is any point on the tangent at P; and in 
Eke manner that the angles HTP and p'TP are eqnaL 

Hence LpTp= STP+ ETP= STH^ 2STP. 

If TR be the second tangent from T to the section, and 
if the side of the cone through R meet the spheres in q and q\ 
it may he shewn in like manner that 

l.qTq'^ STB -t- HTB » STH-k- 28TB. 

And amoe the trianglespSJi' and qT^ have their sides which 
touch the spheres eqnal and theur bases pp' and q^ eqnal| theur 
angles at 2* are eqaal. Hence a fresh proof that the angle 8TP 
is eqnal to ETR (Art. 50} ; and it follows that 

iPTB^pTi^'-^qTr/, 
as was to be proved.f 

OoroUarg, 

ISPTB be a right angle, pTp' is a right angle and T lies 
on a certain sphere. The locns of' T is therefore the section 

* TUi niigr also Im proved hj tlie mclliod <rf Ait. 48 (i), afaiee OP ^ 8P^ 

eoDBtant. 

t ObHorvc that the triangle Tp^ is idflntioalljr d^iutl to the tiiaqgle 8TM' of 
Art. m (Cor. 2 and SchoUum D). 
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of a sphere by a plane; that is to say, it is the ciroie which 

is called tho Director Circle. 

PBOFonnoif yn. 

78. The conjugate cixis of any section is a mean proportional 
to the diameters of its focal spheres^ and its latus rectum varies 
as the perpendicular to the plane qf section from the vertex qf 
the cone. 

Let A A' be the axis of the section and / and F the centres 
of its focal spheres. 




(i) Then since fA and FA bisect the supplementary angles 
between A A' and the side of the cone through therefore 
by similar trianglos//Sil| FILA^ 

faiAS^AEiFH^ 

and therefore fB. FBmAS, AH^ CB\ 

or CB is a mean proportional to the radii of the spheres, and 
^CB to thoir diameters. 
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(ii) Draw OL perpendicular to AA\ and draw fk and FK 
to the points of contact of the spheres with the side OA of 
the cone. 

Then since OK is equal to the semi-perimeter of the triangle 
OAA^ 

fk.OK^t. OAA' ^iOL. AA'^ 

where OKywem as the radius FK» 

Therefore OL.AA' varies 9Afk.FK^t CB*; that is to saj, 
OL is in a constant ratio to the latns rectum. 

CoroUary, 

If a sphere be described about the vertex of the cone as 
centre, the latua rectum of the section made by any plane 
touching it will be constant, and will be equal to the diameter 
of the circular sections whose planes touch the sphere. 

PBOPOSmON YIII. 

79. T?ie sphere of which the line joining the centres of the 
focal spheres of any section is a diameter contains the auxiliary 
circle of the section* 

(i) Since /F (in Art. 78) subtends right angles at A and A\ 
the sphere on /F as diameter cuts the plane of section in the 
circle on AA* as diameter^ which is the aiudliaxy cirde of the 
secdmL 

The annexed dnplioate proof ftartfaer eetabliahes the relation 
between die anxiliaiy circle and the tangent. 

(ii) Through any tangent YZ to the section draw a plane 
through / and likewise a plane through F. These bisect the 
supplementary angles between the plane of section and the 
tangent plane through YZ to the conoi and are therefore at 
right angles. 

1£ 8Y and HZ be the focal perpendiculars upon the tangent| 
/Fis at right angles to YZ and to the plane FYZ. 

Hence fY is at right angles to FY, and the sphere on /F 
as diameter passes through F, and its trace on the J^ane of 
section is a circle, whereof A A' is evidently a diameter. 
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Corollary. 

The right angled triangles fSY and FUZ being 8imilar| 

or the product of the focal perpendiculars upon the tangent is 



constant. 



SCHOLIUM B. 



Tho constructioTis for tlio Foci and Directrices of the sections of 
the cone are due to Ilaniiltoni Dandelin, and others. 

HuoH HAMiLToir of Dublin, in Lib. n. prop. 37 of his work 
entiilod De SecUonibm Conin's TraeUUm Oeomeirmu m yiw «g nuimu ' 
iptius Coni Sectionum Ajfediones facilUme deducuntur m$thodo nova 
(Londini, 1758), establishes tho followiug properties. In the 
figures of Axt. 75 (supposing the spheres to bo omitted) if ^ bo a 
fooos and AE be taken equal to AS, then {\) the 9-dSxeetrix is 
determined by the intersection of the plane of the oonio with the 
plane of circular section EQE' ; and (2) tho vector SP to any pmnt 
P of the conic is equal to tho segment PQ cut off by tho same 
circular section from the side OP of tho cone ; and (3) when the 
eooie is bifbeal two eiionlar seotums are thus deleraiined whioh 
IsfesMq^t on any side of the cone a lengUi QR equal to tho 
transverse axis. Ilaving thus established tho equality oi AS, AE 
and oi A'S, AE', as well as tho equality of OE a,nd OE', ho had 
virtually proved that tho focus S might be determined as the point 
ef contact of AA' with the inscribed cirde or one of tike escribed 
circles of the triann;Io OAA', or in other words as the point of 
contact of a Focal ISphere with tho plane of section. He did not 
however state his conclusion in this form, but presupposed tho 
delerminatioii of <9 by the relation A8,A*8 ■ Cfl", and men proved 
JfXto be the directrix by showing that C8i CA^ SA : AX, 

QuETELET contributed a Mtmoire sur ms muvelle TTiiorie det 
Sections Contqncs considirSes dan* le SoUd>'- (prosontod Doc. 23, 1820) 
to tho Nouveaux Mimoires de VAcadtnUe RoyaU des ScUncei ei JielUs' 
Uftm d$ BmxdUt (tome n. pp. 123—158, 1822), in whioh ha 
ehowod inter alia (1) tlmt the foci of a seetion are dotorminedbj 
the relation OA i OA' = SJI; and (2) that in an elliptic section 
OP - SP is constant and equal to OB - CA. TIioro results, so far 
as they go, are identical with Hamilton's; but Quetelet (unlike 
Hamilton) gives no construction in the directrices. In the eomse 
of the above Jliimoire he refers to his tract on the Omva JRMs/tt, or 
** Focale " (Gandavi, 1819). 

Damdelik, in a Mimoirt iur quelguM propriiUt remarquablet de la 
Focale Paraholique published in the same volume of the Nouveaux 
Mimoires (ii. 171 — 202), begins by inscribing the FooAL SniBBBS 



ho extends the same construction to the Hyperboloid of reroliitioD, 




In torn* m. (1826) 



Digitized by Google 



THE COME. 



205 



but in neiiihw oaie doM he make any nentios oi tlio diieofaFioefl* 
See also tome iv, 77; Quetelefs Vorrespondamt malMmaltiqm §t 
pk^»iqU6, I. 82 ; Gergonno's AnnaJes^ xv. 392. 

A oompleto determination of the Foci and Directrices of the 
flections of tho cone bv means of the Focal Sphered wa^ at length 
proposed by Pisbob Monroir (B.A., 1825) befoxe the Cambridge 
Phuotophieal Society in 1829 [TVmuaetMntt ^o^- ^^i* PP- — 
1830; and see pp. 228 — 9 of the anonymous Geometry, Plane Solid 
and Spherical, in the Library of Useful Knowledge, London, 1830). 
From his introductory remarks it would seem that he was not 
aoquaiated with the investigationa of Hamiltcm and Dandelin. 

THE SEGMENTJS OF CHORDS. 

PB0F08ITI0N UL 

60. A ehordqfa e<m$ being divided at any pointy to determine 
the rectangle contained by its segmenta. 

Upon the tniface of a right or scalene cone take on^ two 

points A and A' (figures of Art. 75), and in the line A A' or 
its complement take any point X\ it is required to determine 

the magnitude of the rectangle XA . XA', 

Take any fixed circular section KRK\ and from the vertex 0 
of the cone draw a parallel to AA' to meet its plane in 
and let the plane AOZA' meet the fixed circular section in 
K and K' and the parallel section made by a plane through X 
in E and E'. 

Then by similar triangles AEX, ZKO and AE'X, ZK'O^ 

XA.XA I XE.XE '^Zi/ : ZK.ZK\ 

whete (1) the Utter ratio depends only upon ihe dxncHiimi qf 
AA\ rinoe when ihu is given the point Z is known and the 
product ZK^ZK* is detennined, and (S) the magnitude of 
XE* XE depends only upon ^jtoeiHon of X in space. 

By taking A and A' on a given plane of section we deduce 
the results of Art. 16. 

aoBOLnnc a 

The method of Prop. ix. is frecj^uently attributed to Hamilton, 
in whose treatise it holds a prominent place {Seeiieitet Coniem, \76Sf 
Lib. I. props, z. zi.)< He supposed that he had thereby settled 

the old controversy nliout the cuue and tho piano in favour of tho 
ancientfli who derived tho "sections" irom the cone; not being 
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aware thut tho property in quostion oould be proved m piano with 
at knst equal ease (Art 16). Hamilton's propositiofi had appealed 
in tha praoading century in tho Tractaiw xxiv. S,rtu>mliut 
Conieii, props. 48, 41) (pp. 419 — 20) appended to EucLrDES 
Adauctus ^c. audore D. Guarino Guarino (Augusta) Taurinorum, 
1671) ; where in prop. 48 tho caae of two parallel chords cut bv a 
single chord is oonsidered, and tha property of two paiia of paiailid 
chords is deduced in prop. 49. iSoo also St/nopns Palmariomm 
Matheteon : or A Neio Introduction to the 2lat}ifmaties, by W. Jones 
(London, 1706), Tart u. § 09 (a), p. 255 : "In any Conic Section, 
if two FaxaUela are cot ^ two others, and aU tenninate at tha 
Curve, the Bectanglcs of the Segments shall ba Proportional." 
Tliose references are given by Abr. Bobartson, Btdiomm Comcamm 
iarit0pUm, p. 348 (Oxon. 1792). 

JEXAMPLES. 

541. The ktiiB rectum of a parabola cot from a given 
right oone wiea aa the distanoe between the vartloea of the 
aeedon and of the cone. 

542. The foci ui all similar sections of a giTen right coue 
He upon two other right cones. 

543. P^ove by means of Art 75, Cor. that the parallel 
aectionB of a oone have the same eccentricity; and give a 
oonttmction for cnttmg an ellipse of given eccentricity firom 
a given right cone. 

544. The eooentridty of a aection is a ratio of -majority 
or minority according as the aente angle between the axes 
of tho cone and of the section is less or greater than half tho 
vertical angle of the cone. 

545. If two or uiore pbmc sections have the same direc- 
trix, the corresponding foci lie on a straight line throagh 
the vertex of the cone. 

546. Shew how to cut from a g^ven right cone an ellipae 
whose axes shall be of given lengthsi or whose latus rectum 
and area shall be of given magnitude. 

547. Tlie area of the triangle through the axi^''^ in the right 

• ATOLT.osrrs supposed his section? to \yc matle by j.laues at right angles to the 
plane drawn throagh the axis of the cone (defined as oa p. 192) at right angles to its 
baM. The Himiffh tkrmfffk th« mw (rtz. of the oone) waa the triangle determined 
hj the vertex of the oone and the tcnoe of the conic niion the plane through the 
aada. See Chaaka, Ajw^u Mutoriquet p. 18 (ed. 2, Paris, Iblo). 
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CODC, varies as the Bquarc of the minor axis of the Btction, 
and the volume cut off from the cone by the plane of the section 
varies as the cube of Its minor axis, aud is of constant magnitude 
so long as the minor axis is coDBtant. Is the samo true of the 
Bcalcne cone? 

548. If the minor azu of a section be given in length and 
direction, the loens of the centre of the section is a hypcrhola. 

549. Given a right cone and a point within it, construct 
the two sections which have the point for a focus; and shew 
that their planes make equal angles with the straight line 
joining the point to the vertex of the cone. 

550. The vertical angle of a right cone being a right angle, 
the perpendicdar from the vertex to any plane is eqnal to 
tiie semi-latos rectnm of the section made that plane. 

* 551. Shew how to cut a section of maximum eccentricity 
from a given cone. Under what conditions is it possible to 
cot A rectangular hyperbola from a cone ? 

552. Shew how to place a given leetion (when possible) 

in a given cone. 

553. If from the centre (7 of a hyperbolic or elliptic section 
a line CVV be drawn at right angles to the axis to meet the 
sides of the triangle through the axis, the square of the semi-axis 
conjogate b equal to CV,CV\ and the semi-axis conjugate is 
equal to the distance of 0 from the vertex of the cone in the 
case in which the transverse axis of the section is parallel to 
the axis of the cone. 

554. Two right cones of supplementary vertical angles 
being placed with their axes at right angles and their vertices 

' (^incident, shew how to cut from them a pair of conjugate* 
hyperbolas. Shew also that if the two cones be cut by a plane 
perpendicular to their common generating line, the directrices 
of one of the sections will pass the foci of the other. 



* That is to M7i oonjngate in foim and diiwimiiom, but Ml lying in the Mun« 
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555. The locus of the centres of the eUlptic sections whoae 
major axes are equal is a prolate or oblate spheroid* 

556. If 7 be the vertex of a right angled cone, and FN 
the ordinate of P In ft pftrmbolto section whose vertex 10 
abew that the semUUtiis rectnm b eqoftl to VP^AN. 

557. An ellipBe end a hyperbola Ijing in planes at right 
an^^ are so situated that the foot of ea^ are at the Tertices 
of the other. Shew that if 5 he the yertez and A the focus 
and P anj point upon a branch of the hyperbola, and if Q 
be any point on the ellipse, then 

AS-k-PQ^AP-^BQ. 

558. If two cooes be described tonching the same two 
qiberes, the eeoentridties of their sections by identical planea 
are in a constant ratio. 

559. The vertex of a right circular cone which contains 
a given ellipse lies on a certain hyperbola| and its axis touches 
the hyperbola, and conversely. 

560. Two parallel tangents to a section of a right cone 
meet in M and M' a plane which touches the focal spheres 
in pomts Q and <^ on a generating line: shew that a circle 
goes ronnd MQM'Q, 

561. Determine the asymptotes 1^ a given section of a 

scalene cone. 

562. Assuming that one focus of the shadow of a sphere 
standing on a horizontal plane and exposed to the light of 
the sun is its point of contact with the plane ^ find the envelope 
of the corresponding directrix, and the locus of the remaining 
focos, for a given day and place. 

563. By properties of the cone, or otherwise, find the loens 
of the extremity of the shadow of a vertical gnomon erected 
on a horizontal plane, on a given day and in a given latitude. 

564. The centre of a sphere moves in a room a vertical 
plane wLich is equidistant from two candles of the same height 
from the floor: determine its locos if the shadows upon the 
ceiling be always in contact. 
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565. K a point move in a piano in such a way that the sum 
or difference of its distances from two fixed points, one of which 
lies in the piano and the other without it, is constant, its locus 
will be a plane section of a right circular cone whode vertex 
is at the external given point. 

566. Prove in Art 75 that .S^J^ and 8E' biiect the diameten 
of the circular sectioDB through A' and A respectively ; and that 
80j AM*^ A'E eowiimotitf and hence that iS and piodnoed 
divide AA* bannonieallj, 

567. Prove from the cone that the intercept on any tangent 
to a conic between the curve and a directrix subtends a right 
angle at the corresponding focus. 

568. Prove also that the tangents from any point to a 
section inbtend. equal or snpplementaiy angles at either foena. 

569. A tangent to a right cone being drawn, there may 
always be drawn throngh it purs of planes cutting the cone in 
sections which have equal parameters. 

570. The section of maximum parameter which can be 
drawn through a given point on a right cone has its plane 
at right angles to the generating line through the point| and 
has its tangent at that point parallel to the base of the cone. 

571. Through a given point on a right cone there may be 
drawn any number of planes making sections which have equal 
parameters; and the envelope of these planes is another right 
cone, having its vertex at the given point and its axis coincident 
with the side of the original cone through that point. 

572. In a given right cone, the locas of the foci of all 
equal parabolas is a circle whose plane u parallel to the base; 
the locns of the foci of all the parabolas whose planes are 
parsllel u a straight line through ibe Tcrtex of the cone; and 
the locus of the fod of all the parabolas that can be drawn 
in the cone is another right cone having the same axis. 

573. The sphere inscribed in a right cone so as to pass 
through a vertex of a section intercepts upon the axis of the 
section a length c^ual to its iatus rectum. 

P 
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574. If sections of a rigbt cone be made having one of their 

vertices at a fixed point on the cone, their circles of curvature 
at that vertex lie upon a sphere inscribed in the cone. 

575. The sum or ditterence of the tangents from any point 
on a oooic to the circles of curvature at its vertices is constant. 

576. Prove from the right cone that a conic section maj 
be regarded as the locns of a point such that the snm or 

• diflference of the tangents therefrom to two fixed circles is 
constant. 

577. Prove from the right cone that a conic section is the 

locus of a point such that the tangent therefrom to a fixed circle 
is in a constant ratio to its ])erpendicular distance from a fixed 
straight line; and prove that in the case in which the straight 
line cuts the circle it is the chord of real double contact of the 
circle with the coulc ;* and prove that the above-mentioned 
constant ratio or modulus is equal to the eccentricity of the conic. 

578. Two circles have double internal contact with an 
ellipBo,t and a third circle passes through the four points of 
contact. If t, t'f T be the tangents' from any point on the 
ellipse to these three circles, prove that T* ^ti!* 

579. Notice the forms assnmed by the several properties 
of the aente^gled cone when its vertical angle is diminished 
indefinitely, so that the snrface becomes a cylinder. 

580. An oblique cone or cylinder being described upon a 
circular base, shew that its subcoutrary sections are likewise 
circular.| 

• Hence it sppeara tlint n focus of n conir may be regarded at an evanescent circle 
hnring doiiftle cnutnrt u-ith the roulr at tlic two imaginary points in which it is 
iiitcracctcd by the corruspondiug directrix; uud ii may be inferred that the linos 
joiniiig the foeus to tlie two imaginsrj pdnti st Infinity tbnmgli wMeh all cbclet 
pass Sie taogmtS to the OOnic, and Iicncc that all cnnict irhu h have the tame two foci 
mn>/ be regnrdfd ns insrvibed in the ijundrtlaternl irhirh has (ht two fodi and the tieo 
circular points at infmUif for iti vjijHuite vertice*. iScc hALMUji'S Conic Sectiontj 
ebap. XIT, on JAcAotb cf Abridged Nolatkm* 

t If CJfbetheoentialshsdMaor »pointof ooiitMt» and C2V the ebseiM ef any 

CM 

TpiAnt on the oooic, the tangent tnm that p(dnt to the chtde beqnal to e.CJV. 

X Two Mctiom are Raid to be nbeoHtrttrg when the taxm of their plenee 
upon the plane uf I t f> I • iico OK isoUoed to the ndea of the oone or cylinder at ani^ 
idikk are alternately equal. 
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581. fSxtond the theoremB of Art 79 to the obUqae dtme; 
and shew that if through anj po'mt on a side of the triangle 
through the axis there he drawn two planes of circular section 
and any other plane hetioeen them, the third plane will cut 
the cone in an ellipse, having its minor axis in the plane of 
reference. 

582. If A A' be the axis of a section of a scalene cone, 
and AD and Ad be diameters of its circular sections through 

shew that the square of the distance between the foci is 
equal to A'D.A'tL 8hew also in the right cone, with the 
construction of Art 72, that the circle drawn with the middle 
point of AA' as centre to bisect AH and A'M passes tbrongh 
the foci* 

583. If a scalene cone be cut by any plane at a given 
distance from its vertex, the latus rectum of the section will 
be constant.* 

584. The transverse axtft of a Section of an oblique cone 
being supposed to lie in ,the plane of reference, prove that the 
circle which touches the axis and passes through the eentres 
of the two circular sections which can be drawn tBroagh 
either vertex determines the nearer focD8.t 

585. If the con^ugaUB axU lie in the plane of reference, 
and if two circalar sections be drawn through either of its 

* This estenrfoii of Art. 7S» Oor. wkj be proved ae fbOowe. Bappoeliig tlia 

transveree axis to lie in the pLme of reference, let Dlf be the diameter (in that 
plane) of the pcctton which is parallel to the ba.se and eqaidistmt with the piano of 
the oouic from the rertcx 0 (tig. Art. 72) of tlie cone. Draw OVA parallel to AA' to 
meet AH in Fend Djy in Z. Then it may be shewn that AT= OZ^ and Imbim 

that Diy iAE-A'K-.AA'. The latus rectum is thercfun- c]nal to DD*. This 
theorem is dnc to James Bcmouilli. Sec the Leipiig Acta Emditontm, ann. lGS9y 

pp. 58G-8 ; and Chaslcs' Aptrrn Ilistoriijue, p. 19. 

t Exx. 5S4 and 585 arc from Chaslea' Ajicre^u U'utoriqne, Note iv, p. 285, where 
it la added that tha SeetHtrkitg is a mean proi)ortional (Ex. 582) to the disTancaa 
of tlie oentafo of the oonie from the oentres of the two ciicnlar eectioaa thiongfa either 

of its vfr'icc?. It is to be noted that (before the directrix came into general nse) the 
eocentricity wofi sometimes defined (1) as the dittance of the foci from the centre^ 

or (2) as the zatio of that distance to the semi<«xis^ or (S) as the ratio ^-^y where b 

a 

denotea the sessi-hrtiia reetnm and n tlio poi-ihelion di<^tnncc of the oAit (Bideils 
T^leoTM JKafiHSK i>AMS(iir«M» if Comttarum, proh. viii. cor. 1, p. 34>). 

r2 
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Qztremitiefl, the circle upon the line joining their centres as 
diameter paeses through the foei. 

586. Every tangent plane to a cone cats the cydie planes 
in a pair of lines making equal angles with tbe line of contact; 
and every plane through two sides of the em enta the qrdie 
planes in two lines which make eqnal angles with those ndes. 

587. The sum or difference of the angles which any tangent 
plane makes with the cyclic planes is constant. 

588. The sum or differenee of the lines drawn from the 
vertex of a right cone to the extremities of any diameter of 
a section is double of the line from the vertex to an extremity 
of the conjugate axis. 

589. If a sphere drawn through the vertex of an obliquo 
cone cuts tbe cone in a circle, the plane of a section sub- 
contrary thereto cuts the planes of any two great circles 
of the Bphcre in a pair of lines inclined at tbe same angles as 
their planes. 

590. The lines of intersection of any tangent plane to a 
scalene cone with its two cyclic planes are such that the product 
of the tangents of the angles which they make with the intei^ 
section of the cyclic planes is constant. 

591. The product of the sines of the angles which any side 
of a cone makes with the two cyclic planes is constant. 

592. If a section of a cone be made by a plane which cuts 
the planes of two subcontrary circular sections and the sphere 
containing them in two right lines and a - circle respectirelyi 
and if a chord be drawn to the circle from any point of the 
section; the product of the segments of the chord is to 
tbe product of the perpendiculars from the assumed point to the 
suboontraiy planes in a constant ratio.* 



• Tior tbh Toy geneial tiieoram and its eoioIlarieB see the aitksle tqr Vr. 

JOBV Walk BR on Geometrical rropotitlnns relating to Focal I'l-oj^rttts nf Surface* 
ami Curves ofthi: Seroiul Order in the Cambr'ohjt and Du/jlin Mathtmatival Jnnrnitl, 
▼ol. VII. pp. 16 — 2S (186J). The special case of Kx. 5114 is also proved iu tbe Mweitgcr 
oflftrttoM<w«^ToLlx.pp.83,84. See «l8&]Ir.& A.Bsaihmr'itiwIiiMon THeCbM 
owl At AdioM (Londoii, 1875>. 
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593. The above-mentioned constant ratio is tUe ratio of the 
product of the sines of the angles which the cj»cl!c planes make 
with the plane of the section to the product of the siaes of the 
angles which thej make with any side of the oone. 

594. A sphere being drawn through two subcontrary cirenlar 
sections of a cone, and tiie planes of those sections being pro* 
dnced to meet; prove that their line of intersection is a directrix 
of the section made hj either plane drawn through it to touch 
the sphere, and that the point of contact is the corresponding 
focus. 

595. From the above oonstmction deduce that any tangent 
to a conic (from the curve to either duectriz) subtends a right 
angle at the corresponding focos. 

■ 

596. All the right cones which have the same conic section 
for theur base have their vertices npon another conic section, 
lying in a plane at right angles to that of the former, ^ 
foci of each enrve being at the vertices of the other. 

597. If a hyperboloid of revolution and its asymptotic cone 
be cat by a plane, their two sections will be similar.* 

598. If two spheres be inscribed in a oonoidf so as to 
touch a given plane of section, the two points of contact will 
be the foci of the section. 

599. All sections of a conoid made by planes through 
one it3 foci have that point for one of their foci, and they 
have the intersections of those planes with the directrix plane 
of the conoid for their corresponding directrices. 

60a The cone whose vertex is at a focus and whose base 
is KDj plane section of a conoid is a right cone. 



* For proofs of the theorems of £xx. (>97 — GOO see Huttou's A Court* of Matht- 
HMrfiM, oompoaed for the iiso of the Boyal Military Academy, toL ii. pp. 19S— SOS 
(12th edition, ed. Thomas StephiHM Davies, 1S4S); and see Bonntfli CWitf Mkmip 

trtaterl yeomftrk-alhj, cliaji. XII. 

f A conoid is the surface generated by the rovoluUoa of a coaic about oac of 



Digitized by Google 



( 214 ) 



CHAPTER VIII. 

OUBVATUBB. 

81. If FQ be a small arc of a curve and FT its tangent 
at P, the angle QFT ia called the Aiufle qf Contact of the 
arc FQ. 

If FQ' be an arc of a second cmre touching the former at P, 
and if QQ meet the common tangent in then will the 
cnrvatnre of FQ at P be eqaal to or greater or less than the 
carratnre of PQ at P according as the limiting ratio of the 
angle of contact QFT to the angle of contact QFT (when FQ 
and PQ* are diminiahed indefiniteij) is a ratio of eqnalitji 
majority, or minority. 

The OMb of Curvature of a oonio at any point P is the 
cifde which has the same cnrratare as the conic at P: it is 
therefore the limiting position of the circle which touches the 
carve at P and meets it again at an adjacent point which 
ultimately coalesces with P: it is also the limiting ponton of 
the circle which meets the curve at P and at two odier points 
which ultimately coalesce with P. The centre, radius and 
£ameter of this circle are called the Centre of Curvature^ the 
Radius of Curvature^ and the Diameter of Curvature of the 
conic at P, and its chord in any direction through P ia called 
the Chord of Curvature of the conic in that direction. 

It is easily seen that a circle which cuts a conic must cut 
it in two or four points, and hence that the circle of curvature 
at any point P of a conic will in general cut as well as touch 
it at P, and will also cut it in one other point. Any other 
circle touching the conic at P must lie wholly within or without 
the former, and since it cannot cut the conic at P it is easily 
seen tliat it cannot pass between the curve and its circle of 
curvature at that point. The circle of curvature is therefore 
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the circle of closest contact with the conic at and is called 
its Osculating Circle at tliiit point. 

A circle which touches a conic at an extremity of either axia 
will in general meet it again at the two extremities of a chord 
parallel to the other axis; whence it readily follows that the 
circle of curvature at an extremity of an axis is to be regarded 
as meeting the conic in four coincident points. It may also 
be regarded as having double contact with the conic at two 
coincident points,* and it does 720^ cut the dunre at its point of 
contact. It is easy to determine the points in which any other 
circle touching the conic at the same point meets it agaiOi 
and hence to shew that no such circle can pass between the 
O0D1C and its circle of cnr^atore at that point. 

FROPOSITIOK I. 

82. The foeoX chord of curvature ol any point of a eomo is 
equal to ike focal chord of the conic parallel to the tangent at 
that point, • 

Let PSF be any focal chord of a conic, PT the tangent 
at and li6R' the focal chord parallel to PT, 




* "Bif legwdiiig tbe centre of cnrvaturo at the vertex as the ultimate position of 
the foot of thf normal at /* wlicn P coalesces with y/, we deduce from the property 
(SC = e . /ST (Art. 10) that the radius of curvature at A ia equal to ^li!>' (1 + e), or 
to the 8cmi-lAtu8 rectum. By like eonsidemtiooi it may be ihefni that the ndim of 

cunratuFe at ia th« cUip>ac its ei^ual to . 
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Desoribe a circle tonchiDg the oonio at P and cotttng it at 
aa adjaoent point and let TQ be taken parallel to PP', and 
let it be produced to meet tbe drde again in H and the conio 
in Then by Art. 16 and by a property of the drde, 

TQ.THx TQ,TQ'mTP'i TQ.TQ^RR iPF, 

or THi TQ^RR I PF. 

. Let P8 meet the citx^le ap^ain in 27; and lot tbe point Q 
coaleaoe with P, ao that the circle becomes the circle of corratura 
at P. 

Then T likewiie ooalewea with P» and TQ with PP, and 
Tff witii P27; and therefore (from the above propoitaon) the 
chord of cuTTature PU (being the limit of TS] ia equal to 
the focal chord SS parallel to PT, aa waa to be proyed.* 

CaroUary 1. 

It foUowB tiiat ui a central conic the chord of earvatorq at P 

througl^ either focus ia equal to (Art. 36, Cor.] : in the 

parabola the chord of curvature through the focni| or parallel 
to the aziB,t ia equal to 4j8P: and in the general come the focal 

2 per 

chord of cunratore ia equal to ^ (Art 15, Cor. and £z. 45}* 

CoroUttiy S. 

Given the chord of curvatura at P in any one direction, the 
chord in any other direction can be determined. For let PU 
be the given chord and PV any other, and let a parallel to the 
tangent at PmeetPl7in K and PFin F\ then it is evident 
from the drde that 

PViPU^PKiPF, 

• TUipioof b <lw to rwrfBMor Tvwnmtm (fUmoa*B Omk AefjbfM, Art. 897): 

a variation of it will be given in Prop, ii., where the circle of cnrvnturc U regarded M 
the limit of a circle whicb onto the oooic in three pointi^ fcwo ol whidi vitiauAtiy 
ooalcflce with the thixd. 

t DmwaoiidetondiingthepandtolftiiiPaiideDtting it in (fig. Art 32), and 
let MR meet the drde again in JT. Then MR.MK= MP* = iSP.MJt (Art. 2i, 
Cor. 9), or .yfK ~ ASP. Hence another proof of the result given il«iv<' in the text. 
It is to be noted that any two chords of the circle of curratore equally ' nrl i fffl i i l 
to tbe aoraial at I* an equL 
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or the ratio of PV to the given chord FU is known. If iC be 
Boppoaed to coincide with then 

which gives an expression for the chord of curvature PV in any 
direction in terms of the focal chord ER' (of the conic) parallel 
to the tangent at P. For example, in the paraboUr it follows 

at once that the Dutnuter qf Curvature is equal to -^pi 

where 8Y\% the focal perpendicular upon the tangent. In the 

central conicsi eoppoaing KF to paaa through we dedace that 

prj ft A 

the JHameier of Omvahsn is eqnal to ^jly— {Pl^ being 

3 u cn 2Ci>' 2CJy 2P(P 

amwn tluroagh S)^ or-^p- 1 or gj;^, or . 



PBOTOBinON n. 

83. At any point of a conic the chord of curvature in any 
direction is to the chord of the conic in the same direction as the 
focal chords {of the conic) parallel to the tangent and to the chord 
of curvature. 

Let a circle meet a conic in three adjacent points Q, P, Q'* 
and let PfJ be a chord of the circici and let it meet QQ' m V 
and the cooic again in P. 



• OnDrletotiw^hoBiqF(Q^fatlwfignBsclFkoik,i. 
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Hien by a property of the drde and by Art. 16, 

PV, VU: FV,Vr=QV. VQ : PV. VP'^^i 

where p and ^ are the focal chords of the oonie parallel to 
PF and QQ. 

Therefore VUtVP'mqip. 

Hence, if Q and Q (and therefore also V) be supposed to 
coalesce with 1\ so that the circle becomes the circle of curva- 
ture and QQ becomes the tangent at P, it follows that the 
chord of curvature P(J is to the chord of the conic PP in the 
same direction as its focal chord parallel to the tangent at 
P to ita focal chord parallel to PP'^ as was to be proved.* 

PROFOfiinON III. 

84. To deterimne the length of the central chord of curvature 
<U any point of an ellipse or hyperbola^ and likewise the length 
qjfiht chord qf curvature drawn in any other direction, 

(i) Let POF he any diameter of a oentral oonic, QV a 
dooble ordinate of that diameter adjacent to its extremity P: 
we have to evaloate the central chord of cnrvatiire of the coniic 
at P. 




• If any focal chord meet the taiu'ent :it P in 7", it follows at oncn l>y Ex. 79 

(cf. Ex. 417, note) that the chorJ of curvature at P pamlkl t-.» it is equal to 
on nff 

llT - . aa waa virtually shewn in Art. 82, Cor. 2. It will be observed that 
ST * 

Prop. IT. alone completely determines the runMturc of a ctmii- at uy poiat, bat 
it Micmttd duskaUk to regard the subject from diilcrcut poiuta oi viuw. 
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Draw a circle touching the conic at P and cutting it at 
and lot it meet PP again in and let its chord HQ parallel 
to PF meet the tangent at Pm 21 

Thenaince QV*mTP*^TQ.THj 

therefore TQ.TH: PV. VP' = CD* : CP\ 
or TUiVF^CJ/iCP\ 
where CD is the semi-diameter conjugate to CP. 

By making Q ooaloBce with P, so that the circle becomes the 
cirde of corvatnre at P, we deduce that 

PUxPP'^Cr^i CP\ 

or PU.CP=^2Ciy, 

where PU is the central chord of curvatore at P. 

(ii) More generallji if QH and PU be parallel diords of 
tiia drde drawn in any direction, and if QV meet PU in i{ 
and C2> In then nnoe Q£ : QFia a ratio of equality when Q 
coaleeees with P,* it la eaaily aeen, aa in the former caaci that 
nltunately 

PR. TH\ PV.VP'^ CD' I CP* I 



T 




and it follows bj parallels that 

P£. TH : CP. VP' = CD" : CP\ 



* See NRWTOS'a Principia^ Lib. I. Sect, I. lemma 7, oor. 2. ALm), upon cunrataro 
in geocnl, seo lemnui 11 with the notea in the editioii lij Hr. P. T. Meiii (itfter 
J. H. Evans) of Sections l-iu, IX. XI ; and set the AgptmH*, pp. 181-14I, In thai 
•aitiim(OMnl»idge^l871). 
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or {THhtSng now ooinciileiit with the chord of carvature PO) 

The DiamelBr of Curvature at P m equal to^-^^- , where FF 

(defined as in Art. 4G} is c^uai to the ceutral perpendicular upon 
the taogent.* 

PBOPOSITION IV. 

85. Ih evabuite the chord of a conio and its eireU qf 

If three of the four points in which a drde meeti a eonic 
-coalesce at P and their fourth common point he it follows 
from Art 16, Cor. 2 that the chord FQ and the tangent at P 
are equally inclined to the ans; that is to sayi wmmon ekord 
qf a como and «Ef drde of earvaiure ol any poini and tkevr 
common tangent at thalt point are equaUy inclined to the axie. 

(i) In the Parabola, let the common chord PQ meet tlie axis 
in jB, and let the common tangent at P meet the axis in T, 
Then it is easily seen that the second tangent TP' from T 
is parallel to PQ, and tliat PP' is a double ordinate to the axiS| 
and that FQ is equal to four times PM or J'P.f 

(ii) In the Ellipse, let the diameter CD parallel to the 
tangent at P meet the common chord FQ in then will 
PX.PC be equal to 2CD\ 

Take a circle of radius CA, and take any diameter of the 
flame, and draw the chord FQ making the same angle therewith 
as the tangent at P, and let the diameter parallel to that tangent 
meet the chord in X 



* The ndltts <rf «armtiife of the general oonfe may be evalaated hj regarding fhe 
oentre of currature as the ultimate intcrstction of two conaecQtiTe nornialii, and 
MMuning that aG = «,8P {AxL 10), and PK=.k latns tectam (Art 11). The «• 
PG* 

tnmkm'jjf (AxL 8S, OncS) for the xadtna of comtme haa been obtained in thii 

direct manner by Pr o f >Mo r AdAVB {(htf. Oamb, JMI» Mmu^ iff JfaOaMafie*^ 

TOl. III. pp. 97-99). 

t The chord of curvature in any other direction may be dedaoed. For exam]^ 
It mij be ahewn by angle-propertiei that the oiiole mealB P8 pt o J aoei l in e poinl F 
Ijh^ on tiie dianMtar thimtgh (2 in the iMiabolay ai^ 
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' Then if PC meet the circle again in 

I*X.FQ^F0.FF'»2 GA\ 

It fbUows hy Orthogonal Frcjection thai in the EUipse (the 
same letters h^g nsed) PX, PQ is equal to twice the square 
of the semi-diameter parallel to PQi therefore, the diameters 
parallel to PQ and the tangent at P being equal, 

PX.PQ^%CI/. 

It is loft to the reader to ohtaui the same result bjr a method 
appKcahle to the hyperbola abo.* 

BGHOLIVK. 

ApOLLONirs in treating of maxima and minima talcos a point on 
the axis of a conic at a distance equal to tho Bemi-latus rectum from 
its yertex {Contcs^ Lib. T. props. 4 — 6, &o.), which is in fact the 
oentro of eorvatine at the wtex, although he does not in any 
dixeot manner touch upon the subject of onxratiire. Of. yincentici 
Viviaui's treatise, De Maximts et Mintmu g§omeiru!a divinatio in 
quintum Conicorum Apollonii Pergen adhuc detideratum (Florent. 
1669) ; and see Ahr. Bobertson's' Stdwnum Coniearum lihri siptem, 
p. 372 (Ozon..im). 

ITuYonENs came very near to the subject of curraturo when 
he propounded his theory " De lincarum curvarum evolutione et 
dimensione" {Morologium OteiUaioriumt Pars ui. Paris. 1673)| 
sinoe tho evomte of a ounre is the envelope of its normals and the 
locmi of its centres of curvature. The first case of rectification of a 
curve Tras tliat of tlje cubical parabola by "William Neil:! the 
cycloid was rectified soon after by Christopher Wren. Huyghons 
had previously (1G57) reduced the roctihcation of the parabola 
^Ex. 685» note] to the qiiadiatiire of the hyperbola {Horolog, OuUL 
pp. 72, 77). 



* Th« proof in the text i« given to indicate the applicability of Orthogonal 
Pfojection (obapu IZ.) to the tnatmenfc of corvataie. If any two Ums (aa PQ aad 

tlie tfinp^nt at P) equally indineil to the axis of the ellipse he projected on to ita 
atixiliary circle, the projected lines will be equally inclined to the axis ; or if the 
term equally inclined be restricted to parallels, we muBt Bay that if two lines make 
eqnal or rapplementary angles with the axis, their projeotiona wHI make equal 
or suitpltuientary angles with tlio axis. 

t This W.13 sng^gastcd by the Arithmctica Infinitorum of Wai.ms (Oxon. lC,ji\); 
Yau-Ucuract seems to have rectified the same curve iudependeuily (iG59) very soon 
after NcO. See kontncla's EiUoire de$ MatUmatSj^ Fart IV. liv. vt. | n, tome II. 
p. 808. Huygbena awarils the palm to the later diaooTera^ omnidcriBg tiMi Kdl^ 
inveatigatioa was incomplete {Uoroloff. p. 72). 
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EXAMPLES. 



The Omikimf drdf reeeiTed its 

IMiiatio nova de natura Anguli ContaduH* Sc (hoitH by G. Q. L. in 
the Ada Eruditcrum for 1686 (pp. 289— 2'J2," by misprint 489—292). 
See also pp. 292 — 300, and the Acta fur 1692, pp. 30—35, 
110 — 116, 440—6. The enhjoot of otmratore was considered by 
Newtoh in the seventh ana eighth chaptezt of his Omm§krui 

EXAMPLES. 

601. PtoTe the following constnictlon for the centre of 
cunratnre at any point P of a oonic From the point in which 
the normal meets the axis draw a perpendicular to the normal 
meeting SP in and from Q draw a perpendicular to BP 
meeting the normal in 0, Then 0 b the centre of curratnre 
at P. 

602. The circle which touches a conic at P and intercepts 
upon the diameter tlirough P a length equal to its parametert 
is the circle of curvature at P. 

603. The drde of cunratnre at any point of a conie being 
the circle through that pomt and two others which nltimatelj 
coalesce with it, shew that the centre of curvature may be 
regarded as the point of ultimate intersection of two oonseca- 
tive normals to the conic 

604. The circle of curvature at any point of a conic may 
be regarded as touching three consecutive tangents to the 
conic} 

605. Determine the pontion of the common chord of a 
parabola and its circle of curvature at an extremity of the 
latus rectum. 

606. The diameter at either extremity of the latua rectum 
of a parabola passes through the centre of curvature at its 
other extremity. 



♦ For onrliiT controversies on the nature of the anplo of contact see WA£U% Dt 
AmquJo Coiitactu* «t Semicireuli dit'juUUio geomttr'ua (Oxon. lOofi). 

f The parameter of any diameter of a oentnl oomie is ddined as a third propor* 
tioBMl to Uiafe diamctw and ita oonjqgato; 

X For proofs of Exx. C03-4 see the lectloii <m curratufB in Main^ Nswrov, 
Appendiji (aoo abore p. 219, note). 
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607. The ndins of carvatura at any pomt of a parabola 
18 double of the portion of the normal intercepted between the* 

curve and the directrix. 

608. At any point of a parabola the intercept made by 
the circle of curvature upon the axis is a third proportional 
to the latoB rectum and the parameter of the diameter to the 
point. 

609. At any point Pof a parabola, if PFbe the projeetioa 
of 8P upon the tangent, the chord of curvature through the 
▼ertez ib a third proportional to ^Pand 3PF. 

610. If 7? he the middle point of the radius of curvature 
. at P in a parabola, FE subtends a right angle at 8. 

611. If the normal to a parabola at P be produced to any 
point Of express the radius of curvature at P in terms of the 
line OP and its bdinations to 'the tangents from 0, 

612. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to the projection upon the direc- 

• trix uf the focal chord parallel to the tangent at that point. 

613. Qlven a circle and a straight line, it is required to 
find a parabola (see Ex. 607) having the line for its directrix 
and the circle for a circle of curvature. 

« 

6x4. The envelope of the common chords of a parabola and 
its several circles of curvature is a parabola, and the locus 

of their middle points is a parabola. 

615. The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the poinL 

616. If tangents TQ and T(f be drawn to a parabola 
from anj point T on the fixed diameter which meets the 
curve in P and the directrix in if, the centre of the circle 
round TQQ' lies at a constant distance 2PM from the directrix. 
If O be the centre of the circle, D the projection of 0 upon 
the fixed diameter V the middle pomt of QQ\ and X the 
foot of the directrix, shew that 

OD : TM= OD : DV = MX-. SX. 
Shew also that the radius of the circle varies as Sl\ 
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617. If from the vertex of a parabola chorda AB and AR 
•be drawn equally inclined to the axia, the normals at the 
extremities of any chord parallel to AE intersect upon the 
normal at -B';* and the centre of the curvature at the ex- 
tremity of the diameter which bisects AM lies opoa the nonnai 
at 

6i8« Triads of points can be (band on a parabola snob that 
the normals thereat cointersect. The circle tfanmgb any three 
such points passes through the vertex of the parabola, and 
the ccutroid of the triangle which they determine lies oa the 

^18. 

619. In £z. 616 shew that the ordinate of the point of 
oonooarse of the nonnak at Q and is to the ofdinate of V 
as the product of the ordinates of Q and Q to the square of the 
semi-latus rectum. Hence determine the ordinate <^ the centre 
of enrvatnre at P, and likewise the length of the radios of 
cnrrature. 

620. Give a geometrical method of drawiiig nonnals to « 
a parabola from a point <m the curve. 

621. Determine a point on a given conic at which the 
circle of curvature is of given magnitude; and in the case of 
the ellipse determine the limits of its magnitude. 



* I«t<KrteBx.S16b0iappoMdiMii]ldto JJI. Pndnoe TV to meet fte dinli 
•gdn in N (the point of concourse of the nonnals at Q, Q'), draw the perpendicular 
NIT U) the fixed diameter, and take JIK equal to TM uix)n AIIJ produced. Then 
it is easily seen that Kisa fixed point (the position assumed hj N when Q<i passes 
tlnoagh A), Mid JW: W=SJrX:9X. Tlierafon ^ Uea on m fixed ■tn^t UM 
timngh K, which may be proTed (from the property of the subnormal) to be the 
normal at /f. For the above I am intlehtc<l to the Ilov. A. F. Torry, Fellow of 
St. John's Ck)llege. The following method may alao be suggested : since the angle 
OSTin ft right angle (Ex. 146), we Imto an interoept TO between two fixed straight 
lines Dp and DTtX right angles subtending a r\^\\i angle at a fixed {Knnt S, and W9 
have to shew that the extremity of TO produced to double its length lies upon a 
fixed straight line. Or again, taking throe yositioos of P in Art. 26->P and P' on 
4»ie aide and on the other dde of the azii, and sapposhig the noranab at the 
three points to eointersect at a point whose projection upon tits axis is we eadljr 
prove that PN.ZG = P'N'.ZG' = J>"N".ZG" ; whence it follows, after some re- 
ductions, that PiW^ /"y - P"N", On the tetrads oi ooucurrcnt normals to a 
ceutral conic see £x. 2b6, 
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622. If the osculating circle at a vertex of an eliipae passes 
thruugh the further locus, determine the ecceutricitj. 

623. The cirde of camtare at a pobt on ao ellipse panes 
through a ▼ertez: find the point. 

624. The circle of curvature at au extremity of one the 
equal conjugate diameters of an ellipse passes through its other 
extremity. Explaiu the correspoudiog result in the hyperbola. 

625. The circles of canratnre at the extremities of two 
oonjagate raclii CP and CD of an ellipse meet the cure again 
in Q and J2: shew that PB Is parallel to J)Q, 

626. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 

627. Express the chord of curvature perpendicular to the axis 
at any point of an ellipse in terms of the ordinate of the point. 

628. From the point in which the tangent to an ellipse 
at P meets the axis a straight line is drawn bisecting one of 

the focal distances and meeting the other in Q. Prove that 
PQ is one fourth of the focal chord of curvature at I\ 

629. If the circle of curvature at F in au ellipse passes 
through a focus, then P lies midway between the minor axis 
and the further directrix, and the parallel to the tangent through 
the focus divides the diameter at P in the ratio of three to 
one. The circle of curvature cannot pass through either of 
the foci if the semi-axis exceed the distance between them. 

630. Shew that a conic can be described with a given focus 
so as to have a given circle of curvature at a given point.* 

631. The foci of all the ellipses which have a common maxi- 
mum circle of onrvature at a given point lie on a circle. 

632. The tangent at P in an ellipse meets the axes in ff 

and K, and CP is produced to meet the circle round CHK 

\Q L: prove that 2FL is equal to the central chord of curvature 
at P, and that CL . CF is constant. 



* This is H limiting caac of the problem to dcdcribc a oouic of which a focus and 
thr<^c poiuts aic givcu. 

<2 
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633. A hyperbola which touches an ellipse and has a pair 
of its conjagate diameters for asymptotes has the same cnrva- 
tiire* as the ellipse at their points of contact. 

634. At any point /' ot' a rectangular liyperbola, if PN 
be a perpendicular to an asymptote, the chord of curvature 

CP* 

in the direction PN is equal to * 

635. At any point of a rectangular hyperbola the radius 
of curvature Taries as the cube of the radius of the curve, 

636. At any point of a rectangular hyperbola the normal 
chord la equal to the diameter of curvature. 

637. At any point of a rectangular hyperbola the diameter 
of the curve is equal to the central chord of curvature. 

638. If from a given point on an ellipse there he drawn 

a double ordinate to either axis, and if to the diameter through 
its further extremity a double ordinate be applitd from the 
given point, it will be a chord of the circle of curvature at 
the given point. 

639. The normal chord which divides an ellipse most 
unequally is a diameter of curvature,t and is inclined at half 
a right angle to the axis. 

640. A chord of constant inclination to the arc of a 
closed curve Jividea its area most unequally when it is a 
chord of curvature. 

641. Every chord of a conic which touches the circle of 
curvature at its vertex is divided harmonically hy that circle 
and the tangent at the vertez4 

642. The radius of curvature at any point of a parabola 
is bisected by the circle which touches the parabola at that 
point and passes through the focus. 



* Cnrmaie i* aMuuiied by the redproad of the xadiiia of cnrvataiVL 

t Tlic normal in two consecutive poeUkms most Cat Off equal aiwM, and mmt be 

bisectiHl at tin.' centre of curvature. 

X Exx, Ul-ian from tho Mathematiemtif vol i. 290 (Loodoo, 
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643. The radios of curvature at any point of a central 
conie ia cot harmonically hy the two cirdes which tonch the 
conic at that point and pan one through each focus. 

644. If 7' be the point of concourse of the common tangents 
of an ellipse and its circle of curvature at P, anil if 0 be the 
centre of the circle, 0 the centre aud S cither focus of tlio 
ellipse J then T lies on the confocal hyperbola through and 

00 bisects Pi; and SP and 8T are equaU/ inclined to 08, 

645. A drde through the vertez of a parabola cuts the 
curve in general in three other points, the nonnals at which 
cointersect. If the point of cointersection of the three normals 
describe a coaxal conic having its centre at the vertez of the 
parabola, the locus of the centre of the circle will be a conic 
having its centre at the focns of the parabola, and the ratio 
of its axes wiU be twice as great as the ratio of the axes of the 
former conic. 

646. Find a point F on an ellipse at which the common 
tangents of the ellipse and its circle of curvatura are parallel. 
Shew that their common tangents and common chord are 
parallel to the asymptotes of the confocal hyperbola through P; 
and that their finite common tangent is bisected by the common 
chord. 

647. The common ehoid of an ellipse and its curde of 
curvature at any point and their common tangent thereat divide 

their further common tangent harmonically. 

648. On the normal at Pto an ellipse PO is measured out- 
wards equal to the radius of curvature : shew that FU is divided 
harmonically at the points Q and Q in which it meets the 
director circle, and that 

1 1 2 
PQ^ FQ'~ OJ'- 

649. The angle between the nonnals at adjacent points P 
and Q of an ellipse whose foci arc ^ and S' is equal to 

1 {P8Q-^P8'Q). Deduce that, if Pfi be the focal chord of 
curvature at P, 

J _ 1 1 
PB~ 8P^ 8'P' 

<i2 
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650. Three points can be fonad on an ellipse whose osco- 
lating circles meet at a given point on the cure :* the three 
points determine a mazimnm inscribed triangle, and the four 
points lie on a circle. 



• Typt BCD lie a maximnm inscribed triangle, and .4 the point in which the 
06calating circle at B meets the ellipse again. If jB" be a oontiecutiTe position of 
ihe trianglM BCD and VCD moat lie between tbe aaoke penJlde, Heoee fhe 
tangent at B ifl parallel to CD, which is therefore equally inclined to the azia with 
AD (Art. 85), 80 that a circle goes through ABCD (Art. 16, Cor. 2). Ex. 650 (except 
as regards the area of the triangle) is due to Steimkb, who stated the theorem 
without proof in Crelle's Journal^ toL XZXII. 800 (1846) : it was proved in vol. 
xxxn.*96k hf JOAOBonfAti wbo further abmrad that the oentioid of the three 
pointa ia at the oentce of the dlipae^ and that the nonnala at the thiae poiata 
oMnteiaeot* 
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CHAPTER IX. 

ORTHOGONAIi PBOJEOTION. 

86. The foot of tbe perpendicular from any point in Bpaoe 
upon a plane is called the Orthogonal Projection^ or briefly the 
i^Vcfj'ow, ot* the point upon the plane. The projection of any 
line or figure upon a plane is the a<^grcgatc of the prtijections 
of its several points thereupon. Tlie term riane Prujection is 
defined in Art. 90. 

The PiiraUd Projection of any figure upon a plane is the 
aggregate of the points in which a system of parallels from all 
points of the figure meet the plane : when the parallels are 
taken at right angles to the plane of projection we come back 
to the special case of orthogonal projection, to which our atten- 
tion will be in tbe first instance confined. 

PKOFUSITION I. 

87. I^e pn^eetions <^ parallel Hra^ht lines upon any plane 
are parallel etra^ht lineSj and each Ime or eeffment ta tn tie eame 
ratio to its projection, 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points on the line. 
The projections of parallel straight lines, being the common 
sections of the plane of projection with a system of planes at 
right angles thereto, are themselves parallel straight linea. 

(ii) If any two parallel straight linea AP and BQ meet a 
plane in A 9nd B (fig. Art. 89), and i£ AC and BD be 
their projections upon it, then by similar triangles 

AP:AC--BQ:PD^ 
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or each of the pandleli is in the same ratio to its projection, 
and in like manner it may be shewn that anj segment of either 
is in the same ratio to its projection. This ratio is the trigono- 
metrical lecant of the angle between anj of the parallels and its 

projection. 

Hence it is evident that parallel straight lines (and the 
segments of one and the same straight line) are to one another 

as their projections upon any plane. 

If two or more systems of parallels be projected orthogonally, 
each line in any system will be in a constant ratio to its 
projection, but this ratio will change as we pass from one 
system to another. 

pROPOsmoii II. 

88. The points of conamne of straight lines or eicrves 
corrt^^tmd io the pomt$ qf concourse ofiheir projeoUons : tempts 
prefect inio temgenis: mtd a curve of any degree or does projeUs 
into a wrve (ffihe some degree or doss, 

(i) Since figures are projected by projecting their several 
points, if two or more figures have a point in common their 
projections must have the projection of the point in common. 
Thus if a variable line pass through a jixal point, the projection 
of the line will pass through a fixed point. 

(ii) If P and Q be adjacent points on a curve, and p and q 
be the feet of the perpendicnlars from them to the plane of 
projection, then if Q be made to oomcide with P the per- 
pendicular Qq must coindde with and the point q with p\ 
in other words, of PQ become the tangent at P, then in the 
projection pq will become the tangent at p, 

(iii) It is hence evident that a curve and any straight line 
in its plane intersect in the same number of points as their 
projections, and hence that a curve and its projection must always 
be of the same degree or order; and further, that the number 
of tangents which can be drawn from any point to a curve is 
the same as the number which can be drawn from the projection 
of the point to the projection of the curve, and hence that a 
carve and its projection* are always of the same class. 
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PROPOSITION 111, 

89. The areas of all figures in one plane ore in the same 
ratio to the areas of their projections on a given plane. 

Let AB be the common section of the primitive plane and 
the plane of projection^ and let PA and QB be drawn from 



F 




B D 



any two points and Q in the former plane at right angles to 
A By and let PC and QD be perpendiculars to the plane of 
projection. Then since AP and BQ arc in a constant ratio to 
their projections A C and BQ. the rectilinear figure APQD is in 
the same constant ratio to its projection ACDB. 

In like manner, \{ PP' be any segment of AP and QQ any 
segment of BQ^ the rectilinear area PF Q Q is in a constant 
ratio to its projection ; and lionce the aggrcji^^ate of any number 
of figures as PPV^ ^ ^^^^^ aggregate of 

their projections. 

But anj rectilinear area in the primitive plane may be 
divided into elements as FFQ'Q bj drawing planes at right 
angles to AB^ and any corvilinear area may be regarded as 
the limit of a rectilinear area. Uence every area is to its 
projection in a constant ratio, which is easily seen to be equal 
to the secant of the angle between its plane and the plane of 
its projection. 

90. Plane Projection. 

The above propositions all follow from the constancy of the 
ratio of AP to its projection, where PA is the perpendicular 
from any point P in the primitive plane to its common section 
with the plane of projection. The relations between the locus 
of P and its projection will evidently still be of the same kind 
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if the former plane be turned aboat AB into coincidenoe witli 
the latter, the BttaatioQ of P in its own plane being aappoaed 
to remain undisturbed. The new position of P will lie In 
produced, and will be such that its projection O now divides AP 
in a constant ratio. Since all points and their projections are 
tbns brought into one plane, we shall speak of the point C 
which divides AP in a constant ratio as the orthogonal JREsim 
Profedian of P, 

The relations between a figure and its plane projection majr 
of course be obt.iincd directly by plane geometry. Thus if PN" 
be an ordinate to a fixed axis, and if it be divided (externally 




or internally) in a constant ratio at it is easily proved by 
similar triangles that if the locus of P be a straight line meeting 
the axis in T, the locus ofp will be a stnught line meeting the 
axis in the same point: parallels as PTj FT correspond to 
parallels |>r, ^'2*: and the results of Props. 1. — m. in general 
may be similarly establbbed in piano. 

It may be proved also that if two straight lines make 
8upph77i€iifar>/ angles with the axis their projections make 
supplementary angles with the axis. 

The following examples will serve to illustrate the method 
of orthogonal projection. 

91. The Ellipse. 

A cvlinder being regarded as a cone whose generating lines 
are parallel, it follows from Art. 72 that the plane sections of a 
right circular cylinder are ellipses, which may be of any eccen- 
tricity. It follows that an ellipse of any eccentricity may be 
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projected orOtojonaUy into a circle having its plane at right 
angles to the axis ot* the cylinder. This circle will evideutly 
be equal to the minor auxiliary circle ot* tlie ellipse. 

An ellipse may also be projected orthogonally in piano into 
a circle by producing its principal ordi nates ia the ratio of CA 
to CB^ or by diminishing the ordiaates to its minor axis in the 
ratio of CB to CA ; and conversely a cirde may bo projected 
til fUtno mto an ellipse by increasing or diminishing every 
ordinate in a constant ratio. [Art. 88. 

a. Let an ellipse and a circle be projectively related. Let 
PQ be any one of a system of parallel obords in the ellipse: 
pq the corresponding chord of the circle, which will itself belong 

to a system of parallels. 

The middle point 0 of PQ corresponds to the middle point o 
of/7/7; and if the locus of the one be a straight Hue, the locus 
of the other will be a straight line. But the locus of 0 in the 
circle is a straight line, and therefore in the ellipse the locus of 
the middle points of any system of parallel chords is a straight 
line. From this it is further evident that conjugate diameters 
in the ellipse correspond to diameters at right angUt in the 
circle. 

h, Next let O be a fixed point and PQ any chord of the 
ellipse passing through it: then pq in the circle will pass 
throngh the corresponding fixed point o. 




Let CD be the radius of the ellipse parallel to PQ^ and Cd 
the corresponding radius of the circle, which will be parallel 
toj)^. Then by Prop. i. 

OP : OQ I CD^op I oq : Cd. 
Therefore OP. OQ i GD^ — o/> . oti : 
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or (<i>p>oq flod Ctl in ihe drde being coottant) OP,OQ varies as 
tbe square of the parallel semi-diameter CD. 

c. Since tlie ordiiiatcs PX and />A' iu the second figure of 
Art. 33 are as Ci? to CAj the area of aoj segment or sector 
of tbe ellipse la to the area of tbe corresponding segment or 
sector of the circle as CB to CA^ and tbe area of tbe whole 
ellipse is to that of tbe circle in the same ratio. The area 
of the ellipse is therefore eqaal to v.CA.CS^ and it is a mean 
proportional to tbe areas of its major and minor aoxiliaiy 
circles. 

d. Any maximum or minimum or constant area related to 
the ellip8e projects into an area similarly related to the circle. 
Thus, the greatest triangle which can be inscribed in a circle 
being equilateral, the greatest triangle which can be inscribed 
in an ellipse may be shewn to be that which has its sides 
parallel to the tangents at its angular points and its centroid 
at the centre of tbe ellipse, 

92. The Equilateral ConicB, 

Any hyperbola can be projected into an equilateral hyper- 
bola in the same way that an ellipse can be projected into a circle 
(Art. 88); and thus from certain properties of tbe equilateral 
conies (Art. 61) we can deduce corresponding properties of 
central conies in generaL For example, having proved for tbe 
equilateral hyperbola (Art. 65) as well as for tbe circle, that 
the conjugate parallelogram is equal to 4kCA\ we infer that 
in any central conic tbe conjugate parallelogram is equal to 
AA^BB*, In like manner other projective properties which 
have been established for tbe two equilateral conies are at once 
seen to be capable of extension to central conies in general. 

93. Properties of Polars, 

Using tbe same letters as in Art. 41 but supposing the curve 
to be a ctrc/c, we have the angles at o and T right angles, and 
therefore 

co.cr= Co.ct=CA% 

or 2' is a hxod point and tTa ilxed straight line. 
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lu other words, If a chord of a circle pas3 through a fixed 
point 0 the tangents at its extremities intersect on a fixed 
straight line tT^ and converselj. The flame foilowB at once 
for the ellipse by orthogonal projection. 

94. Property of a Quadrilateral. 

If ABCD be a fixed quadrilateral inscribed in a circle, PQ a 
variable diameter of the circle, P<t, Ph^ Pd perpendiculars 
to AB^ CD^'AC^ BD respectively; tiien by Euc. YI. C the 
rectangle Bn.PQ u eqnal to PA.PB^ and thns 

PA.PB .PC.PD J. ^ 

pqr 

Fkvject the circle into an ellipse. Then (still nstng the same 
letters) Pii,Ph in the ellipee eortss ob ib.i^ and the lines 

Bx, Pb, Pc^ Pi meet the sides of ABGD at wmUmt angles, 
and therefore vary severally as the perpeodicnlars from P to 

those sides. 

The theorem is inferred to be true for the hyperbola regarded 
as a quasi-elHpse (Scholium C, p. 101), as also for the parabola. 
Hence the products of the 2>€rpendiculars from any point on a 
conic to the sides of a fixed inscribed quadrilateral^ taken in 
opposite pairSj are in a constant ratio; and conversely, if a 
point be thus related to a fixed quadrilateral, its locus will be 
a conic circumscribing the quadrilateral. 

It follows by supposing two opposite sides of the quadri* 
lateral to vanish that the product of the perpendiculars to any two 
fixed tangents to a coniofrom a variable point on the curve varies 
a$ the »quare of the perpendicular from that point to th^ chord 
qf contact* 

95. Curvature, 

The common chord of an ellipse and its cirde of cnrvatare 
at any point and their common tangent at that point make 
supplementaiy angles with the axis (Art. 85], and may there- 
fore be projected into a chord and tangent at a point of a 
circle making supplementary angles with a given diameter. 

[Art. 00. 
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Given a point 0 on a cirdei three positions may be fuand 
on the carve of the point Psnch that OP and the tangent at P 
make supplementary angles with a given diameter, and the 

three positions of P determine an equilateral triangle. 

Hence it may be deduced that there are three points on an 
ellipse, lying at the vertices of a maximum inscribed triangle, 
whose osculating circles cointei*8cct at a given point on the 
circumference of the ellipse. [£x. 650. 

PARALLEL FJE10J£GTI0N. 

J)G. The parallel projections of straight lines, being the 
common sections of paraJlel planes drawn through them with 
the plane of projection, are themselves parallel strught lines ; and 
It is easily deduced that Props. I.— nr. in general are applicable 
to pcuraliel projection. Moreover it is to be noted that in the 
figure of Art* 90 the ordinate PN may be sapposed to meet 
the axis at any wntiant angle and not necessarily at right 
angles. We may therefore ^pfojeet" a point obliquely also 
in phno by increasing or diminishing its ordinate (drawn in 
any given direction) in a constant ratio. 

Although parallel projection is not essentially more general 
than orthogonal projection, it enables us to efiect some con- 
structions with greater ease and directness, as will appear from 
the next article. 

97. Any two angles of a fricmgU may he projeded uUo angles 
of given magn&ude, 

(i) Given the angles SUP and IISP^ it is required to project 
them into angles equal to JSIffj and IJSf/ respectively. This 
may be eifected most simply by parallel projection {tn piano or 
in space) as follows. 

Take SMas the axis of projection, and let it meet gP in 
G. Then (1) if gO : PG be taken as the projecting ratio, the 
triangle SPU may be projected in piano by ordinates parallel to 
FG into the triangle SgTI; or (2) if the triangles bo situated 
in di£ferent planes (having 8H for their common section), the 
one may be projected into the other by lines parallel to Pg. 
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It is hence evident that any triangU may he prqfeded hy 
parallel lines into an equHaieral triangU; and in like manner 
that any parallelogram may be projected into a square. 

(ii) To project any triangle SPII orthogonally xnio an equi- 
lateral triangle, let an ellipse be described about it so as to 
have its centre at the centroid of the triangle. Then if the 
ellipse be projected into a circle, SPII will at tlie same time 
project into an equilateral triangle inscribed in the circle, since 
each side of the projected triaogle will be parallel to the taugeot 
at the opposite vertex. 

LAMB£BT*S TH£OB£M.* 

98. The intercept on any focal vector of an ellipse hituren the 
curve and any chord parallel to the tangent at its cjctremiig if 
egual to the diametral sor/iffa of the are cut off hy the oorre- 
epcndiag chord in the auxiliary circle. 

In an ellipse take any focal vector 8P, let the diameter 
conjugate to CP meet 8Pln and let any chord QQ parallel 
to CJTmeet ifiPm 0. 

Produce the ordinates of P, Ql outwards to meet the 
ansiliaiy circle in />, and let m and o be the middle points 
ot QQ and qr/^ which will lie on a common ordinate oniM* 



* This nan]c is given to tbo tbeorciu in elliptic motion deduced below in Uio 

9 

Bchulium from Art. 
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by parallek; and FK is equal to |i(7 (Art. 38, Cor. 8); and 
therefore FO and fo are equal, as was to be proved. 

If O and o' be any second positions of 0 and o, it follows 
that OCX is equal to oo': thus by taking tX 8 "we infer that 
80 ia equal to the altitude of the triangle 8qq\ If the parallel 
from 8 to qq* meet Cp in e, it is thus evident that every 
segment of the line K80P is equal to the ooiveqiondmg 
segment of the radius Csop. Hence 

K8.K0 = C8,Co = C8. CMf 

since the angles at a and M are right angles. 

99. y in two eUipeee described on equal major ax$9 tkert he 
taken eqwd ehorde QQ eueh that 8Q-\'8(f ie of the eame 
nuufn&ude in both eZ/tjfweff,.lAe areas qf the two focal sectors 8QQ 
VfiU be in the subdupUcaie ratio qfthe Uuera reda <if their dl^pses. 

In each of two ellipses having equal major axes make the 
same construction as in Art. 98, with the proviso that 8P* and 
PO shall be of the same lengths in both ellipses ; then will Q(i 
and 8Q-\' 8Q heo£ the same lengths in both eliipscR, and the 
areas SQQ' will be in the subduplicate ratio of tie latera recta 
of their ellipses, and conversely. 

(i) For the scmi-diaineter CD parallel to QQf^ being a mean 
proportional to 8P and AA'-SPy is of the same length in 



* Tukc SI' at raiiUom Id the less eccentric eUii'ye, aud fiud on equal SP in 
the other. 
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botb elUpees ; and, the saglttie po in the two cSrclea being equal 
(Art. 98), the chords qq* are equal ; whence it follows in virtae 
of the projective rdation 

QQ: CD = qq': CA, 

that the chords QQ are equal in the two ellipses. 

(ii) And since CM is the abscissa of the middle point of 
QQf therefore 

8Q-^8Q^AA'^^^,CM* 

wh§re CS.CM, or KS.KO (Art. 98), is the same in both 
ellipses ; and therefore also 8Q + 8Q is of the same magnitude 
in both. 

(iii) It is further evident that the se^ents qpq are eqnal 

and the triangles Sqq are equal in both circles, and liciicc 
that the two sectors Sqq arc equal. It follows by |>rujection 
that (the major axes of the two ellipses being equal) the focal 
sectors SQQ' are in the ratio of the minor axes of their ellipses, 
or in the subduplicatc ratio of their latera recta. "Conversely, 
if two focal sectors SQQ' of any pair of ellipses described on 
equal major axes be tlius related, then will QQ and HQ-k-SQ 
be of the same lengths in both ellipses. 

100. TJie area of amy focal sector SQQ of a, central conic 
divided by the square root of its latus rectum may he expreeaed 
in terms of QQ^ SQ-^SQ^ and the tranverse am, and ie 
independent of the magnitude of the wnjugaU axie. 

This may be inferred from Art 99 for the ellipse : or it may 
be proved bj the following method, which will be seen to be 
applicable to the hyperbola as well as to the ellipse. 

In an ellipse whose axes are A A* and BB' take any diameter 
POP, and let F8 meet the conjugate diameter OD in K and 
the tangent at P in JET, so that PK is equal to OA and PH 
to AA'. 



* Attume that st any ptniit P on the carve SP=CA ± «. CtV. Kotioe abo ia 
Art. 100 (u) that 8K^ PK- SP = CA- SPse. CAT. 
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With *S as focus and P and U as vertices describe a second 
ellipse, and let KL be its semi-axis conjugate. Tben if S' 
be the further focus of the first ellipse, 

CD" = 8P.P8' = SP. 8H^ KL\ 

(i) Let QOQ be any double ordinate to PP, let it meet PH 
in 0, and Let qoq be a doable ordinate to PH in the second 
ellipse. Then by the nature of ordi nates, 

QO' : CD'=^PO.OP' I CP*^Po.oH: KP* 

« qo* .KL\ 

or Q0\% eqaal to qo and QQ to qq'. 

(ii) And Bince SK : CN = CS : CA = CS : PK, 
and CNi CM^ CPi OO^PK: Ko\ 
tb^erefore 8K : Oilf » C8 : JTo, 

or in terms of the eccentricities e and e\ 

and therefore 

(iii) Let a line throQgh 8 at right angles to QQ meet (2^' 
in m and the tangent at P in it ; then will the equal chords 
Q(y and qq' in any two consecutiTe positions cot off elements 
of area which, being as their own breadths, are in the constant. 
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ratio of Sill to So'^ and this U also the ratio of the triangles 
SQQ' and Sqq on equal bases. 

Tlierefore the wliole segments QP'Q' and qllq\ as also the 
sectors SQQ' and S'/q\ arc as Sni to Soy or as to SP^ 
or as C/? to CD or AX; that is to say (the transverse axes 
being equal) the sectors SQQ' and Sqq are in the subdaplicate 
ratio of the latera recta of their ellipses, 

Lastly (calling the second ellipse described as above the 
CMxCliary ellipte) if any two ellipses having equal niajor axes 
be placed bo as to have a common focal vector SFj they will 
have the same auxiliary ellipse ; and it is inferred by comparing 
each of the two ellipses with their anxiliary ellipee that their 
corresponding focal sectors 8Q(f will be in the subduplicate 
ratio of their latera recta provided that Q(f and 8Q 8<]f be 
equal in both. Hence, when the three lengths QQ^ SQ-^ SQ^ 
AA are given the area of the focal sector 8(iQ divided by the 
square root of the latus rectum is determined. 

soHoutnc. 

Tho Rultstanco of the preceding soction may be found in 
LtAMBEur'a Imigniort* Orbiia Cometanun I'rojjneiatea* (pp. 102-125), 
where it is deduced that ih§ timt i» anjf mre QQ' of an ellipUd wrhii 
dtiefiM aiotU S it a function of + (he ekord QQ, wd iht 
major axis, and does not depend upoji the minor axis. For an 
investigation of tlie exprnssiou for tho time tho reader ma}' consult 
the Messenger of Mathematics^ vol. vii. p. 97 : the result may also 
be obtained in the same form by the followin<^ process, which has 
the advantage of giving a more direct geometrical interpretation to 
some of the symbols emplo^'ed. 

Assuming tho results of Arts. 98, 99, and noticing further that 
«/ is equal to CD (£x. 651}, let o denote tho angle oC'j^, and /3 the 
angle f QT. Then 

^ Co.C» CM.C8 , 8Q^8Q: 
eoe« .cos/5 --^--^ - 1 - —j^r- , 

am a . sm ^ - - . 

and therefore 1 - ooe(i3 ± o) - — — ■ . 



* See aboTe, p. 57 ; and for a further acoouat of tke work aee the MttmHjfer 4ff 
Matkewuak*, vd. IZ. p. 68. 



R 
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Let n donote the mean motion in the ellipse : t the time in 
tho arc QQ', which is proportional to the sectorial area 8QQ^ 

CB 

(or -Qj^ bQci.Sqq ) divided by the square root of the latus roctuin 

(Newton's Pn'nripia, Lib. i. Sect. m. prop. 14, theor. 6). Then 
aince ia the circle 




sect Sfq* " aeeLCjq' - A (Cqf' - 8qff) « C7^' (o - ein o . cosjS), 
it may be deduced that 

n< = {/3 + a - sin (/3 + a}} - [[i - a - sin (/3 - a ], 

where ft ■\- a and ^ - a are known fimotiona of AA, QQ, and 

SQ + SQ. 

The correspond iug theorem in parabolic motion had boon given 
by EuLBB in the MUeellanM BtroliiMiuMt torn. vn. pp. 19, 20 (1748). 

Lambert (1761) extended it to the central conies f]^onorally ; althongk 
Loxcll ill his elaborate article {Xova Acta Academic Scientiarum 
Jmprrialis J*e(ropoli(arud, torn. I. pp. (140) — (183), 1787) overlooks 
Lamln rt'a references in Preface and text (§§57, 95, 213, &c.) to 
the hyperbola. On the parabola see Ezamplea 691 and 692. 



EXAMPLES. 

651. The diameter parallel to any focal chord of an cllipso 
ia equal to the projectively corresponding chord of its major 
auxiliary circle. 

652. The orthogonal or parallel projection of a parabola is a 
parabola ; and an ellipse or hyperbola may be projected into au 
ellipse or hyperbola of any eccentricity. 

653. Shew bow to project a parabola and a given point 
within it 80 that tbe projection of the point may be the focoB 
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of the projection of the curve:* and thus deduce (from a pro- 
perty of the directrix) that the tangents to a parabohi at the 
extremities of any chord drawn through a iixed point within 
it intersect upon a fixed straight line. 

654. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord of an ellipse 
which always toaches a similar and coaxal ellipse is bisected 
at its point of contact, and that it cuts off a constant 
area from the outer ellipse ; and shew that the portions of any 
chord intercepted between the two curves are equal. 

655. Shew how to project anj two coaxal ellipses or hyper- 
bolas into confocal ellipses or hyperbolas; and extend the 
theorem of Ex. 382 to any pair cf coaxal conies of the same 
species. 

656. If a chord of an ellipse and the tangents at its ex- 
tremities contain a constant area, the chord cuts off a constant 
area from the ellipse and toaches a similar ellipse, and the 
tangents at its extremities intersect on another similar ellipse. 

657. If CP and CD be conjugate radii of an ellipse, and 
if the lines connecting P and D with opposite ends of the major 
axis intersect in 0\ then will DOP and an extremity of the 
minor axis determine a pai'allelogram. When is its area least 
or greatest ? 

658. The least triangle circnmscribing a given ellipse has 
its sides bisected at the points of contact. 

659. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 

660. An 7j-gon described about an ellipse so as to have 
its sides bisected at their points of contact is of constant area, 
and the n-gon formed by joining every two Buccessive points 
of contact is of constant area. 



• Let TP and TQ, be the tangents M-hose chord of contact PQ piisscs through 
and ia bbectcd by the given point ; and let TPQ be projected into an iBosoeleB triangle 
ti^i4aigkd «l the pfojeotioa of r(Art. 97). 

r8 
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661. If a triangle be inscribed in an ellipse, the parallels 
throng its yerttces to the diameters bisecting the opposite 
sides meet in a point. 

662. Parallel ehorde drawn to an ellipee through the ex* 
tremitiee of conjugate diameters meet the curve again at the 
eactremities of conjugate diameters. 

663. Two ellipses of equal eccentricities and parallel major 
axes ean have only two points in common; and the common 
chords of three such ellipses meet in a point. 

664. P, R being three points on an ellipse, a diameter 
AC A' bisects PQ aud meets RP in xY and RQ in 2'j prove 
that CN.CT^CA\ 

665. Through the centre of an ellipse and the points of 
concourse and contact of any two tangents a similar and 
similarly situated ellipse ean be drawn. 

• 

666. B, (7 are similar and similarly situated ellipses, 
and B is concentric with A and passes through the centre of 
0. Shew that the common chord of A and C is parallel 
to the tangent to B at the centre of C 

667. Through a given internal point draw a straight line 
-cutting off a minimuoi area from a given ellipse. 

668. If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in T and 2", any chord of the former 
drawn from A is equal to half the sum or difference of the 
parallel chords of the latter through T and 

669. Determine the greatest triangle that can be inscribed 
in an ellipse with one angular point at a given point on the 
circumference. 

670. Given an ellipse, if a parallelogram be inscribed in 
it so that one side divides the diameter conjugate thereto in 
a constant ratio ; or if a parallelogram be described about it so 
that one of its diagonals is divided in a constant ratio by the 
curve ; the area of the parallelogram will be constant. 
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671. The tangents to an ellipse at P and P' are parallel, 
any two conjugate diameters meet theui in JJ and and any 
third taogent meeta tUem in 2" and T'; skew that 

672. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of tlic ellipse; shew that the tangents at the 
opposite extremities of the diameters through Aj C form 
a triangle similar to and four times as great as triangle ABG, 

673. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cat the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 

1, 3 and 2, 4 be conjugate in the oUipso, and 1, 4 and 3, 3 

in the hyperbolaa, 

674. The locus of the middle point of a diord of an eUlpso 
drawn through a fixed point is a similar ellipse, having its 
centre midway between the fixed point and the eentre of the 
given ellipse, 

675. Determine the greatest isosceles triangle that can bo 
inscribed in an ellipse with its base parallel to either axis* 

676. Any two radii of a circle and any pair of the radii 
at rii^ht angles thereto determine equal triangles; what is 
the corresponding property of the ellipse ? 

677. Any double ordinate to a given diameter of an eUipse 
being divided into segments whose product is constant, the 
point of section traces a similar coaxal ellipse. 

678. If the tangents at T and T' to an ellipse meet on 
a similar coaxal eUipse having A A' for major axis, shew that 
the loci of the points [Al\ AT} and {Al''^ AT) are ellipaes 
similar to the former. 

679. If PP* be a diameter of an ellipse and i2 be 
any two points on the curve, shew that the line joining the 
intersections of PQ^ P'R and PE^ P'Q passes through the 
intersection of the tangents at Q and M and is conjugate in 
direction to PP\ 



I- 
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680. In a given ellipse shew how to place a chord pnssin^ 
through a given point in the axis which shall cootain with 
the radii to its extremities a maximum triangle. 

681. From the extremities of any diameter of an ellipse 
straight lines are drawn to either focus; shew that the radii 
parallel thereto in the aaziliaiy circle meet the curde at points 
lying on a chord through the focus. 

682. A triangle of constant area being inscribed in an 
eliipsOi find the locus of its centroid. 

683. If Pand Qhe projectively corresponding points on an 
ellipse and its major auxiliary circle, tlie radius of the ellipse in 
the [direction OQ is equal to the perpendicular irom C to the 
tangent at F, 

• 

684. AA' being a diameter of a conio and Q any point 
on the tangent at A^ shew that the line A'Q cuts the conic 
in a point B such that the tangent thereat hisecta A Q. 

685. If CP^ CP* be semi-diameters of an eUipse, Q and 
Q the points in which the conjugate diameters meet the 
tangents at P* and P respectively ; the triangle determined 
hy a pair of its semi-axes is a mean proportional to the triangles 
CPP'nndCQQ'. 

686. If a triangle inscribed in an ellipse have its sides 
parallel to the diameters b'^ b'\ h'" and the focal chords e', c", 
c'" ; and if a, 6 be the axes and p the parameter of the ellipsei 
and D the diameter of the circle circumscribing the triangle • 
shew that 

687. The square root of the continued product of the six 
focal chords of an ellipse parallel to its six chords of inter- 
section with a circle is equal to the parameter of the ellipse 
multiplied hj the square of the diameter of the curcle. 



* fbeonm b due to If40 Cvliaoh. (Salmon'i Come S^tikmt^ Art. 8S9). 



\ 
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688. Shew that S'B (fic^. p. 79) is perpendicular to tho 
tangent from A' to the auxiliary circle. If Z be the point 
of contact of this tangent and (/ its iutcrj^cction with S'By 
detcrniinc the eccentricity of the ellipse so that the lines C'if, 
8Gf XB may meet iu a poiut. 

689. Two particles dc.-^cribe the same ellipse subject to the 
same force at the centre : shew that their directious of motion at 
an J time intersect on a similar ellipse. 

690. A given triangle may be ortliogonally projected from 
an equilateral triangle; or it may be ortliogonHlly projected 
into an equilateral triangle. Deterniinc by a gt uuictrical con- 
Btruction the magnitudes of these equilateral triangles. 

691. Prove by the method of Art. 100 that the area of 
any focal sector SMX oi' a parabola divided by the square 
root of its latus rectum may be expressed in terms of BM-^ 
and MN. 

692. Prove also that if PK be the diametral sagitta of the 
arc MNf then 

and from this last result deduce tliat 
8 



693. If in any two ellipses or hyperbolas on equal trans- 
yerse axes there be taken equal focal vectoiB 8P^ and if chords 
QQ' be drawn iu them parallel to the tangents at P and bo 
as to make equal interceptB on the equal focal Tectors; shew 
that the chords thus drawn are equal in the two conies, and 
that SQ-hSQ is of the same length in both, and that the 



• TliU i3 here suirT'^'tcd iLs perhaps the most direct way <jf t -^tal li-liii; : goome- 
trtcally the tlieoruui in purabutic luuliua oommoaly obcnbcd tu Lamu1£BT but 
piwioualy diico?e w d bj Evlbr (Scholiain, p. S42). 
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focal sectors SQQ are in the subduplicate ratio of the latent 
j'ccta of their ellipses or hyperbolas.* 

694. Given, in a conic orbit described about the focus S 
under the action of a given force, a cliord QQ^ the parallel focal 
chord, and the sam of the terminal focal Tectora BQ + 8Q \ 
the time of describbg the arc QQ' is constant.t 

695. Given tlic directions of two sides of a triangle inscribed 
an a given ellipse, determine the envelope of its third side. 



* The proof U very mnch as in Art. 100 ; but the two conies are thos compared 
directly ntul without tlip interposition of an anxilioij OOOicin whichthechoidgg'ol 
the sector is at right aogles to the principal axis. 

t This mtmdad onimciatioii of Lambibi^ tlMorsm (m I ttm iofoniwd faj Pnf . 

T0WR8BHO) was given in a Icctars in the 1815 by the late Prof. MacCullaoh 
of Dublin, who proved that the nectorial area SQI'Q' and the pqnnre root of the 
latoB rectom of the orbit varj severally as the .sine of the angle between SP and Q(^t 
hBTing prerioiialy diewD that OP is ooniUii^ Mid that vmj diofd pMalM to QQT 
wliidi oati i6tP in B ooQitaiit ntio it of ooMtaut teogtlb 
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CHAPTEJi X. 

OBOSS RATIO ANB INVOLT7TIOK. 

101. A SET of points on a straight line oonatitote a Bangt* 
or row, of which the line is called the base or axis ; and a set 
of straight lines radiating from a point constitute a Pencil^ of 
which the point b called the Vertex or the centre and the lines 
are called Bay» or radiants. 

The ratio of the ratios in which the straight line joining 
two points is divided bjr any other two points in its length 
is called a DoMe Section Baiio^ or an Anharmonte Batio, or 
a Cross Batio of the four points. If two ranges of four points 
have one cross ratio of the one equal to one cross ratio 
of the other, it may be shewn that every cross ratio of the 
one is tHjual to the corresponding cross ratio of the other: 
"We may therefore in practice speak of a tetrad as having 
one cross ratio only, although its four points determine six 
segments to each of which belong a reciprocal pair of cross 
ratio8.t 

102. If a line BD be divided at A and (7, the ratio 
AB.CDiAD,CB (which is a cross-multiple of the ratios 
AB CB 

-T-r. and -PTF.) mAy be taken as the cross ratio of the points 

AD ('J" 

' ABCBf and it is expressed bj the notation [ABCB], It maj 



* OoOinear points are (or were) fomefclmM Mid to **faoge on a ttni^ l^^—for 
«n example aee Booths Oeomtirieam^Aoth, ytA» i. f 48. 

f Eor • faidier expoiition of the principles of Anbarmoiiie SecfelaB eee 

TOWRBBHD's Modern Geometry of the Point Line and Circle, vol, II. The purpose 
of tbifl chapter is not so much to establish these principles as to apply them to 
oocics. 
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be shewn that this ratio is unnlterfid hy the interchange of any 
two points of the rangp prorid»d that the remaining two points 
he at the same time inU:rchan(jtd, In other words, it may be 
shewn that 

[ABCD] = [BADC] - {CDAB} - [DCBA). 

The cross ratio of a pencil of foar rays ia that of the range 
which it determines on any transversal : thb ratio will be shewn 
to be independent of the posUum of the irannereal (Art. 103). 
The cross ratio of foor radiants ABCD is expressed by {ABCD]^ 

and the cross ratio of four radiants Oa, Ob^ Ocj Od by 0 [ahcd] 
or [0.ahc(l\, 

Tetrads of points and rays arc said to be trpial or equian' 
harmonic when their cross ratios arc equal ; and ranj^es and 
pencils of any number of constituents are said to be homo^ 
e/raphir* when every tetrad of the one system and the corres- 
ponding tetrad of tl^e other have equal cross ratios. The 
notation 

[ABODE &c.} = [A'B'C'D'E' &c.j 

is used to express that two systems whose constituents eone- 
spond in pairs are homographio. More briefly, if A and A* be 
a Tariable paur of homologous corresponding) constituents 
of two homographic systems, the equation [A]^ [A'] may be 
used to signify that every four positions of A and the correspond- 
ing positions of A* have equal cross ratios. The corresponding 
notation for a pencil haying its yertex at 0 is 0{A], 

Thus far we have spoken only of coUinear points and of 
concurrent lines, but the following definitions may be added 
in anticipation of Art. 113. The cross ratio of Four Points on a 
Conic is that of the pencil which tiicy subtend at any fifth point 
on the curve ; and the cross ratio of Four fauf/r/its to a Conic is 
that of the ranpje which they determine on any fifth tangent 
thereto. In the special case of the Circle it is at ouce evident 



* This term it aometimea ooofined to Bystems of more tbaa four constituents, bnt 
ft mi^ be used with equal fitne?" for the special cause of tetrads, in place of tho 
longer word t'luianharmonic. The still shorter term equal (although not in general 
so uaed; may often be employed with advantage as an abbreTiation for " eqaal as 
ngaidi OOM xatio**— for whkdi the ton e^vierow is snggnted by IftoL TowirasHih 
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that these ratios are indi'pmdent of the position of the Ji/th point 
or tan'/euf, since four given pol ts on a circle subtend a pencil 
of constant angles at any titth point on the curve, and since 
the segments of any fifth tangent by four fixed tangents 
subtend constant angles at the centre. It will be shewn in 
Art. 113 that the cross ratios of four given points on (or 
tangents to) anj oonic are likewise constant. 

We proceed to establish certain Lemmas relating mainly 
(1) to Cross Batio in general, and (2) to the special case of 
homographj called Involntion, with a view to their eventual 
application to some of the fundamental propertites of conies. 

CROSS BATIO. 

• 

103. The cross ratio of the points in ichich four fixtd 
radiants are met by a vnriohle transversal is constant.* 

(i) Let four lines radlatir)g from 0 be met by any trans- 
versal In the points ^-1, C, and let the parallel through B 
to OD meet OA in a and OC ia b. 




Then by similar triangles, 

ABiAD^ aBiDO 
and CD\ CB^DOiBb. 

Hence \^^^^)-AJj:CB=bB^ 

which is constant for all positions of <rT^ parallel to OD' and 
therefore {ABCB] is constant for all positions of ABCD without 
restriction. 

* It is to lie noted that this very important theorem of the ancienta implkdtlj 
coutuius the method of Conical Projection. 
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We have thns proved that 

[ABCD] = [aBbtf^], 

where oo denotes the point at intiaity iq which aBh meets 0D» 

It is to be noted that the transversal may be drawn eo as 
to cut the radiants (produced through 0) upon either side of 
0. Thus in the figure of Art. 107 (i), considering the pencil 
whose vertex is 0 and supposing QO to meet AB in E and 
CD in we have 

[DMAQ] = [BPAE] = [BRCQ] = [DPCF], 

the rays of the pencil being taken in the same order in every 
case. 

(ii) It is further evident that different 'pencils have equal 
cross ratios when their correspondmg angles sire equal or 
supplementary. 

For example, if SR and 8T turn about iS^ (Art. 9, Cor. 1) 
80 as to be always at right angles, the pencils S [Ii] and S [7'| 
are equiangular and therefore hotiu)graj)liic. Or again, if TS 
and TH in Art. 50 remain fixed whilst the conic varies (so 
that the tangents from T always make ccjual or supplementary 
angles with TS and TH respectively), the pencils T {F\ and 
T [Q] are homographic. 

104. Condition that a variable straight Une should pass 
through a fired point. 

Four rays determine equal ranges upon any two transversals 
(Art. 108); and conversely, if two equal tetrads of points on 
different axes be such that three of the lines joining them 
in homologous pairs meet in a point, the join* of the fourth 
pair must pass through the same point. 

In particular, if be a point on one of the four rays, they 
determine equal ranges [ABCD] and [ARC'D^ on any two 
transversals through A. 



* Thta teirm naed by some writers m mi •btmviation for the Urn Joinitiff two 
pointa. Bee fur txa:nple IlBNIlIors Klemeranr^ (kpmetry, CongrmiM Ftgwntf §47 
(IxndoD, 1879). The "join" of two linee ia their oommon point. 
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Conversely, if BF and CO* be any two assnmed positions of 

a varlal)!!' straight line, 0 tlieir point of concourse and A that 
of iiC'aiui I)C\ and if OA be a third position and any 
other position of the variable line, the condition that DI^ 
should pass through the fixed point 0 la that \ABCD\ should 
be always equal to [AB'G'D'\, 

105. Condition that a variable }H)mt Mhmtld Ue on a fixed 
ttraitjhl line. 

A range of four points subtends equal pencils at any two 
vertices; and conversely, if two ecpml pencils having different 
vertices he such that three pairs of their corresponding rays 
intersect on one straight line, the fourth pair mu»t intersect 
on the same straight line. 

In particular, if 0 and 0' be the vertices of two pencils 
which have 00' A for a common ray, and if /?, (7, D be the 
intersections of their remaining three pairs of rays, then will 
BCD be a straight line provided that 

0\ABCD]^a{ABCD]. 



B 




If now [supposing the rays of the two pencils to be variable) 
the intersections of two pairs of homologons rays be at given 
points B and (7, the remaining intersection D will lie on the 

fixed straight line BO, 
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Thb letolt and that of Art. 104 may be together ezpreased 
as follows: 

If two tetrads of potntt or ray ABOD and ABCU be 
equiankarmonicy then if one pair {A, A') eoalesee the remamu^ 
three pairs {By B')^ {C, C), (Z>, Jy) are in perspective, 

106. Condition that a tetrad of points or rays may be har^ 

monic. 

(i) If £1) be divided hannonicallj at A aod C, and if the 
signs ± be used to denote opposite directions, then it is easily 
seen that 

AB CD _AD CB CB AD 
AD' m~ AB'7m~ CD'AB""^' 

or [ABCD] = [ADCB] = {CBAD] =-1. 

The condition that the range ABCD should be harmonic 
is therefore that the points A and C or the points B and D 
should be separate^ interchangeable. Each pair of inter- 
changeable points are said to be harmonically conjugate to each 
other with respect to the remaining pair. 

(11) A pencil 0 [ABCD] will be harmonic if a transversal 
drawn ])aralK'l to one of it? rays OD be cut in crptal and opposite 
segments Ba and Bb (fig. Art. 103) by the remaining three 
rays. For example, since DP In Art. GO is parallel to one 
asymptote and is bisected by the other, it follows that the 
asymptotes and any two conjugate diameters qf a hyperbola con- 
stitiUe a harmonic penciL 

(iii) A pencil will also be harmonic if two of its rays be 

the bisectors of the angles between the other two. For ex- 
ample, the tangent and normal and the focal distances at any 
point of a conic constitute a harmonic pencil. 

107. Properties of a complete' quadrilateral. 

Let ABCD be a quadrilateral, and let 0, P, Q bo the 
intersections of {AC, BD), {AB, CD), {AD, BC) respectively. 
Then the figure as thus completed is called a Complete Quad- 
rilateral, and FQ is called its third Diagonal 
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p) Let the ray rO meet AD in M and BG in JS. Then 
bj the properties of radiants (Art. lOS), 

0 [DMA Q]^0 [BRCQ] » P{BRaQ] ^P[AMDQ\ ; 




and therefore the range [DMA Q]^ in which the conjugate points 
A and D have been shewn to be interchangeable, is hairoonic. 

[Art. 106 (i). 

Thns it appears that the two pencils whose Tertices are 0 
and P are harmonic, and in like manner that the pencil Q 
is harmonic ; and hence that each fjf the three diagonah of the 
complete quadrilateral te divided harmonieally by its remaining 
two diagonals, 

(ii) Let tlie sides AB^ DC of a quadrilateral meet in P 
and the sides DA^ CD in 0. Complete the parallelograms 
BODR and AOCQ^ and let BB, FD meet in V and AQ^ FD 
in T. 



0 




R 
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Theu hj parallels 

PC: CT^FBiBA^PV I VD, 
or PG : PK- CTt VD^ CQ : KB. 

Hence PQR is a straight line, and therefore the middle 
po"nts of OPy OQ^ Oil 11c on a straight line parallel to PQR. 

But the midtile point ot" OQ is also the middle point of 
AC, since the diagonals of parallelograms bisect one another j 
and tor tlic same reason the middle point of OH is also the 
nii(l<lk' point of BD. 

Thcretorc the inidUe points of the three diagonals AC^ BD^ 
OP of a comph te (juadrilatt ral lie on a straight line. 

The straight lino bisecting the three diagonals of a com- 
plete quadrilateral may be called tbe Dlamkt&r of the quad* 
rilatend'^Elx. 375, note). 

BOHOUUH A. 

The fuudamenttd anharmonic property of a penoil of four rays 
oonstitutes prop. 129 of the soTenth book of the Svt'aywTif of 

Pappus (vol. 11. p. 871, ed. TTult.scli), which affimw that if (wo 
straight linex A BCD and A BCD U drawn aerou tkret radituU* 03^ 

OCt OJ) ;fig. Art. 104), then 

AB.DCiAD, CBmAB.UC : AIJ(,£tC\ 

This property is introduced (pp. 867 — 919) under the head of 
Lemmiis on Euclid's tlireo books of Porisms, a subjoct treat(Mi at 
loiin;th by TloB. Sfmsox in tho work 1)^ Porismatihus coiitnincd in his 
Opera quadam reliqua i^Olasgutc, 1776;, where some things that wero 
obscure in Pappus are made clear. In the same section of the 
ZvvaytMtyT^ {'^To\i. 131) IS contained in substance the theorem of 
Art. 107, that eifhrr ditj'/onal of a qntidrilahral is cut harmonically by 
its other diagonal and thr join nf the juins Quote, p. '2b2'\^ of its opposite 
siden (Chaah'S Aper^u Uistorique p. 36, 1875). And further, it will 
appear (Schol. C) that a theorem in Pappus implicitly contains the 
fundamental anharmonic property of four points on a conic. 

The ancient tlieory of transversals was revived and largely de- 
veloped in tho tirst luilf of the seventeenth century by Desarguks, 
to whom PoNCELET, in the introduction to his TraiU det Propriety 
Pri>f$elwe$ dti Iwurti (Paris, 1822), applies the tide of honour « lo 
MoNOB de son siede" (p xxxviii). For some further bibliographical 
infornintion on tlio Rubjoct see Ponctdot Ive. cit. and Chasles 
Aperqu Ihxtorique. Of Cau.vot's Geometric de Position (Paris, 1803) 
Poucelet remarks (p. xliv) that in that work " se trouve exposee 
pour la piemiire fois et dans toute sa g^n^ralit4 cette belle ThAoM 
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(los transverealos dont nous nvons d^ja ni souvent parl6 dans ce qui 
precede, et dont lea Aucieuu u'avaiout fait qu'uutrevoir lea principes 
et la t^iomditk.** This method has been soil further dereloped by 
Ohasles ** qui a mis en cBavie d'une maniere tres-heureuso Ics . 
priiR'ipop de la Theorie des transversales pour d^montrer la plupart 
des tht'oremes do Monoe" (ibid, p. xlv). A good section on Trans- 
versals was contained in the 12th edition of Mutton's Courte of 
IfalkeiMtiet, Tol. n. 214--46 (London, 1843). 

For the cross ratio — or as he called it "Doppelschnittsver^ 
hiiltniss" {ratio hi^fsectinnaltx)* — of four points Moebiits introduced the 
notation (-1, 1), C, 1)) in his celebrated Barycentrische Calcul, § 183, 
p. 246 Leipzig, lb27); and he used the notation '(c, d, a) for the 
cross ratio of the range determined hj four lines «, d, b, a upon any 
transversal e (p. 256). Chasles {Traite des SectionM Coniqtua Pt. I. 
p. 7, 1865), followinj^ the example of Miibius, adopts the notation 
(a, by c, d) for a point- tetrad, and uses O (a, d), an abbrevia- 
tion by separation of symbols ior (C^a, Ob^ OCf Od), to denote the 
anhannonio ratio of a tetrad of radiants. More generally, whether 
the letters denote points or lines, we may write 0{abcd\ for the 
croes ratio of the "joins" of (0, a), {0, b), {0, e), {0, d). The 
form {0 . abcU}, used in I^ai.mon's Conic Sectionty is a convenient sub- 
stitute for 0 {abcd\ in cases iu which oross ratios are compounded 
with one another (Mdbius, p. 257). 

The term Anharmome was invented by Chasles and has been 
widely used ; but it is an artificial word and wanting in brevity, 
and perhaps ought rather to mean non-harmonic. The short and 
signihcant term CroM Ratio (which expresses the result of com- 

S landing two simple ratios erosswxse) waa coined by the late Ph>f. 
LiFFoiu), and may be found in his ElmmU of J>jfnamies (p. 42) 
published some four or five years later (London, 1878). It may be 
used also with a secondary reference to the transTersal or oioss-lina 
on which the ratio is estimated. 

INV0LUT102^. 

108. If three or more purs of points il,^'; ^'i 
Ac. be taken on a etnugbt line at tnch distances from a point 
0 thereon that 

OA . OA' ^OB.OB'^OC.OC'^ &c., 

.they arc said to constitute a system in Involution, The point 
0 is called the Cenire and the points A'), (5, B)^ (C, C), 
&c. are called Conjiujate JPcnnts or Couples of the involntioo* 
Tiie centre is evidently conjugate to the point at infinity upon 
the axis. 



• ftrsiina ooUad it *' DoppelverhiltBiifc'' 

8 



Digitized by Google 



258 



PBOaS RATIO. AND INVOLUTION. 



If the several points of an involution lie on the same side of 
the centre as their conjiif^atcs respectively, the products OA. OA', 
&c. arc to be regarded aa positive, and tlie involution is said 
to be positive ; but if conjugate points lie on opposite sides 
of the centre the involution is said to be negative. In a positive 
involution there arc two points i<^and F' (on opposite sides of the 
centre) each of which coincides with its own conjugate : theae 
are called the Double Points or Foci of the ioTolution. In a 
Negative involution the foci are imaginarj. 

When two pairs of conjugate points Aj B and A\ B are 
given the inyolation is completelj determined. For if two 
pairs of parallels be drawn through A* and B respectivelyi 
and if they intersect in P and the line PQ eridentlj meets 
the axis of the involotion in a fixed point 0 such that 

OA : OFi OB' : OB^ . 

w OA.OB^OA.Off. 




Thus the centre 0 and the constant of the involution are knowoy 
and the system is completely determined.* 

A iWi7 of lines in involution is a pencil which determbes a 
row of points in involution on any transversal: every sncb 

pencil has one pair of Double Rays^ on which lie the double 
points of all its transversals. [Art. 1 12. 

109. A system of circles having a common radical axis de- 
termine pairs oJ j)oints in involution on any transversal. 

For if a system of circles be drawn through two points P 



* Tbe dx lines joining any fonr pmnta PQP'(t detennbie an involiition on wttf 
tmnsreaal: tbe oimitniotion in the text nsnltB from taUngP'ai^ 
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and and if a transversal meet FQ in 0 and meet any two of 
the circles in A' and By it is evident that 

OA.OA':=OB.OB''=^ OF.OQ. 
ConTenely, if circlea be drawn through the serend pain of 
oonjugate points of an involution and throngh a common ez- 
tirnal point ibey wiU all meet at a seoond fixed point 
mich that PQ passes tbrongb the eentre of the involntion. The 
Foci of the inrolntion are the points of contact of the two 
circles which can be drawn throngh P and Q so as to tonch 
the transversal : these points are maguutrif when P and Q lid 
on opposite sides of the transversal. 

110. A psneS qfraya m invoUuion ka$ in general two amfti^ 
ffaU ra^ only at right angles ; hui if two pain of conjugate rays 

ai riffht angles every two conjugate rays am at rigki angles. 

Let P be the Tertez of a pencil in involntion, and let a 
transversal meet two pairs of conjugate rays in A, A' and B'. 
Then the circles APA' and BPB' determine by their intersection 
a second fixed point and every circle through P and Q meets 
the transversal in points G and C such that FC^ FC are con- 
jugate rays. [Art. 109. 

Now in order tluat tlie angle CPC may be a right angle 
the centre of the circle CPC must lie on the axis of involution. 
In general one circle only can be drawn through P and Q so 
as to have its centre upon a given transversal ; but if two circlea 
can be so drawn the transvefsal must bisect PQ at right angleSy 
and must therefore be the locus of the centres of ail the circlea 
that can be drawn through P and Q, 

It is hence evident that a right ang^e turning about its 
vertex generates a pencil of rays in ntgaUve involution: for 
example, 1^ conjugatB iiameUn ufa dreU cawUtuiB a negative 
involutunu 

It is further evident thai there are two points (one on each 
side of the axis) at which all the segments of a range in 
negative involution subtend right angles. 

111. 1/ a row qf paints he in involution any font of ikem and 
their four conjugates are equieross^ and conversefg. 

82 
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(i) For if {A, A'), {B,ir), (C, C), {D, I)') be conjugate 
points in an involution of which 0 is the centrei then since bj 
delinitioni 

OA' : OB'^ OB: OA, 
Jtbercfore A'B' i OB' ^ABiOA\ 

«nd flimilariy O'ly xOV^ODx 00. 

Hence A'B'.C'D' : OB'.OD' AB.CB : OA.OC; 

and in like manner (or by merely interchanging B and 
•ad B and Z>'), 

A'jy.O'B'i OB'.Oiy^AD.CBt OA.OO; 

and therefore [A'B' CD] is equal to [ABCD], or every four 
points and their conjugates are equicross, as was to be proved. 

From the general relation {ABCD] = [A'BC'jy]^ wliere the 
several couples may be taken arbitrarily, we deduce as one 
form of the relation between three couples in involution (by 
substituting A' for D and A for i/}, that 

{ABCA'l « {A'BC'A], 

wbicb readily .reduces to 

AB.B' C, CA' = A'B. BC. C'A. 

Anotber fonn of the relation bcitween the three eooplea is 

{ABA'0}<^{A'BAO'}, 

AB.A'C A'lr.A C 
^ AC.A'B~ A'C'.Air^ 

or AB.AB' : AC, AC ^ A'B. A'B' : A'O.A'O'. 

ConverMly, when one of these rektions is established the 
three couples AA\ BB, 00' are proved to he in involution. 

(ii) Otherwise thns. Let circles be drawn each through two 
conjugate points of an involution so as to cointersect at points 
Pand Q (Art. 109). Join Pto any four of the points and join 
Q to their conjugates. Then it may be easily shewn that the 
two pencils thus formed have their angles equal (or supple- 
mentary) each to each,* and are therefore eqnianharmontc. 



* For this proof ncc :^^c DoweU's £MroMt M Eudid amd im AMmm gcicwrtrf, 
Arta. 20f>, 7 (CauibriUise, 1878). 
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112. The fod and any two conjugate points qf an involtUum 
constitute a harmonic range. 

Thia 18 evideut from Art. 35, Cor. I, where A and A! my 
be taken as the foci of an ioTolation of which 8 and X ate any 
two conjugate pointa. 

Gonvensely, anj two points 8 and X which form a hannonio 
range with a pair of fixed points A and A' are conjugate pointa 
in an inrolution whereof A and A* are the foci. 

aCBOLTDK B. 

Tbe tlioory of Involution was laid down by Df.saroues (1593^ 
1662), the friend of Deecartcs and leachor of Pascal, in his Brott- 
ILLON PuoiEcr (runs atteinte anx liientmienn rencontres (fun Cone 
4iuec un Plan^ diM;ovcrod iu muuueci ipt by M. Chobleb iu 1 845, and 
printed in Poadra's two volume edition uf the (Bmr$t dt Pnargueif 
vol I. pp. 97—230 (Paris, 1864); an analysis of the work being 
hIho given, iu which its strango and embaixassing terminology is 
replaced by tho expressions now iu use. 

The germ of tho theory is contained in lib. yii. prop. 130 of the 
Cotteetio of Pappus (p. U73, ed. Hultach), which may be stated 
oonveraely as follows : 

1/ the stdes of a triangle PQR meet a tramvereal in A, Bf C, and 
if the three radiante from antj point 0 to itt oppdtits verticei mtet th$ 
iroHWersai in I) D rcxpidivelt/, then 

AF. CBzAB. QFmFA . DE : FE. DA. 

That is to say, the opposite sides and the two diagonals of any 
quadrilateral OPQR meet any transrersal in pairs of points {A, F)f 
{B, E), {(', D)ia, involution, the eroas xaliM{AFCEi being equal 

to {FADE). 

Uesaroues, havin^deOned and established some properties of 
his Inoolutim i$ Mr Point*, and having enunciated the so-ealled 
theorem of Ptolemy in a new form, next bliews that the pencil sub- , 
tended at any vortex by ^ix points in involution is cut in points in 
involution by any tratisvorsal (Poudra, pp. 247, 256 — 8) ; he fully 
establiahea the theory of poles and polara (sometimes wrongly 
attributed to de La Hire), shewing inUr slis that the three pairs 
of chords joining four points on a conic determine a 8clf-cx>njugate 
trianj?le, and not omitting to notice also the case of polar planes 
(pp, 263, 72, 90) ; and ho proves that any conic and the sides of an 
inscribed quadrilateral determine points in involution on any 
transversal (p. 268). It is to be observed that he regards six 
points as constituting a omnplete involution (which however does 
not really detract from the generality of his conclusions}, and that 
he uses the term Inrolution de quaire Points Ui denote tho two double 
pointa or foci together with u single pair of conjugate points ; that 
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is to sajTi he r^ards a harmooio rango as an involutioii of four 
points. 

It may be well to quote from Poudra's Tocabulary of terms 
used by Desarguos {(Euvret, i. 101) the explanation of the still 
surviving term Involntion^ which signifies ** Trois couples do points 
tela que oax oa => ob x ob' = oex oe et que tous lea points conjugu^s 
■out tons ou d6m6I^ entr* eux." 

ANHAEMOiSIC riiOPEliTlEiS OF CONICS. 

PBOFOBITION f . 

113. The cross ratios of four fixed points on a conic and qf 
the tangents thereat are constant and equal to one another.* 

(i) From four fixed pointo it, i> on a oonie draw 

chords to snj point P on the curve, and produce them to meeit 
the iMirectrix in abed respectively, so that 

F[ABCD] ^P[abod\ - S [abed]. 




Then since the angles aBb^ hSoj eSd^ being equal or 
supplementary to the halves of the constant angles ASB^ 
B80j C8D respectively (Art. 13), are themselves constant, 
it follows that 8[ahcd] and P[ABCD] are constant, whatever 
be the position of P on the curve. Conversely, a conic can 
in general be drawn through six pointsf PP'ABCD so related 



• The reciprocal properties (i) and (ii) were stated in their direct and crmvcrso 
forms in SfKlMBU'a Syttematischs Entwicktlung d«r Abhdngigktit gwmetrischer 
OmaUm wan €ftigmBw, pp. 1(»6, 7 (Berlin, 1832), whm itb lemadEed that: **m» 
8Un UiikB [= (ii)] lind, unter andeier Form abgefant, bdmnnt.'' Tha pt p patj 
(Hi) was giTcn (for the circle) in CnASLKfl' Cenmiirie Stiph-ieure, §663 (Parifl, 1852). 

t Hio six poinU in Art. 105 may be regarded as lying on a conic wliieb haa 
degenerated into a pair of straight lines. 
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that P[A3CD]^P'[AB0D]i or if ABOD be fixed pointB, 
and P a variable point such tbat P[ABCD} is constant, the 
locos of P is a conte through ABOD. 

(ii) Next let the tangents to a conic at four fixed points 
ABCD meet the tangent at anj fifth point in the range abed* 




Then since tlie angles aSb^ hSoj cSd^ being equal or 
aupplementaiy to the halves of the constant angles A8B^ 
B8C^ C8D respectively (Art. 13, Cor.), are themselves 
constant, it follows that B[ahed\ or [aboi\ is constant. Con- 
verBely, a conic can in general be described touching six 
straight lines so related that four of them determine ranges 
of equal cross ratios [abciJ] and [a*h*dd\ on the remaining 
two; or if four fixed straight lines meet a variable straight 
line in a range of constant cross ratio, the variable line envelopes 
a conic touching the four fixed lines. 

(ill) Lastly let P be a fixed point on a conic, PQ a variable 
chord meeting the >S-dircctiix iu Ry and let T be the point 
of concoorae of the tangents at P and Q, 

Then since the angle EST is always a right angle (Art. 9, 
Cor. 1), 

or the pencil subtended at Phy any four positions of Q on the 
curve is equal to the range in which the tangents at the Q*s 
interaect the tangent at P. 

Corollary 1. 

If two angles MBD^ MOD of given magnitudes turn about 
G tt» ^oUb «i stic& a manner that the intersection M of tteo 
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qftkeie ontw dncHhea a 9tra%ffhi Itne, the inieneeiiOH D of Metr 

remaining arms describes (m general) a conic passing through 
B and C;* lor since 

JS{Pl ^B[M] = C{M] = C{D], 

% conic can be dnwo tbroogh O and anj Ibor postttoiiB 
of D; aod three assumed pontiona of D together with B and 0 
determine a single conic on which eyeiy other position of D 
roost lie. But if the stnught line described bj M passes 
through B or 0, or if the pencils B[D] and C[D] have a 
common ray, the locoa of i> is a straight Ime. The general 
case affords a readj means of drawing a conic through five given 
points. [Ex. 367. 

Oorollarjf 2, 

If three straight lines md^ dr^ rm turn about given pohs 
whilst VI and r move along jixvd straight liuts PG 
and PQj the jwint d describes a conic passing through B and 6'y 
isit it is evident that 

-B{<i)-W-{r)-C{rf}. 

It appears (bj taking special oases) that the point P and 

the intersections of BD^ PQ and CD, PG likewito i)elong to 
the locus: and conversely, if these three points and P and G 
be given, the lines PG and PQ can be drawn, and the locos 
of dj which is the conic through the five given points, can 
be traced.f 



* Thb to NswrovlB method of gOMimting 001^ Mctkma. ^le theorem to proved 

in the Princtpia, Lib. i. Sect. v. lemma 21, where it U deduced from lemma 
20 [= Ex. 80], and this again from the theorem Ad quntuor litutif (S< liolium C). 
It is also stated, with generalisations and limitations, in his Euumtratio Lineantm 
Tertii Ordini$t Cap. Tii. (see p. t6 in T«Iliot*e tmnatation, London 1861 ; ov Nnwrovi 
Qftra «MiUmt omnia, toI. I. US, ed. Hdnlegr, London. 1779), under the bends 
J>e Curtarum Dttcript'wne Organicn. 

f This method of drawing a conic through five givi-n puinta wiia discovered by 
MACLAUni.N in 1722 although not published by him till 1735. In the PhiUuophical 
fUntmu^Mt$9fiktRoji€a SoeidffifLomdom (voL Tin. p. 60, 1809) hoahowt how to 
deduce it by elementary geometry from the above mentiuncd lemma 20 of the 
Priri'-iiiia, '• vchlch itself is a case of this description" (p. 4."). Braikenridge, who had 
already published Maclauria's construction, is said to have b«cn in communication 
trithhim«ndtoha««beenniiideacqaiintediriftbhtotliesi«m8inl727 (t^Upp. 6, 43). 
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PROPOSITION II. 

114. The diameters of a conic form a pencil in involution 
in which conjugate diameterw are conjvgaU ra^, 

(i) For since any two conjngate diBmetefB meet the 
Mirectriz in points V and V* such tbat 

XV.XV'=^ CX.SX^a. constant, [Art. 11, Cor. 4. 

therefore 6'K and CV Bre conjugate rays in a pencil in in- 
▼olution. This iuvolutiou U tief/ative in the ellipse, and positive 
in the hyperbola: in the latter case the asymptotes are the 
doable rays. [Art. 53, 

(ti) The centre of the involotion determined by the pencil 
of diameters on any tangent is at its point of contact, since 
this is evidently conjugate to the point at infinity upon the 
tiiugent. This is in accordance with Art. 47, from which a 

secoud proof of the proposition may be derived. 

Ccrollairy 1. 

From a fixed point 0 draw the perpendicular OP to a 
▼ariable diameter Ct*^ and produce it to meet the oonjogate 
diameter in D : then since 

C\D] = C[P\ = 0[D\, 

the locu3 of D 19 a conic through 0 and (7, and it evidently 
has real points at infinity on the axes of the original conic. 
At the four points of concourse of the conies the positions of 
OD are normal at D to the original conic. Ilcuce wc infer that 
there are four points on a <jiven conic sudi that the normals 
thereat cointersect at a fjiven point 0, and the four points lie on 
an equilateral hyperbola ^ which passes through 0 and through 
the centre of the given eonk^ and hoe its aatfmptotee parallel ta 
the axee of the hUier^ 



* This method of drawing a normal OD to a conic from a given puiut with 
tiM bdp of an eqniklanl hypefbolaf is gifien bj ANALOSIVS in hb Comei, Lib. v. 
pflOfN. M-S8y when he regards the normal aa a line diawn from 0 to that the 

intcrrvpt upon it between I) and the axis of the given conic is a niininiiirn. For 
another truitment of nomialB sec Pruf. CuKSiuKA'ii article Oh SormaU to C'unict, in the 
0^. CM. mtdJhibUm M9mn4fer of JUvthmtOkB, toL Ul. p. 98b See abo Bx. 886, 
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Corollary 8, 

By clrttWiDg OP to meet GP (Cor. 1) at any other given 
angle and in a given " sense" or direction of rotation, and 
proceeding as above, we determine a conic passing through 0 
and C and having its asymptotes (real or imaginary) parallel 
to those conjugate diameters of the given conic which contain 
an angle equal to the given angle; and the two conies intersect 
at four points D such that OB meets the given conic at the 
given angle. If the sense of rotation bo not given, four other 
poaitions of OD (making in all eight), which meet the given 
eooio at the given angle, can be in like manner determined. 

BOHOLITTM 0. 

The celebrated problem of the " Locus ad quatuor linsa*" (roVoc 
cjrl 3' ypa^^do) — handed down by Pappus from his predecessors 
without solution {ColUciio Lib. vii , vol. u. pp. 677 — 9, ed. Hultsch), 
■olTed only by hiB method of ooindinateB by DsaouLBTHe 
(G$om4nm Libb. i. ii. 7—16, 24^4, ed. Schooten, 1659), and at 
length completely solved by Newtok {Principia Lib. i. Sect. v. 
lemm. 17 — 19) by the elementary geometry of Apolloniua — im- 
plicitly contains the fundamental auharmonio property of four 
points on a oonic (Art. 118). The problem and ita Newtonian 
Mention are as foUows. 

(i) If P ht any poini of o mnie ond ABDC o given tmmM 
trapMtum, and if*traigU lin*i PQ, PR, P8, PT meet the sides AB, 
CD, A C, DB respectively at given angU$ : ik§ rtUmfU PQ x PR it to 
tht r«eUmgU PS x PT in a given ratio* 

a. First let PQ and PR bo parallel to A C, and PS and PT 
parallol to A Ii ; and let the side BD be also parallel to A C. Then 
since i'Q . QA' varies as AQ.Q/J, "per prop. 17, 19, 21 & 23 
lib. m. conicorum ApoUomf* (Art. 16, Cor. 1), if JT be the point in 
which PQ meets the oonic again ; and unoe the diameter of the 
chords AC, BB, KP bisects also the intercept Q/?, so that 
QK^ PR ; it follows thAiPQ,PR varies as AQ.QB or PS*PT, as 
was to be proved. 

h. Next let BD be not parallel to A C* Draw Bd parallel to 
AC meeting aim T and the conic in d. Join Cd cutting PQ in r, 



note, where if 7" and U be given 7" and U' can be at onco determined ; and thuB 
from the iatcnection of any two aormaU to a conic two other normaLs can be drawn. 
OonllHiaB 1 and 9, tt ihef ftMid, son taken from OBASLUf TWriM is$ Btetiom 
CM^MM^ diap. VII. pp. 142-4. On the panbols MO Sx. 617, note. 
• 8aetlMUtliognvhodfigiueNo.S. 
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and draw DM parallel to PQ cutting Cd in if and AB in N, Theu 
by flimilar triangles, and by parall^, Bt (or PQ) is to It as 
ioNBi vaiaiBr \BioAQ(mPS)9BDM\oAN\ and therelbro 

Pq,Rr I PSSt'toci. NDM i rect. ANB,^ 

" PQ.Pr : PS.Pt, by case «, 

mPQ^E : P8.PT, dividendo. 

, 0. Having thus ehewii that thia last ratio hns the constant 
y9^ViQ BN.DM : AN.NB, we soo at once that PQ.PR will still vary 
as P8.PTU PQ, PR, PS, PT be drawn each at its own coustaut 
inclination to AB, Cl)f AC\ DB respectively. It is further evident 
that if PX and P7 be drawn to meet the diagonals AD and BC at 
constant angles, each of the ratios PXPY: PQ.PR : PS.PT is 
constant. Conversely (lemma 18), H PQ.PR varies as PS.PT, the 
locus of P is a conic circumscribing A BCD. In lemma 19 and its 
two coroUariea NiiWToN completes the solution of the problem by 
shewing how to detenntne the aotoal loons of P for a given valne 
of the ratio PQ.PR : PS.PT; and he oonoludes by remarking wil^ 
evident satistaction : "Atque ita problematis veterum do quatuor 
linois ab JuicUde incoopti & ab Apollonio continuati nou calculus, 
sed compositio geometriuo, ^ualoiu veteres (^userebont, ia hoc 
eoiollario exhibetnr." 

(ii) The anharmonic property of four points on a conic follows 
immediately from the aboTO theorem Ad ^ruatuor Uneat. For if 
PQ, PR, PS, PT bo perpendiculars to AB, CD, AC, BD re- 
spectively (of. Art. 94), so that PQ.A£m PA.PjB uxkAPB, fto., 
and thus 

PQPR.AB.CD BiJiAPB ^CPD, 
PS^T^CBD" miiAPC ' vakBPJ>'^^^^^^^ '' 

and if the ratio PQ.PR : PS FT and the trapeamn ABDO be 
gliven ; the emaa ratio P{ABCD\ will be oonstant. 

(ill) Ohaslbs and others have proved the constancy of the cross 

ratios of four given pdints on or tangents to a conic by projection 
from the circle, and have takeu the properties thus proved as the 
foundation of their treatises on conies : but the most elementary 
proo& of the properties in question are those which we have 
adopted in Art. 118 from the Geometrical DemomtnUum 9/ lAs 
Anharmonic Properties of a Conic contributed by Mr. B. W. HoRNB, 
Fellow of St. Jofin's College, to the Qmrterly Journal of Mathematict, 
vol. IV. 278 (1861): his proofs assume only those simple angle- 
properties of the focus of a conic which reduce, when the directrix 
18 removed to infinity, to the fundamental angle-properties of the 
ctrde (Scholium A, p. 22). 



* Thia uotatiou was formerly iu \xm for tiie roctoogle AN.NB. 



Digitized by Google 



268 



CROSS RATIO AND INVOLUTION 



BECIPBOCAL POLABS. 

PBOF08ITION IIL 

115. The polar cf any fxnni with re^p&ot to a conic u a 

straight Une^ and conversely.* 

(i) Let a variable chord be drawn to a conic through a 
given point 0, and let the tangents at its extremities intersect 
in T\ then will the locus of T be a straight line. 

For if the variable chord and its diameter CT meet tho 




dhneetrix in R and V respcctiveljr, then since 8R^ BT and 
OJ?, 8Vm at right angles (Arts. 9, 14), therefore 

S{T] = S[M]^0{B] = SlV}^C[T]. 

And since the honiographic pencils 8{T] and 0{2^ have 
a common ray G8 (the point T lying on the axis when OS 
is a principal ordinate), the locns of 2* is a straight line. 

[Art. 105. 

ConTersely, if jT be anj point on a straight line, it may 
be shewn in like manner that its chord of contact determines 
homographic ranges [R] and (oo } on the directrix and the 
straight line at infinity, and hence that it passes through a 
fixed point. [Art. 104. 

(ii) Otlierwise thus. Let PL and PN bo given tangents 
to a conic, FMM any chord through P, and 0 its intersection 

* Vor oilMrpfOQliiaf the properti«e of polan ne Avta. 17, la, 41, dS. 
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with LN\ and let ^ and B be the interaeetions of tlie tangents 

Then siuce the cross ratios of the tangents at Xr, if, B 

Q 




c 



and of their points of contact arc equal (Art. 113), therefore 
(estimating the former on the tangent at N and the latter on 
tbe transrersal ME) we have 

{PANS\ - L [LMNB] = {PMOM] ; 

whence it follows that the tangents AM and £R intersect on 
the fixed straight line NO^ and conversely. [Art. 104. 

PSOFOBITION lY. 

116« A raw of points on any aseU and their pokaro tmlA 
reapetit io a eonie are komographicj and tke^f determine an 
involution on that axis, 

(i) It folio W!i at once from tlie construction of Art. 115 (i), 
where liST is a right angle, that if T be taken on the polar 
of a given point 0^ then 

or tbe points Tand tbeir polars OR are boroogFaphlc. 

(ii) Otherwise thus. In the preceding figure, if tbe eqnal 
cross ratios L{LMyii\ and N {LMNIi\ be estimated on the 
transversal MB^ then 

or 0 and P aie bannonic conjngates witb re^ieet to M and E, 

[Art. 106. 
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Hence, as P moves along the points 0 and P are 

couples in the involution of which M and B are the foci 
(Art. 112); that is to say, if P be a variable point on the 
polar of any given point and QO he the polar of P, the 
range (P) is homogimphic with the pencil Q{0}y and the two 
together determiDC an inTolution on the polar of 

CoroUary !• 

If a pair of points divide a chord of a oonic harmonicalljry 
each point lies on the polar of the other, and the two are 
said to be conjugate with respect to the conic. From the reci- 
procity of the relation between such points it is easy to deduce 
the theorem of Art. 17, Cor. 1, that the intersection of any two 
straight lines is the pole of the line which joins their poles. It is 
evident that a system of conies having a common self-polar 
triangle (note, p. 272) determine an involution on any transversal 
drawn through a vertex of ike triangle, 

^ Corollary 2. 

Two itralght lines are said to be conjugaia uf&h reaped to a 
eonib vihin they pan aoeft tikrough the polar of ike ciher^ or in 
other words, when they are harmonic conjugates with respect 

to the two tangents (real or imaginary) that can be drawn to 

the conic from their point of concourse. From a given point 
there can in general be drawn one pair only of straight lines 
at right angles to one another and conjugate to a given conic 
(Art. 110) ; but if the given point be a focus, every two conjugate 
lines drawn through it are at right angles (Art. 7) ; and con- 
versely It may be shewn that no other real point is so related 
to the conic. Notice that conjugate diameters are also conjugate 
lines in the sense of this corollary. 

PKOPOSITION Y. 

117. If the loeua of a point he a conie the envelope qf its polar 
vM respect to a eonio ia a eontc^ and eonvereely. 

Take four fixed pouits ABOD and theur polars with respect 
to a oonic: and take a Tariable point P and its polar with 
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rcfipcct to the same conic: and let the fixed polai^s meet the 
polar of P in the points o, J, c, d respectively. 

Then by Art. 116, the points a, c, d are the poles of 
FA^FB^PC^PD] and P[ABGD] is equal to [abcd]-^ and if 
the one be constant the other is constant. 

Hence, if the looos of P be a conic passing tli rough the 
points ABCD^ the envelope of the polar of P will be a conic 
touching the polan of^ABOD^ and conyenelj. [Prop. i. 

Corollary. 

To any figure genenAed by points or poUa corresponds a 

reciprocal figure generated by their polar 8 with respect to 

any assumed auxiliary couic ; and any property of the one 
figure implies a reciprocal property of the other. The method 
of deducing reciprocal properties from one another will form 
the subject of Chapter xil. Notice, as a ppecial case of 
the proposition, that any conic may be regarded as its own 
reciprocal, its several points being the poles of the tangents 
thereat Also see Scholium Jdl at the end of this chapter. 



THE TEIANGLE. 



pROFOsmoii n. 



118. If two triangles eireumseribe a contb their six verHoes 
Zie OR a eonte, and conv^sefy. 

Let ^BCand DEFhe two triangles whose six sides touch 
the same conic: let BO meet DF in d and EF in e: and let 
J)E meet AB in b and AO in e. 
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Then by Prop. I, since the four tanfi^cnta AB^ ACy FD^ FE 
arc homograpblc with reapect to the taugeots BC and ED^ 
therefore 

\BCd€]= [hcDE], 

or F [BCDE] ^ A [BCDE] j 

ftnd therefore the «z points ABCDEFHe on one conic 

Convenelj, if the mx vertioes of two triangles lie on a oonic, 
it maj be shewn in like manner that their six sides touch a 
conio. 

Corollary 1. 

If the enveloped oontc be a parabola, and if 2> be taken at 
• its focus and E and ^at the drcnlar points at infinity (Chap, zi), 
the conic through ABCDEF becomes a circle. Henoe ike 
dreunueribed eMe of any triangU ABO ukose tidea touch a 
parahola pa8te§ through the Jbcua (Art. 2$). 

Corollary 2. 

If two eome» be so related that a emgle trumgU can he ta- 
eeribed t n the one and cvrewneeribed to the other^ an v^ity of 
trianglee can be eo eireumweer^ed tothetioo conwe. For let ABO 
be the first triangle, and a5 any chord of the outer conic which 
touches the inner: complete the triangle abc hj drawing the 
second tangents from a and 5 to the inner conic: then the 
point c most always Ue on the same fixed conie with the points 

ABCab. 

P&OFOSITION VII. 

119. fftuto trianglee be edf-jpoUa'^ totie& tetpedt to a eoniOf 
their six vertices lie on a conic^ and their six sides toueh a conic 

Let ABObuA DEFhe two triangles self-polar with respect 
to a conic :t then evidently the join of any two of their six 
sides is tbe pole of the join of the opponte vertices. [Art 116. 



• A triangto may be ealled »eI/-polar with respect to ft oonio- cf . ttie IVendi ton 
** «Mto|MiBir(^— when each vertex is the pote of tba oppoiiee ride. Such triani^ei an 

usually tcnivyl atlf-conjugtitej and some writers call them ^elf-rectproal. The vcrtioca 
of a self -conjugate triangle oonatitate what u called a Cot^ufftOt (or self -conjugate) 
7Wa J of point*. 

t See fh0 lithogiBphed figueNo. 4. 
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Let BC meet AD in d and EF in d' x then d' is the pole 
of AD^ and d and d' aro therefore conjugate pointa (Art. 116) 
with respect to the conic. 

Also let BG meet AE in « and DF in e' : then e and e' are 
likewise conjugate points with respect to the conic: and it ia 
evident that B and G are conjugate with respect to it. 

It foUows that the points BO^ dd\ ml are couples in in- 
TolutioD| and hence (Arte. Ill, 102) that 

[BCde] = {OTtfV} = [BCed'], 

or A [BGLE] « F [BCDE], 

Therefore a conic goes through the sLx points ABCDEF; 
and therefore another conic (Ptop. Tl) touches the six sides of 
the two triaogles. 

Gorollary 1. 

Ifupcn a given come on$ triad of points self-confugate unth 
respect to a second given conic can be determined^ an infinity of 
eveh triads can be determined upon it. For if ABG be the 
first triad, B any other point on the firrt coniC| 8 one of the 
pobte in which the polar of B with respect to the secood conic 
meets the firat, and T the pole of S8 with respect to the 
second conic; die pomt T must alwajs lie on the same conic 
with AB0R8, By taking B at the centre of an equilateral 
hypeibola, and S and T at the circular pointo at uoifinitj 
(CSiap. XL)| we deduce that the eirele ikraugh any conjugate triad 
witik respect io an eguilaleral hyperbola paseee through «te centre, 

[Art. 64, Cor. 4. 

Corollary 2. 

Let the first conic become a cude, and let Q be one of its 
points of concourse with the second conic. Next let the points 
B and S coalesce at so that the inscribed self-polar triangle 
B8T degenerates into the Tanishuig triangle QQTi then T 
becomes the pole teith respect to the eonie of the tangent to the 
drek at Q* GooTenelj, if QQt be any chord of a conic and 
Tits pole, the circle drawn through T so as to touch QQf at Q 
(or (/) is such that an infinity of triangles self-polar with respect 
to the conic can be inscribed in it 

T 
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CoroUary 3.* 

Let tlie circle described as above meet the diameter CT of 
the conic in a second point and let V be the middle point of 
QQ\ and CP, CD the aemi-Kiiftmetera conjugate and parallei 
to QQ. Then sinoe 

it follows that CT.Vt is equal to CZ>"^, and hence that 

CT.Ct^ CF't Cir^CA*± CB*; 

and heaee that the ctreumscribed eirde of any triangle self-polar 
with retpect to a wnie it orthogonal to ite director ciVcfe. In tbe 
case of the parabola e^eiy such circle is orthogonal to the 

directrix, or tV;? centre upon the directrix. Otherwise thus: 
let any circle; in which self-polar triangles with respect to a 
conic can be inscribed meet the director circle in 0 and the 
chord of contact of the tangents OQ^ OQ to the conic in P and 
P"; and let V be the middle point of QQ'. Then since the 
points Pand F are conjugate, and since the angle QOQ is a 
right angle, 

VRVF^ Kg'= rC"; 

and therefore the line VO^ which is normal to the director circle 
at 0| is the tangent at 0 to the curcle OFF. 

THE QUADHILATEHAL. 

PROPOSITIOK VIII. 

120. 21ie intersections of the opposite sides and of the 
diagonaU of a qaadrHuUiral are a conju/jate triad with respect to 
every eonie etrcumscrUnng the quadrilateral. 



* The fomor of the two pioob of Gabkik'B theorem (note, p. \m) in Cor. 3 is 
due to M. PmiI Senet (JVomwfiw Ammales xx 79, 1861). Tbe ttaeoram may also be 

proved indppcnftcntly of Prop. VII.. as follows: let Q'l' avy rhonl of an ellipst* 
r and 7' iLrt midtlie point aud pole, and/', It any two conjugate i>oinLs upon it. no 
that VP.Vll -QV. Let the circle round TPR meet VT again in O : then it may 
he ehewn that VO.VTsQV\ aiid henoe that CO.CT s CA* + CB* (AW. 
Jim. XX. S5). Seealaothe Qiwrlci7jr/o«iiwrf^Jfctf^l«iia(^ 
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If ABCD be any four points on a conic, and OPQ the 
iutersectioM of i^AC^ BD), {AB^ CD), {AD, BC)i then since 




tlic line OP and the point Q divide both AD and BC 
harmonically (Art. 107), therefore OP is the polar of Q. 

In like manner is the polar of P: and therefore 0 is 
tlic pole of PQ^ and the points OFQ are a conjugate triad} as 
was to be pro?ed. 

CoroUarjf 1. 

To draw tangents to a conic from a given point Q with 
1^6 ruler only^ draw any two chords QAD and QBO from the 
given point : let the line PO (the join of the jouis of AB, CD 
and AC^ BD) cut the conic in T and draw QT and QT\ 
^ hich will be the tangents required. 

Corollary 2. 

From a given point P draw a fixed ch<nd FAB and a 
variable chord PDC to a conic. Then rince AC, BD and AD, 
BC meet on the polar of P, therefore 

^ 1 C} - ^ = ^ [D\, [Prop. I. 

where C (or D) may be eithtr extremity of the variable chord. 
Hence, taking any three poeitions of <7/>, we have 

A [CO'G"D] ^A [DD'D'C] j 

and therefore any variable chord CD drawn through a fixed 

t2 
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point determines an involution at any point A on the conic * 
and conversely. For example, a chord of a conic which 
subtends a right angle (Art. 110) at a given point on the 
curve passed through a fixed point on the normal thereat«t 

PROPOSITION IX. 

121. The three diagonals of a complete ^ptadrUaieral deter- 
mine a triimgU %thich is eelf-folair with respect to every conic 
inoeribei tn the ptadrUateraL 

Let bf Cf d denote the tangents at any four points 
A, Bf C, Z> on a conici and ab the job of any two of them 
a and h. 

Then (in the preceding figure), since AB and CD pass 
throngh P, their poles ab and cd lie on OQ the polar of P. 
And in like manner ad and be lie on OF^ and ae and bd 

on PQ.t 

That is to say, the three diagonals of the circumscribed 
quadrilateral ahcd lie upon the sides of the self-polar triangle 
OPQ. 

Corollary. 

In the reciprocal quadrilaterals abed and ABCD determined 
by any four tangents to a conic and their points of contact 
respectively, two pairs of diagonals coiutcrsect and form a 
harmonic pencil 0 [PAQB] (Art. 107) ; and the tliird diagonals 
lie in one straight line, and their extremities form a harmonic 
range (ac, P, bd^ Q]» [Ph»p. IV. 



* Otberwifle thuB: if PE and PF bo the tangents to the conic from the given 
pobfe Pt ^Imb ^ {ECFDf\ ia hannonic (Art. 18), and therefore A [ECFJJ] i» 
hannonie, or ACtmi AB are conjugate rays in the infolntfon of wfaicb ABmoA AP 
are the double raya. Koto that four jtoinu on a conic fire said to bo harmonic when 
they subtend a hannonic pencil at OToy fifth (Prop. I.} ; and the tongente at four 
auch points are Mid to be harmooia 

t ThlsiheoiiemfadDetolMgierCOagiWBeniifMMlMTi. ttl, 181S). 

X This proved by Maolaurin in Sect, li. §§85, 86 of the Apittndir to his 
work on algLbra alx>vc referred to (Ex. 324, note), in which lie ajiplied Cotks' 
theorem of hannonic means to carres of the second order, lie thus virtually recipto- 
oated a theorem of Deeargnee (Piopb thl), althoqgh redprooatioo, as m method, mm 
oolj diacovend in the century foUoirfng. 
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PB0P08ITI0N X. 

122. An^ WMC and the three pairs of chorda joining any 
four points upon U mmit every tranevereal in /owr paire qfpainte 
in involutitmJ^ 

(i) For if any tnuiBTenal meet a conic in the points AA\ 

and any two of the three pairs of chords joining four points 
on the curve in the points BB" and CC, then by the theorem 
Ad guatuor lineas (kScholium Cj, 

AB.AB' lACAC'^A'B.AB : AO.AG'\ 

and therefore AA\ BB\ CO' are ooaples in an involation 
(Art 111)} and the third 'pair of connecting chords determine 
ft fourth coople in the same in?olation. 

(ii) Otherwise thus. Let any transversal meet a conic in 
the points AA\ and any two chords ab and cd in BB'^ and 
the chords ad and he in CC. 

Then since the points AdbA' on the conic are equicross with 
respect to a and c, therefore (estimating a \AGUfA\ and c [AdbA'\ 
on the transversal) wc have 

{AGBA\ » {AB'O'A] - [AO'BA] ; 

and therefore AA\ BB\ C(y are eooples in an involution 

(?ii) The four sides of a given trapezium suffice to determine 
an involution on any transversal (Art. 108), and every conic 
circumscribiug the trapezium passes throuj^h an additional 
couple in such involution ; and no conic which does not circum- 
scribe the trapezium can pass through a couple in such involu- 
tion for every position of the transversaL For if the transverudi 
as it tnms about anj point ..^1 of a conici meets it again always 



* This faowof the ftnulwiwiUl ttootwM ol PWAasgW. Having finfe pvoTad 
Ifc for the obde be extended it to the geoend oonie bj piojeetioiii, leaTing to othen 

t*) (]t vise some direct proof applicable to the general caae (Poudra's (Eurres d« 
Dttargue* I. 174, 193). The proof giyea above ia Art. 1^2 (i) shews that the theorem 
is an immediate ooraOaiy fnom tbe aacfant thaowm Ad fmatuer Kimt. Foj the 
aeeond proof (with a diagram) see Salmonls Oeuie 8Mtkm$, Art. 844. Tbe theom 

Focms to hnrc been first Btated for the cas>c of three conietf instead of one conic and 
ail iti.'icribod quadrilateral, by Storm (Gergonne's Annates XVII. 180). At the end of 
the same memoir (p. Storm alludes to the reciprocal theorem of Prop. Xi. See 
alao Bonsdet 2V«M dbi iVoiriMi iV9N(l«w II. 1^ 
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in the conjugate point A\ this conic must have an infinity of 
points A' in common with the conic through A and the four 
summits of the trapeziuoa. Ileuco the propositiou maj be 
stated as follows : 

A st/stcm of conies through four cohD/ion points [tcith their 
three pairs of common chords)* meet every transversal in pairs 
of points in involution^ and conversely. 

Each of the two double points beloogiog to anj transversal 
must be at its poiot of contact with one of the conies of the 
Rystem, or at an intersection of a pair of theur common chords. 
There can therefore in general be drawn tw conies through 
fonr given points to toncb a given straight line. 

Corollary 1. 

The foci of any tranaversalf with respect to a quadrilateral are 
evidently conjuffoie points with respect to every conic circum- 
scribing it. Heuce the polar of a given point F toith respect 
to a system of ooniee through four given pointe ABOD paesee 
through a fixed point FJ^ which is determined as the second focus - 
of the transversal which touches the conic ABODFeX F» 

Corollary 2. 

Through three given points ABO draw two conies touching 
a given line at its extremities F and F respectively. These 
conies intersect at a fourth point through which must pass 
every conic through ABO which has F^F* for Sk pair of conjugate 
points.§ Hence we are led to infer generally that, in describbg 
conies subject to given conditions, (he condition that two specified 
points F and F should be oonfugaie with respect to a eonie ie 
e^ivahnt to having yioen one point D on the curve. 



* B«dipurmB7b0ngwd0daaadeeeiMratoh7pertN>kof tte^itoB. 
t We me thfa e»p wion as an abbreviation for '^theibdof tlie involntion deter^ 
mined upon any ttansTenal bj tbe aidet of the quadrilateral, takn ia oppooto 

pairs." 

X It waa prored anatTtically by Lam6 {Examtm de$ dtftrenUi mUhodes emphght 

pour ritoudrt lot problcmes de CComiiric pp. 84 — 88, Paria, 1818) tinit {To Ifrtnai ^ 

t'nvict {<tr ipiadrir.i) hnre the sfiiiic jmint.* of inffr.H' fintt, tfietr diameters (nr dkUMttot 
planes) leverally conjugate to a tyttem of parallel diameters meet in a jxnnt. 

§ For exampk*, if F and F' be the circular pointa at infinity, the conies are 
equUatend fayp^botasr and tktj pass tbrongb the ortbooentie <rf the triangle ABC, 
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Corollary 3. 

£ach common tangent FF to two conies I^^ cut liarmonically 
by eyeijr other conic (or pair of diordn) through their fonr 
common points. Bjr supposing three of the four common points 
to coaleflcoi and one of the conies to become a cirdci we deduce 
that the ooromon chord of a conic and its cireU curmture at 
any point and their common tangent thereat divide their further 
common tangent harmonically. [Ex. 647* 

Corollary 4. 

A system of conies having double contact cut every tran^ 
Tcrsal in pairs of points in an involution, having one focus 
upon their common chord of contact CC\ In particular, if a 
transversal meet one of, the conies in and their fixed 
common tangents (which themselves constitute a degenerate 
conic of the system) in BB^ then CO* passes through a focus 
of the involution AA'^ BB*,* Hence, if two points AA' on 
a conic and also two tangents to it be given, their chord of 
contact passes through one or other of two fixed points 00 the 
line AA' ; and if a third point A'* on the conic he given, the 
same chord of contact passes also through one of two fixed 
points on the line AA"y and may therefore have any one 
of four positions. There are therefore four solutions of the 
problem, to draw a conic through three yiven poinla so cw to 
touch two given lines. 

Corollary 5. 

If one focus of an invidntioii be at infinity its other focus 
bisects every segment of the involution (Art. 112). Ilence 
and from Cor. 4, any two conies having double contact make equal 
and oj)pusife intercepts on every transversal j)arallel to their 
com /noil c/tonlj and therefore on every transversal without ex- 
ception in tliu case in which their common chord is the straight 
lino at intinity (Art. 57). Conversely, we are led to infer from 
Ex. 50 that every two ftimilar and coaxal conies are to be 
regarded as having double contact with one anotJier upon t/ie line 
at injinity. 

• Notioe the Bpedal cue of Bx. 69. 
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noFOsmoH to. 

128. The pain of Uxngenta from, any pomt to a 9jf8Um of 
cowioB VMcrxbed in the same quadrikUend form a peneS tk 

^voUtttorij and conversely. 

Let four tangents to a conic intersect in the three paira 
of points aa\ bb\ cc ; and let any transversal meet their polars 
in AA, BB\ CC and the conic in DD'; and let 0 be the 
point of which the transversal is the polar. 

Then each ray of the pencil 0 [aa'hh'cc DU] is the polar 
of the corresponding point in the range [AA BB' CC DD']^ and 
the two systems are therefore homographic (Prop, iv) ; and 
since the latter is in inYolution (Prop, x) the former is aUo 
in involation. 

If now we lappose the fonr tangents to remain fixed whilst 
the conic varies, the pain of tangents OD^ OD from aoj 
ftmuned point 0 to every conic of the system are conjugate 
njt in the involution 0 (aa'66'oc'}, as was to be proved. 

Conyersely it may be shewn (Art. ISS §iii) that if the 
tangents from every point 0 to a eonie belong to the involution 
, 0 [aiolhb'eii]^ the oonio must be one of the system inscribed in 
the quadrilateral whose sommita are aa\ lh\ eo\ 

Corollary 1. 

The direotor eMu qf aU eomc$ tnacrtbed m the joms quadri* 
Jattrat am coaxaL* For if 0 be taken at either point of eon- 
course of any two of these circles, the tangents from it to 
their two oonics will be at right angles, and therefore the 
tangents from it to every conic of the system will be at right 

• TliJa it ooa of GAwni^ theoramc, for the radprocal of which lee Ait. 69. R 

may also be dedaced from Art. 119, Cor. 3. combined with Prop. XIT., wbich require 
that the limiting poirUs of every two of the director circlea should lie upon a fixed 
straight line, and ako upon the circle through the intersections of the three diagonals 
of the qiwrtrilateralt and duMdd thoefore be two fixed points. ProL TowirsurD 
has eatablfahed the inelogoas theorem in three dimensions, that the director tpheru 
^ the tjfstem of qtuidrict touching eight fixed planti {and ther^ore intcrilnd in th» 

radical plane. See the Quarterly Journal 
^ M a A t moH e i vol. VUI. 10—14. Tlie laaie ibeonoi ttppean to hare been proved 

Paris, 1870). It oeoun to me that the diiectoc cbde and eplwce have hem 
called the OaTBooroXia and OaxsoaraaBa. 
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angles (Art. 110), To the same coaxal system belong tho 
circles on the three diagonalB of the (^oadrUateral as diameters. 

[Art 33, Cor. 3. 

Corollary 2. 

If one side of the quadrilateral be at infinity, its three 
diagonals become the parallels through the vertices to the 
oppoiite sides of a triangle ; and the circles upon these diagonals 
become the perpendiculars of the triangle, whose intefsection 
must therefore be a point on the directrix of eynj parabola 
inscribed in the triangle. [Art. S9| Cor. 1. 

Corollary 3. 

It mtj be sbewn by reciprocation* from Art. 198 (or directlj, 
hj the kind of reasoning there employed), that the pole <^ a 
given etrai^kt Ime teith retped to a eyetem of eomce ineenbed 
tn a quadrtlateral Uee upon aJSxed etratyht line; and that to 
haye given that a specified paur of straight lines are conjugate 
with respect to a conic is equivalent to having given one iofufent to 
the cnrve ; and that two conies can in general be drawn through 
one given point so as to touch four given lines ; and that four 
conies can be drawn through two giren points so as to touch 
three given lines. 

CoreUary 4. 

Every pair of tangents TP, TQ to a conic whose foci arc 
6^ and // are harmonic conjugates with respect to the bisectors 
of the angle STII (Art. 50), as are also the lines from T to 
the circular points at infinity (f> and ^' (Chap. Xl). The 
tangents TF^ TQ are therefore a couple in the same involution 
with T [JSH<f><l>'], and every conic which has S and II for foci 
may aeoordingly be regarded as inscribed in the trapezium S<f>II<f>'. 
On account of this affini^ of the points 0, ^' to the foci of 
every conic in theur plane we shall sometimes speak of them 
as the FoooiDS, comparing the nse of the term eeniraH or 
quest-centre. 



* NotiostibatihspiMCof Fiq^zi.isitMif SBCBiitt^ 
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PROPOSITION XII. 

124. Tlie locua of the centres of all conics tnscrtbed tn a given 
quadrilateral u a Mtraighi linej^ which also hiaooU ita three 
diagcnaHe, 

(i) Smce the director circles of the gTBtem of inBcribed conies 
are coaxal (Art 183, Cor. 1], their ceotres, which are also 
the centres of thdr conics, lie on a straight lind This line 

is evidently the diameter of the quadrilateral (Art. 107), since 
the middle points of the three diagonals (regarded as flat conics 
inscribed in the quadrilateral) belong to the locus of centres. 

The proposition also follows as a special case from Art. 123, 
Cor. 3 by regarding the centre of every couic as the pole of 
tiki line at injinity with respect to it. 

(ii) In the foUowiug proof the paraLlulograui of forces is 
assumed. 

Let any conic touch four fixed lines AB^ BC^ CD^ DA in 
B, X, M respectively. Then the resultant of ^1.1/ and AX^ 
regarded as represent! ni:^ forces, bisects the chord of contact J£lV| 
and therefore passes through the centre of the conic 



Q 




• This imiwrtant tliooreai of Newton (Ex. 505, note), wliich was orijriiially 
proved by the elementary method of £xx. 370 — 2, served as a starting ()oini for 
latar rawawhci into the propertlet of qratemt of oonios rabjeet to kit than five 
conditions. Notice the use rondo of it by Brianchon and Ponoblr fai Qcrgonnc's 
Annnles XI, 219. It might liavc been doducetl from it by jirojection — a method not 
unknown to JSbwton— that thcro are an infinity of pairs of straight lines conjugate 

the entire t^ystem of oooioB toudiing four giTcn Unec^ which is the eqnivaknt of 

FlCOp. Zl. on UMMlMflM. 
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Thus the centre is a point on the resultant of each of the 
pair3 {AM, AX), {NB, JRB), (07?, CL), {LD,MD); that is 
to say, it is a point on the resultant of AB, CB, AD, CD, and 
its locus is therefore a straight line.* It is evident that the 
resultaot of these forces bisects the two diagODaU AC and MJJi 
and bj resolving them severally into 

PB-^-AF, CQ-i-QB, QD+AQ, CP+PD, 

we see that it bisects the third diagonal FQ also. 

Corollary. 

One oonie and one only can be inscribed in a given quadri- 
lateral so as to have its centre npon any given straight line, 
since this line by its intersection with the diameter of the 
quadrilateral determines a single position of the centre of the 
conic Hence we are led to infer that to have given a diameier 
of a conic is equivalent to Ttaving given a tangent to it, since 
cither datum alike (when four other tangents arc given) deter- 
mines one conic and one only. This is in accordance ^vitll 
Art. 123, Cor. 3, since every diameter of a conic is conjugate 
to the lino at infinity. 

pBOFOsmoN xm. 

125. The centres of all the conies which circumscribe a given 
quadrilateral lie upon its eleven-point conic 

(i) Through four given pointo two eonics can be drawn so 
as to have their centres (real or imaginary) upon any given 
straight line. [Prop. Xii. Cor. 

The locus of the centres of all the conies through four given 
points ABCD is therefore of the second order, since every 
straight line meets it in two pomts and two only. 

The join AB of any two of the four .points meets this oonio 
of centres in two points, which must evidently be the middle 
point of AB and its uiterseetion with CD, 

(li) Otherwise thus. If 0 be the centre of any conic through 
ABCD, the radiants from 0 parallel to the six joins of the 



* Nouttllet Annnlt* I. 24 For a proof dti^'ciuiing upon the U^-uuuuu4 

phaciplo of taxmaaM aee the Quorfer^ Journal o/MiOkmatici vi. 
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points* ^2?C7Z> are homographic with the radiants from 0 to 
their middle points (Prop, ii) ; and the locus of 0 is therefore 
a CCMaio through those middle points. And it is obvious that the 
three mtersectiou (AB^ QJ))^ {AO^ BD)^ (AJ)^ BG) are also 
points on the locos. 

(Hi) The como of eentres will have tfoo real points at infinity 
or one, or none according as two real parabolas or ouc or none 
can be circumscribed to the quadilateral A BCD. The locus 
will tbercforc be in general a hyperbola if this quadrilateral be 
convex (Ex. 184], or a parabola if two of its sides be parallel| 
and an ellipse if the quadrilateral be reentrant. 

(iv) Let either of the two parabolas (real or Imaginary) which 
pats through ABGD touch the line at infinity in A", which will 
accordingly be the pole of tha^t line with respect to the paraboiai 
and therefore the osnlrs of the parabola. 

The conio of centres therefore passes through the two points 
on the line at infinity which are conjugate with respect to all 
the oonics throagh ABGD (Art 128, Cor. 1), as well as 
through the riz middle points and the three interwctions' of 
tlieur three pairs of common chords; and we have therefore 
caUed it the ^mat-Famt Come of the quadrilateral ABGD. 
Its centre ts a< Ifte cmtroid of tk» jfomts ABGD^ since at that 
point the joins of the middle pomts of (AB^ GD)^ (AG^ BD)^ 
{AD^ BG) meet and bisect one another.* 

It is evident that the polars of any point on the eleven-point 
oonxc of ABGD with resptct to all the conies round ABGD are 
parallel, since they all meet in a point (Art, J 22, Cor. 1), and 
one of them is the line at infinity. 

OoroUarif 1. 

Hmoe the eleyen-point conic E contains a conjugate triad 
(Art. 120) with respect to every conic F through ABiJD, 



* This ia at once erident, since four equal particles at A BCD balance two and two 
alMmt the middle points of any pair of the above fines; and therefore the eentraid 

of the four particles is at the middle point of the line joining any such pair of middle 
points. In the Quarterly Journal of Mathetnntics VI. 1*27 I have shewn how to 
verify a simple construction for the oentroid of thu area <^ ant/ quadriiaUral hj an 
^itoMfap of ths teqpOHitric priuclple. 
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therefore if 0 bo an intersection of E and the tangent to 
^ at 0 has ito pole with respect Xo F onK [Art. 119, Gor. 3. 

Corollary 2. 

The elereii-poiiit cooie of any quadrilateral ABOD in* 
■cribed in a oonic teaches the diameter of the qnadrilateial 
formed bj the tangeiita to it at ABOD^ moe the complete 
locDS of centrea of the tTstem of conies inscribed in the latter 
quadrilateral is its diameter (Prop, xii.)) and the locos of 
centres of all conies round ABCD is its eleven-point conic, and 
one conic only can be both inscribed in the one quadrilateral 
and circumscribed to the other. 

Corollary 3. 

When the two points at infinity which are conjugate to all 
the conies round ABCD are the circular points the eleven-point 
conic becomes the nine-point cirde, and the points ABCD 
become a triad and their orthocentre. The nbe-point eirde 
reallj belongs to this form of tetrastigmi and not specially to 
any one of the fonr triangles determmed by its Tertices; in 
the same way that the system of eqnilateial hyperbolas cir- 
cnmscribuig any one of these four triangles is a sjrstem of 
conies ciream%cribing the tetrastigm. 

scnoumc D. 

Wo have soon that an ellipse or a hyperbola may degenerate 
into a straig'ht line AA' or its complement (Art. 33, Cor. 3). For 
example, the diagonals of a quadrilateral may be regarded as flat 
oonios iBBoribAd in lit and aooordiogly their middle points belong 
to the locus of centres of all conies inscribed in it (Fkop. Xli). This 
agrees with the bifocal definition SP + HP = a constant, in 
accordance with which the point P may in the limit lie anywhere 
upon the lino 811^ or upon the complement of SH, if the lower 
sign be taken. 

Again, if TP, TQ and TP\ TQ bo the tangents from anj 
point T'to two ellipses whose common foci are S and //, the angles 
PTP' and Qm are always equal ; and hence when the inner ellipse 
assumes the line-form 811 the angles 8TP and JITQ are equal. 
Bat since this ia also the case when the second ellipse is left ont 
of consideration, and the linos TS and TH are simply drawn 
through tho fixed points i> and IF, the point-pair 8 and B are 
00 far indistinguishable from the flat conic 8JI. 

Again, let the ellipae be regarded as the enyelope of a straight 
line snljeot to the zelatioa X/«« where X and /< are the perpen- 
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diculars upon it from S and H. When b TanLtihes the ellipse again 
appean to ooiadde with the points 8 and whioh are represented 

by X « 0 and a » 0 taken separately : but by taking X -* 0 and ^ » 0 
siraultanoousiy we find that (besides the tau^oiit.s whose points of 
contact are at N and //) the limiting conic has an infinity of 
tangenta which ultimately coincide with the line joining <S, JI and 
have their points of oontaot dUMhiUi along 8ffJ* We maj thersAne 
Bay (I) that an ellipse degenerates into the line SH joining its foci 
when its minor axis vanishes, meaning that SIT is an actual 
limiting form of the curve ;+ or (2) we may say that it "degenerates 
into" the point-pair S, JI, uudoratanding that at the instant at 
which it does so degensrale it ceases to bdong properly speaking 
to the daaa coiaa, althoitgh the poini-pair 8, Jl and the line joining 
them may ^e, regards some propertieB, indistinguishable. 

In like manner the hyperbola may be said to degonorato into 
its asymptotes ECe and E' Ce (Art. 54) ; but strictly speaking it 
becomes the pair of vertically opposite angles BCE' and and 
then had for its tangents at C those lines only through C which lie 
uu'fhin the said angles. The conjugate hyperbola at the same time 
becomes coincident with the two supplementary angles, and has 
for its tangents at C all the lines through C which fall within those 
angles. It is therefore practically sufficient to say that either of 
the two conjugate hyperbolas "degenerates into" the line-pair 
ECe, E'Ce' and has for tangents every straight line through C\ 
but the theoretical difference between these two views of the limit 
becomes apparent when we obserre that the one makes the cor- 
vatore at V turo whilst the other makes it m^tli. 

For some further discussion of these matters see the Quarterly 
Journal of Jfdlhpmati'es vni. 126, 235, 313. x. 93 ; Oxf. Camb. Dubl. 
Messenger of Math^maticH rv. 86, 129, 140, 148; Chasles Section* 
Coniques pp. 30—33 ; Salmon's Higher Plane Curves pp. 377, 388 
(ed. 8, 1879). 

• HEXAGRAI^IMUM MYSTICUM. 

PROPOSITION XIV. 

126. The three pairs of opposite sides of any hexagon inacribed 
in a conic have their intersections in one straight line* 

(i) Let ABCDEF be any six points on a conic, and let 
O, P, Q be the intersections of (AB, DE), [BC, EF ], ( CD, AF). 

* This appean atao by projecting the oonic upon any plane fvm any vertex in Us 
omsptatt, 

f If X. ^1, V be the pcrpctKlicMiliir; from three point? iipon n ptraij^lit lino, tlic 
Wvelope of a line subject to the relation Kfiv -— assamcs a corresponding lino-form 
whoi e Tanistw^ By supposing each ooordinste to beoome equal to a perpendiailar- 
of the triaAgle of reference wliili^t the product of the ranaiBing iwo fflM>rflinatf» 
vnni«he«, wc sec that the limit of the curve b mnde up of three parts each of 
wliich constitutes a side of the triangle of reference or its complcmeut. Bee also 
Mathematicat Qveelions from the Eoucatioiiai. Times, vol. xvi. 43. 
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Then since tlic four points ACDE are equicross with respoct 
to B and therefore 

{OKDE\^B[AODE\ = F[AODE] - {QCDL\^ 

if K bo the interaectiou of BP^ DO and L the ioterBectton of 

FP, I)Q. 

And Hincc the ranf^es [OKDE] and \QCDL] arc thus eqaal 
and liave a common point />, therefore the lines OQ^ EL, KG 
meet in a })oint, or the points OPQ lie iu a straight line,* aa was 
to be proved. 

(ii) Otherwise thus. Let O and Q be the intersections 
of AB, DE and AF^ CD respectively. And let OQ meet AD 
in and BO in P, and EF in F. Then wiU F coincide with 
P. 

For the points Q and the conic determine upon the trans- 
versal OQ an involution to which, by a property of the inscribed 
quadrilateral ABCD^ the conple PR belong (Prop, x); and 
bjr a property of the quadrilateral ABEFihe conple P'B belong 
to the same involution,t snd therefore P ooalescee with P. 

(iii) Otherwise thus4 Consider the surface generated by 



* This line changes its podtion wImb tiie pointo ABCDEFu% taken in a different 
order. On the vbHoos Paaoal-linee OPQ see the note on Pascal's theorem afe 

the end of SiihnonV Come f^rtinn.t; nnd wh* Townsond's Afmlern Cfntiiftrtf chap. 17. 

f T}ic ]>n)(>u»)iiiou IB thus virtually a corollary (Art 122 §i) from the theorem 
Ad qutUuor lintut. See alao StUmoo'a Conic ikctiont, Art. 2C7. 

} This pioof, aa it stands, is taken from ifatk, QmuUomtJrim the Bovoatioval 

TiMKs XVIII. K3 {IH73). For tl o corn :^]K:>rui;iig proof of Prop. XT. see vol. XIX. Cft. 
r>otli thLurcm.i h;itl U-<'ii tr< .it.t{ in this way hy DaNOELIM in VOl.IIkof theA'oOTWHIK *' 
Mcmoirti dc rAeadtmie *.yc. dc LSrtutUti (lb2C). 
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a straight line which always meetb three fixed non-inteiBectmg 
fltraight lines in space. 

Let 1, 2, 3, be the fixed lines and 1', 2', 3' any three positions 
of the moving line. Then the common section of the two planes 
through 3', 1 and 2, 2' reapectlfel/ pa mot through the pointi 
(3', 2) and (I, 2'). 

In like manner the common section of the planes through 
1', 3 and 8, 8' paswa tfaroogh the pointo (1', 3) and (2, 3 ) ; and 
the oommon section of the planea thxongh (2', 8) and (1, l) 
pasaea tfaioogh the pointa (2'| 1) and (8, V)» The three 
leetiona therofore fonn a triangWi and eopieqnently lie m mf 

Now let the anrfiuse he eat by any arintrary plane. This 
plane will be met by the planea throogh 8', 1 ; 2, 2' ; d^ in 
a hexagon 1, 1', 2, 2\ 3, 3' ; and by the three oommon iectiooi 
(since they are co-planar) in three eoQ&uar points PQSf which 
are also the intersections of the opposite sides of the hexagon. 
The proposition is thus trae for any plane section of the ruled 
quadriC| and therefore for any conic 

CoroUartf 1. 

Five pomta BCDEF on a conic being given, we nay mm 
find any nnmber of sixth pointa A on the conre, yis. bj diawiog 
arbitrary lines through one of the given points and thea 
detennming raccesaiTely the pobta OPQ^ and the line QF^ 
and its intersection with BO, Notice that A h % Tertez of 
the Taiiable triangle AOQ^ the extremities of whose n& 
OQ slide along fixed lines ED and C7Z>, whilst its three 
sides pass through three fixed points PBF respectively. 

[Prop. I. Cor. 2. 

Corollary 2« 

If ABCEF be five given pointa on a conic, the loii^ 
at any one of them 0 may be constmcted by thia propositioD; 
for we have only to make D coincide with in wUoh case 
the Une CQ becomes the tangent at Again, by supposing 
C to coincide with B and B with we dedace thai the tangents 
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nt tlic vertices B and jpof a quadrilateral ^^Z)F inscribed 
in a couic intersect upon the straight line which joins the points 
of coacoarse of its sides AB^ DF and AF^ BD, 

PSOPOBTTION XT. 

127. The joins of the three pairs of apposite vertices of any 
hexagon circumscribing a conic meet in a paint, 

(i) Let the tangents at i?, &c. in the preeeding figure be 
a, ft, &c ; snd let ab denote the intenoetion of any two of them 
a and h. 

Then the join of ab and de is the polar of 0; the join of he 
and ^is the polar of P; and the job of oi and fat is the polar 
of Q. And these three joins meet in a point, sinee theur poles 
OPQ are m one strught line. 

(ii) Othcrsvise thus. Let AA\ BB\ CC be the opposite 
vertices of any hexagon circumscribing a conic; and let the 
four tangents AB^ BC^ A'B\ CA determine the range 
[ECA'F] on the tangent CA\ and the range [QKB'C] on 
the tangent B'0\ 



G 




These ranges being equal (Prop, i), we have 

A {BOAC] » [EOAF] -> {GKB'C'}»B{ACB'0'\ ; 

and therefore, AB heing eommon to the two pencilsi their rays 
{AC^ BC\ [AA\ BB'), (AC, BC) meet on a straight line 
(Art 105), or the diagonals AA\ BB\ 00* of the hexagon 
meet in one point. 



Digitized by Google 



290 



CKO»S RATIO AND INVOLUTION. 



OoroUary 1. 

Having given five tangents to a conic we may determine 
tlieir points of contact by this proposition ; for if the summit C 
of the circumscribing hexagon be on the curve^ the tangents 
AC and B'C being supposed to coalesce, then the line joining 
the opposite summit C to the intersection of A A' and BB' 
determines by its intersectioD with A£' the required point of 
oootact C". We may also determiDe an infinity of other 
tangents to a conic when five tangentB AB^ BC, CA\ A'B'^ 
B'C are giveD; for if we draw any line through the given 
point A' to meet AB in the point C may be determined as 
aboTe. 

Corollary, 2^ 

Tko crik^eeitire of any triangle w a point on the diree/trix 
qf every parabola inecrAed m it* For if ale be any three 
tangents to a parabola, aV the tangsnta at right angles to 
q and c ivspectiv^jiy, and co the Kne at infinity, whioh together 
make np a hexagon ahoe'co a* circamscribing the parabola, then 
the joins of abj ceo and bc^ a'co are two of the perpendiculars 
of the triangle abc ; and the join of the joins of the orthogonal 
tangents aa and cc is the directrix} and, by the proposition, 
these three joining lines cointersect.* 

BCEOLIUM £. 

Pascal's theorem (Prop, xiv) — elsewhoro called by him the 
theorem of the My$tic Ilexagram — was enuuciiited without proof in 
his £sta{s pour Us Coniquen (1640) as a property of the circle, which 
might be generalised by projection, and then used astiie foundation 
of a complete treatise ou couics. See (Euvret de £lait$ Pascal, iv. 
1 — n (nouv ed. Paris, 1819) ; ChasW Aper(;H Hisforiqu^, pp. 68 — 74. 

13RIA^•CII0N'8 theorem (Prop, xv) was deduced I'rom Pascal's by 
meaus of Desargues' properties of what are uow called polars 
(Scholium B). The author's proof of hie theorem, given in his 
Mimoir§ sur le* Surfaces courles dti second Ihffri {Journal da VBotU 
polytaakntfut, tome vi. 297— SI 1, 1806), was as follows. 



• This pmof is pren, as by Mr. John C. Moore, in Salmon's Conic Sertions (Art. 
268, Ex. 3, sixth ed. 1879). See alao Scholium p. 67. BrianchoQ and Poncelet had 
dednoed dw redprocal theonm of Art. 69 from FmobI^ hexagmm. 
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Take any three concurrent straight lines PAA\ FBB', PCC* 
in 8pao6» and let LNMhm denote the six inteneotionB 

U^, A'Ji'), C-fiC, JfC), {CA, C'A'), 

(AS', A'S), {BC, ffC), {CA\ CA) 

respeotively. Then the four triads of points LMN^ Zmn, ImN 
axe evidently oollinear, since they lie seveiaUy upon the oommon 
sections ci the fbnr |»airB of planes 

{ABC,AB C% (ABC, A'B'C), {AB C, ABC), {ABC, ABC), 

And since every two of these triads have one point in common the 
fuur common sections and thereiuro the six points LMNlmn lie in 
one plane, which also together with point P divides each of the 
segments AA\ BB', CC haxmonioally. [Art 107. 

If the whole figuro be nuvv projected orthogonally upon any 
plane, then (with the same notation) the six points LMXlmn will 
in general still lie by threes upon four separate straight lines, in 
the order above-mentioned ; but if any other three of them as LmN 
be also oollinear the tix points will then lie in one straight line» 
since the plane of projection must be at right angles to the plane 
of the original ^ix jxiiuts; and this line together with the point P 
will divide the segments A A', BB', CC harmouically. 

This is the case when A A', BB', CC are concurrent chords 
of a conic, since their extremities may be taken in any order 
to form an ini^criljod hexagon (Prop. xiv). Tat example, the 
hexagon A lIC A B' C has for its Pascal-line LMn, on whicli tlie 
remaining three points ImN must also lie. Jirianchon then observes 
that two of the three ooncuRent ohotds suffice to determine this 
line, whilst the third CC may be supposed to turn about P, and to 
coincide with either of the former, or to become itself a tangent 
(if P be an external point). Having thus virtually given a Iresli 
proof of the properties of polars,* he at once deduces his own 
theorem (Prop, xv.) from the red^ocal theorem of Pascal, whidi 
he takes from the OdonUtnt i§ jtMition (Cumot), probably not 
knowing to whom it was due. See also Qergonne*s AnnJltt it. 
196, 379 (1813--11). 

Tliis brilliant application of Desargues' theory of polnrs, in 
conjunction with the property that <A« jfolsr phmeM of all poinit m 
tm fuadHc with rstpect to a totond ontdtfo a thtrd, wmch Brianchon 
proved in the same article (as an extension from the case of similar 
and coaxal quadrics), served as a basis for the method of Reciprocal 
Polars, the full duvelopmeut of which waa uo largely due to 
PoNOBLET (Crelle's Journal rr. 1 — 71, 1829). 



* Pascal himself also had doubtless deduced the .properties of polara (which ho 
would have kanwd from DeHurgnes) from hia hexsgnun. 

U2 
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EXAMPLES. 

696. li ABO, DEF be two triangles such that AD^ BE^ 
CF meet in a point, the intenectipns of {BG, EF), (CA^ FD)^ 
(AB^ DM) lie in one straight line, aind conversely*; and 
eveiy tetrad of radiants or ooUinear points in the figure is 
harmonic 

697. If the vertices of a triangle slide severally on three 
ftxed radiants, an i if two of its sides pass through fixed points, 
tlic third side passes through a third tixed poiut io a line 
with the former two, and conversely. 

698. If one quadrilateral be divided into two others 
hj any straight linoi the diagonals of the three intersect in 
three collinear points, 

699. Prove for the case of the circle that any four points 
on the curve and the tangents thereat are equicross; and 
that the cross ratio of any four points ABCD on the curve is 

, , AIL CD 

700. Prove that the sides and diagonals of a quadrilateral 
determine an involution on any transveraal; and that its six 
summits subtend a pencil in involution at any point in its 
plane. 

701. The circles on the three diagonals of a complete 
qua<lrihiteral as diameters are coaxal ; and they are orthogonal 
to the circle through the throe intersections of its diagonals; 
aiid they dctcrauue aa involution on any transversal. 

702. Any two triangles which are reciprocal polars with 
respect to a circlet are in homology. 

703. Find the locus of intersection of tangents to two 
given circles whose lengths arc in a constant ratio. 



* Two 8ucU triangles are said to be in perspective or in homologj/. Solutions of 
r.xx. C96-f03, 7<l5 «!« given in McDoirallli Exerei$u m EueUd and •> Mothm 
G^oiMtry, pp. 184-187, 227, 289 (new edit. 1878). 

f The sutne may be prvved for any cOttU^ MS {Ua example) in 
de GMnnetrie J'tofeetivt^ p. 227 (1875). 
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704. Tlie pairs of radiants froin any point to tbe vertices 
of a triangle and parallel to its opposite sides respectively 
form a pencil in involution. 

705. Deduce by reciprocation from the property of the 
orthoceiitrc that, if from any point radiants be drawn to the 
summits of a triangle, the radiants at right angles to them 
meet the opposite sides of the triangle in three coUinear points. 

706. Tbe nine-point circle N of tbe tetragon determined 
by a triad of points and tbeir ortboeentre (Art. 125, Cor. 3) 
toncbes tbe sixteen circles inscribed or escribed by fours 
to tbe four triangles determined by tbe summits of tbe tetragon 
(note, p. 191). If ABC and 0 be tbe pomts of contact of 
any of tbese sixteen circles witb its triangle and witb N 
respectively, tbe sixteen sets of lines OA^ OB^ 00^ making 
in all forty-eigbt lines, pass by fours -tbrougb tbe extremities 
of tbe six diameters of N parallel t6 tbe sides and diagonals 
of the tetragon; and every two tetrads which pass through 
opjiositc extrcmuics of the s;uue diameter have equal cross 

ratios.* 

707. Prove by reciprocation from tbe theorem Ad quatuor 
Imeas (or otherwise), that if a quadrilateral be circumscribed 
to a circle, tbe ratios of tbe products of the distances of 
its three pairs of opposite summits from any fifth tangent are 
invariable.t 

708. From the anhnr.nontc p )Iut-pr.)pcrty of a conic dctluco 
the theorem Ail quataor iincas] and thciKC deduce the theorems 
of Art. 16, and the property of any principal or obli'pio 
ordinate. Shew also Iiow to deduce the auharinouic property 
of four tangents from that of four points } 

• Stje Dr. OiMy's article in the QwirUrly Jourmil o/ Mathematics, IV. 215. 

t 8«e ICuteaby'a PrincipU t »j Modem Geometry, p. 43 (ed. 2, 1862). 

{ All the chords PQ drawn to a otHiic from a given point P upon it are bieeeted 

by a similar cr'tii - tourliiufj the former at /' and pa-saing thronph its centre O. Lot 
thi' tr\ti^ent at U meet that at /' iti II. Then OJi meets /'U in a point q lying on 
the inuer conic ; and by the puim-i>rv>pcrty of tfaa latter. 

This proof is fimii Oaskim^ Geometrieal CoiulnieHam ^ « CmAs Seetiom p, 26 
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709. From the anhannonic tangent-property of a conic 
deduce the relation between the intercepts made upoo a pair 
of parallel tangents by any third tangent.* 

710. Frorn the point-property of a couic, A [ABCD] 
»B [ABCD]^ deduce that if from any poiDt JSTon the chord 
AB a transversal .be drawn meeting the tangenta at A^ B 
in rand 7", and the conic in C and 2>, then 

KC.KT\TD^KD,TK. T'C. 

711. Dednce elementary properties of the hyperbola from 
the relation. 

00 [AB(t)93']^tgi*\AB(Xift>% 

■where oo and co ' are its two points at intinity, and AB any 
other two points on the curve. 

7t3. Deduce Art. 23, CSor. 3 from the relation 

where oo is the point at intiQity on the parabola. 

713. Show alao by cross ratio that three fixed tangents to 
a parabola divide any fourth in a constant ratio. 

714. Deduce from Prop. vi. that, if a conic touches the 
fildes of a triangle and passes through the centre of its 
circumscribed circle, this circle touches the orthocycle (uote| 
p. 280) of the conic. 

715. Deduce from Prop. IX. that the nine-point circle of 
every triangle self-polar with respect tp a parabola passes 
through the focus ; and construct a triangle self-polar to every 

parabola inscribed in a given triangle. 

716. If OF and OQ he tangents to a conic, the circle 
through P which touches OQ in Q is such that triangles 
self-polar with respect to the conic can be circumscribed to it 



* Obaslis hM founded Ids TVatW dt§ Stetkm Omiquts upon-Uie uihannooic 
propertiM of conies (cf. AperfU HitloHqvtf pp. 88, 884-844). The pcopertiee of 

diwnotcrs and of tin? frxM are ilediiceil in chiips. vi. and X. The same general method 
is foliowiti by ( r jiiKinii ; and it is given m nn alternative by AottCh6 and D« 
Comberotuse {Traitt Ua Oiomitrie § 1125, 4me ed. Pahs 187D). 
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717. Shew how to insoribe id a given oonic a triangle 
(or fi-goa) whose sides pass soTeralljr throagh given points.* 

718. Having proved the properties of polars bj cross ratiO| 
dedace the fundamental property of a diameter of a conie. 

719. Prove Prop. ii. by tbo same method, and deduce 
the elementary properties by which it was proved in the text. 

720. From the properties of qaadrilaterals inseribod or 
dreamseribed to a conic, dedoce that the dtagooals of every 
inscribed parallelogram are diameters of the conic; and that 
supplemental chords are parallel to coiyugate diameters; and 
that the diagonals of every dreomsoribed qoadiilateral aro 
conjugate diameters. 

721. If a variable tangent to a conic meet the tangents from 
a given point L la F and and if M and ^ be a certain 
pair of fixed points on the tixed tangents; shew that JfF. iffT 
is constant,! and deduce that a variable tangent to a conic 
divides any two fixed tangents homographically. 

722. If ABODE be a pentagon circumscribing a parabola, 
the parallels from B to CD and from A to DE intersect 
upon CE. 

723. If ABCD be a quadrilateral circumscribing aparabolai 
the parallels from A to CD and from O to AD intersect on 
the diameter through B\ and every other tangent divides 
AD and BG (or AB and CD) proportionally.} Consider also 
the limiting case in which ABO is a straight line. 

* On Exx. 717 drc. sec Salmon's Conir Sertions §§207, 3 Jt";-8, Exx , wJiere 
Townscnd's eolulioa u given; Ilouch^ et ha CumberoiusBe IratU de Gconutris 
§1184. TIm pRobl«m— for a •tmidtt oaaa of whidh see PftpfNU CoBett» lib. tii, 
prop. 117~WM aolvad by Pokcklbt, and analytically by OAOLIir. 8m MUlariaU 
Notices retptcdng an AnHent ProUm ia Tbe MatJjMBticiMi ToL lu. pp. 76^ 140, 
225, 311,- 42 (supi-l.). 

t See Nkwtos's theorem Ex. 371, with Ex. 864, note ; aad oompara Ex. 726, nots. 
See alio Ohaslib Giwmitrit SvpMtwt § 120| SmImm Omifawt $66. 

{ Six. 729-8 lutfiog been dedueed from Brianchou'ii hexagon in Qactelct's Corre- 
9pondnnet mathr'mntitfw et physique iv. I5r>, Chai*lc8 was led (ibiil. I v. 3^4, v. 289) 
from Ex. 723 to Ex. 724 (which is equivalcut to the anharmonic property of four 
tangenta to • oonie), Appatcntljr witbout being awate tbat aa eqiiiTijent tbeoron 
(Ex. 721, note) bad been piored bj Nsvrroa. 6ee alao Aptr^ Hitl^nqm pp. 841-4 
(Kote XVI.). 
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724. In a quadrilateral ABGD circnmacribed to a coolcy 

the ratio of the ratios in which any tifth taogeut divides either 
pair of its opposite sidea is constant. 

725. If the fifth tangent meet AB^ CD va M wbA 
and if a sixth meet AD^ BO in Pand 9, then 

AM.BQ, GN.DP^AP.DN. CQ.DM. 

726. Qua f nor reciiB BL^ BI^ DK^ D 11 posit wne dafts, ducere 
gutntam LH fa/em, uiparie$ abrndutB HI^ IK^ KL mt m raltumB 

727. If a fixed conic /Sand a variable conic S' be inscribed 
m the same quadrilateral, the four points in which S' intersects 
S subtend at any point on S' a pencil whose cross ratio is constant, 
being equal to that of the range in which the sides of the quadri- 
lateral meet any iifth taugeot to S.\ 

728. If the tangent at 0 to a eonie meet anj other 
three tangents in the points abe^ and meet theur three 

chords of contact in aV/c', prove that [Oabc] — [Oa'h'c], 

729. If AB be a given chord pf a oonioi and FQ a 
variable chord sneh [APQB] is constant, the envelope of FQ 
is a conic touching the former at A and B. 

730. If the chords AB and CD of a conic be conjugate, 
and ACB be a right angle, and a chord DP meet AB 
\u Q\ prove that the angle FCQ is bisected bj CA or CB. 

731. If ABO be a triangle drcnmscribing a parabola 
and abc the points at infinity on its sides, the tangents firom 



• Lavbibt /mfgrnibrer <MUm Com^twrmk Prepritlatet sect. t. lemniA 18 61-68 

(17C1). The envelope of A/na shewn to bo the parabola touching the four gireil 
lines [Art. 28, Cor. 3). [Tin- problem hail been solved in another wa^' in the 
Arilhinetica Universali-t prob. 52 (ed. 1707) — al. prob. Sb"]. Here we have obviously 
the anharmonic property of four tangents to a paralwla ; and by stating the result 

in the projective form that the ratio of the ratios and ^/ « conMnnt we at once 

shew the property to be true for all conies. [See also the Principia lib. I. sect. 
lemma 27 Cor., where WacN and Wallis are referred to for earlier Bolutioos.j 

t Brit^j tbnt ; the cnm mtto of the oomiDOn pointe of any two cooks In the ooo 
ii eqael to that of their commoa tangente in the other. 
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any point 0 to the parabola belong to tlie involutioa 
0 [AaBb Cc], Hence shew that the directrix of every parabola 
inscribed in a tnnngle passes through its orthocentre. [Art. 110. 

732. The joioB of four points on a oonio meet any 
transvenal in three pairs of points in an involntion, to which 
the intersections of Uie transrersal with the conic also belong. 
Hence deduce (by removing the transversal to infinity) that 
eTcry conic through a triad of points and their orthocentre is 
a rectangular hyperbola. 

733. If AEB and CDF be two triada of collinear points, 
the int^ctions of {AF^ CE)^ (BF^ ED)^ {BG^ DA) are in 
one straight line.* 

734. In a hexagon inscribed in a coniC| if two pairs of 
alternate sides are paraUel the third pair are parallel 

735. In every hexagon inscribed in a coalo the two triangles 
determined by the two sets of alternate sides are in homology. 
IState the reciprocal theorem. 

736. The Pascal lines of the sixty hexagons determined by 

a Pascal hexastigm pass by threes through twenty points; 
and the Brianchon points of the sixty hexagons determined by 
a Brianchon hexagram lie by threes on twenty straight lines.t 

737. If two conies touch one another at A and B^ and if 
LM be a chord of the outer which touches the inner conic; find 
the loci of the intersections aiAL^ BMBnd AM^ BL, 

738. The chords joining four points on a conic to any 
fifth P and to any sixth Q intersect in four points lying ou 
a conic through F and Q, 



* Fatpoi Ootteetio lib. tii. ftop. 189 (vol. 11. p. 887, «d. Hnltwh); SiiBflon Jh 
PoritmatUm* p. 414; Ghaslefl Por'umes p. 77. Nolo thitfe AFBCBD is a hexagon 
inacribed in a liiwfdri lo that Paacal's theorem fa » genwB— tiqa of this lemaw 

of Pappaa. 

t See Tofnmmtf% MeAm Qmmdrff tt. ITS. The tenns henetigm end Ymae 

gram are beie rery appropriately oned to denote the figures detenuhied by six poifUg 

ami lines resfK'cti vtly, takt'ii in iiny order. In the t<'\t however 1 have retaiii'- l the 
term bozagram as a designation of Pascal's figure out of regard fur historical 
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739. If a conic 8 be inscribed in a triangle self-polai* 
with respect to a conic S\ shew that triangles aclf-polar with 
respect to S can be inscribed in 6', 

740. Given the sum of the sqnares of the axes of a cooto 
inscribed in a given triangle, the loeoa of its centre is a 
eirele concentric with the polar drde of the triangle.* 

741. Given five points on a conic, find (bj cross ratio or 
invointion) its second intersection with any thraight line tiirongh 
one of the five points, and its two intersections with any other 
straight line; and determine its points at infinity and its 
asymptotes, real or imaginary. 

742. Prove by cross ratio that five tangents detcrmiue 
a conic; and determine other tangents and their points of 
contact; and shew bow to construct the tangents from any 
given point, real or imaginary. 

743. Prove by involution that if three aides of a quadrihiterai 
inscribed in a conic turn about three points in a straiglit line, 
the fourth side turns about a point in the same straight line ; 
and hence shew how to inscribe in a conic a triangle whose three 
sides pass severally through three coiiiuear points. 

744. Prove Carnot's theorem, that if aa', hb\ cc\ be fhe 

three pairs of points in which a conic meets the sides BC, 
CAj AB of a triangle, then 

Ab.Ab'.Bc.Bc. Ga.Gd = Ac.Ac.Ba.Bd. Cb. a.f 

Prove also that the same relation subsists when 0 denote 
the MeB of a triangle ; a, a', &c the tangents from its vertices 
to a conic; and Ah denotes .the me of the angle between 
any two lines A and h, 

745. The distances pqr of any point on (or tangent to) a 
given conic from three fixed lines (or points) are connected 



* Seethe Quarterly Jommal qf MatkenaUes X. 130. 

t This b aa obviou oon)Uaz7 frwa Ait. 16. Ifc is gitren in OamoM Ge un u b k 
AjMidw* §28G (Fum^ 180S; w • ease of • mon genenU theuvem. 
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by A relation of ibc form 

where P, (), &c are constant coefficients. 

746. If four tangents to a conic parallel to four chorda 
abed through either focus meet any fifth tangent in points ABCD^ 
then 

[ABCD] - [abcdl g , 

where pj p' and ^, q are the perpendiculars upon the fifth tangent 
from two pairs of opposite intersections of the four tangents. 
If the latter be fixed pp' varies as qq. Hence deduce that 
the product of the focal perpendiculars upon any tangent to 
a conic is constant.* 

747. If three aammitB of a qoadrikteral cireiiBiacribing 
a conic slide seyerally on three rajs of a pencil, the fourth slides 
on a fourth raj. Hence shew how to eireumsoribe to a 
conic a triangle whose three yertices lie on three given radiants. 

748. If upon a given arc AB of a circle whose centre is 
O there be taken any arc Am, and likewise an arc Bn 
equal to 2^m, then O (in) » (n). Hence deduce a solution 
of the problem, to trisect a given angle AOB> [fix. 5a8. 

749. The product of the distances of any poiut on a hyper- 
bola from a given pair of paraUels to the nsymptotes varies 
as its distance from the chord intercepted by the* parallels: 
and the product of the distances of any point on a parabola from 
two fixed diameters varies as its distance from the chord joining 
their extremities. 



* The dntanow ot lof two taagentt from dth«r foooM (Art. ISS, Onr. 4) bdog 
in a ratio of eqtiality, the pruducts nt the focal pei-pvndiculiins u\ion any two tengeDti 
•n in a ntio of equmlity. The mm ratio of the range in which any tangent meeCa 

__ HZ 

the indea of the quadrilateral 8^H^* is eqnal to — — * where BT and BZ an 

the focal perpendiculars n{X)n the tangent {O^f, Camk, JhM. Mmt n g tr of 

Mitthematics IV. 91). Cha<»le8 calls t}ic jioints of coDCOurao of common t.mgcnts to 
two conica " points ombilicaux " {Stctiutu CWi^uet ohap. Xiv.), with reference to the 
use of the term UmMlkvt for foeos noticed aboftt on ft. # 



Digitized by Google 



dOO EXAMPLES. 

« 

750. From Ex. 744 deduce a construction for a conic 
passing tlirough four given points and touching a given straight 
line : nnd slicw tliat the lines joining the vertices of a 
triangle circumscribing a conic to the opposite points of contact 
cointersect: and when four points on a conic and the 
tangent at one of them are giveOy shew how to draw the 
osculating circle at that point. 

751. Through the centre of a oodIo and aojr conjugate triad 
with respect to it a hyperbola can be described having its 

asymptotes parallel to any given pair of conjugate diameters. 

752. The system of radiants from any point parallel to tlie 
tangents to a parabola is homographic with the range in which 
these taogents meet any fixed tangent* 

753. If from a series of coUinear points pairs of perpen- 
diculars be drawn to two fixed straight lines, the joins of the 
ieet of the several pairs of perpendiculars envelope a parabola 

touching the two fixed lines. 

754. If any chord of a conic drawn from a fixed point O 
upon it meets the sides of a given inscribed triangle in points 
ABG and the conic again in P, shew that [ABCP] is constant ; 
and deduce a construction for the tangent at a g^ven point to 
a conic of which four other points are likewise given. 

755. If AUG be the intersections and ahc the points of 
contact of three fixed tangents to a conic, the product of the 
distances of any tangent from A and a varies as tiie product of 
its distances from B and C : the product of its distances trom 
h and c varies as the square of its distance from A : the pairs 
of radiants from any point 0 to BC and Aa determine an 
involution to which the tangents from 0 to the conic belong: 
and these tangents with Ob and Oc determine an iuvolutiou 
having OA for one of its double rays. 

756. Deduce from 6rianchon*s hexagon that when a quadri- 
lateral drcumscribes a conic the joins of its opposite points of 



• For solutioTia of Exx. 741-759, 7G5-800 poe Cliasles' Stctiout Coniquu 
pp. 8-07, 72-10'.), 137»-115, 160, 204, 209, 'Jli— 2U'J, 321 &c 
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contact pass through the intcraection of its two diagonals; and 
tlijit 111 a triangle circumscribing a conic, the three lines joiuiog 
its vertices to the opposite points of contact meet in a point. 

757. The three pain of Unes from the yerticeB of a triangle 
to the intenectioDB of hs opposite sides with a conic are tangents 
to one conic : and the lines from any two points to the vertices 
of a triangle raect its opposite sides in six points lying on one 
conic. Kcciproc.ite these two thcorcins ; and from the second 
of them deduce the property of the uiue-point circle. 

758. The ratio of the products of the distances of any point 
on a conic from the odd and even sides respectively of a given 
inscribed 2ii-gon is constant: and the products of the intercepts 
on any chord made by the odd and even sides are in the same 
ratio from whichever extremity of the chord the intercepts are 
measured. 

759. The ratio of the products of the dbtances of any tangent 
to a conic from the odd and even summits respectively of a 
given circumscribed 2n-gon is constant ; and the ratio of the 
products of its distances from the summits and from the points 
of contact of any given circumscribed n-gon is constant. 

760. If two angles of given magnitudes FAD and PBD 
turn about A and B as poles given in position, then if the mter- 
section P of one pair of their arms be made to describe a conic, 
the intereection 2> of the other pair will in general describe 
a curve of the fourth order, having double points at A and B 
and at the limiting position of D when the angles BAP and 
ABP vanish together: but the locus of D will be of the third 
order if the angles BAD and ABD vanish together. If P 
describes a conic passing through then D describes a cubic 
having a double puiut at A aud passing through Ij."^- Thi:» cubic 



• This M NbwtoiiIi Cmrarwn 2)e$eriptio OrymUea (note p. SS4). The oaae At 

the end of Ex. 760 follows from the principle that a cubic proper cannot have two 

doable fw^iints (Saltnon's JUijhvr Plnue Currt* § I'i). Thif* pprcial case is given by 
Cbasies {Aptrfu hiMorujutf p. 337) aa A geRtralisution of coasUrucUon ia 
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degenerates into the line AB and a conic through A and B 
in the case in which the original conic passes through both 
A and B. 

761. The nino-poiat drde of a triangle touches its inscribed 
and escribed circles at pointB lying on the ellipse which touches 
the mdes of the triangle at theur middle points.* 

762. Reciprocate Maclaarin^s description of a conic given in 
Art. 113, Cor. 2. 

763. The sides of a quadrilateral inscribed in a conic meet 
the tangents at its opposite angles in four pain of points lying 
on one conicf 

764. If a qnadrilateral be circamscribed to a oonio, the fonr 
pain of lines joining its Tertices to the opposite points of contact 
touch one conic. 

765. If the sides of an n-gon turn severally about fixed 
points, whilst n—l of its summits slide each on a fixed line; 
the n"* summit describes a conic passing through the fixed points 
on the two adjacent sides. 

766. Shew also that any two sides not adjacent intersect 
on a fixed conic through the points about which they turn. 

767. If the arai.s .1 and B of an angle pass each tbrouf^h 
a fixed point, whilst its summit slides on a tixed line ; shew that 
the join of the points in which A meets one Hxed Une and 
B another envelopes a conic touching the join of the fixed 
points. 

768. If each summit of an n-gon slides on a fixed line, 
whilst n- i of its sides pass severally through (or subtend given 
angles at] fixed points; the side enyelopes a conic touching 
the lines on which its extremities slide; and every diagonal 
of the n-gon envelopes a conic 

769. Any two pairs of conjugate lines from a point 0 to 
a conic determine an involution whose double rays arc the 
tangents from 0 to the conic. State tiie reciprocal theorem. 

• Bee Salmon^ Cbme Section*, § 345, £xx. 
t HdUns Bttryeenlriteht Oikul §261. 
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' 770. One point and one only of every conjugate triad with 
respect to a conic lies wltbin the conic ^ and two aides of ever/ 
self-polar triangle meet the conic 

771. The lineB drawn firom anj point on a conic to two 
conjagate points A and B meet tlie conic at the extremities 
of a chord which passes through the pole of AB, State the 
reciprocal theorem. 

772. If a qaadrilateral be cirenmscribed to a conic, the 
extremities of any chord through the intersection of two of 
its diagonals lie on a conic passing through the ezbremities 
of both. 

773. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically lie on one conic 

774. If the extremities of two diagonals of a qaadrilateral 
be conjugate points with respect to a oonic, the extremities of 
the third will be likewise conjugate. 

775. If twoi of the three pairs of joins of four points be 
conjugate lines with respect to a conic, the third pair will be 
conjugate with respect to it* 

776. The pairs of chords drawn from a fixed point on a 
conic 80 as to make equal angles with a given line intercept 
a variable chord which passes through a iixed point. 

777. The pairs of tangents to a conic horn points on a 
straight line determine an inyolntion on any transYcrsal through 
its pole, or on any tangent to the conic 

. 778. The pairs of tangents to a parabola from points in the 
same straight line are parallel to conjagate rays of a pencil 
in involution. 

77Q. Two tangents being drawn to a conic from any point 
on a tixed straight line, if x and x be their distances from its 
pole, and y and if' their distances from a fixed point, show that 

- + - = a constant. 
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780. Any two ranges in inYoIotion on the same axis have 
one segment iu common. 

781. The locos of the middle point of a chord drawn from 
a fixed point to a conic is a conic throngfa the point, and 
through the points of contact of the tangents from it to the 
original coniC| and through the two points at lofini^ on that 
conic. 

782. Find the envelope of a line which meets two fixed 
fines in a pair of conjogate points with respect to a gi?en conic 

783. Tlic envelope of the parallel from any point on a fixed 
straight line to the polar of the point with respect to a conic 
is a parabola touching the fixed line. 

784. The locus of the interNction of a pair of conjogate 
lines with respect to a given conic, drawn each through a fixed 
point, is a conic, which passes through the two fixed points, and 
through the points of contact of the tangents firom them ta 
the original conic 

' 785. If two angles be circumscribed to a conic their two 
summits and their four points of contact lie on one conic 

786. Any transversal being drawn to a conic from a fixed 
point 0, the perpendicular to it from its pole envelopes a 
parabola, which touches the polar of 0 and the tangents to 
the couic at the feet of the normals to it from 0, 

787. Circomscribe to a given conic a polygon having each 
of its summits upon a given straight line 

788. The poles of a given straight lino L with respect to 
the system of conies through four given points is a conic, which 
with the line L divides the six joins of the four points har- 
monicallv, and passes through their three inteiseetions, and 
through the two points on L which are conjugate with respect 
to eveiy conic of the system : it also touches the sixteen conies 
which pass through the said conjugate points and touch bjr 
fours the sides of the four triangles determined by the given 
points. 
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789. If four conies pass through the same four points, the 
polars of any point with respect to them form a pencil whose 
cross ratio is constant, being equal to that of the tangenta 
to the four conies at any one of their points of concourse : and 
reciprocally, if four conies touch the same four lines, the poles 
of anj straight line with respect to them form a range whose 
cross ratio is oonstant, beiog equal to that of the points in 
which the four conies touch any one of their common tangents. 

790. If two conies Mcolate at their tangents at the 
further extremities of anj chord through 0 mtersect on the 
tangent at 0, and conversely : and every two equal and coaxal 

parabolas osculate at infinity. 

791. Two conies which have two pairs of conjugate diameters 
of the one parallel to two pairs of conjugate diameters of the 
other most he similar and similarly situated. 

792. Deduce from Art. 114 (i) that parallel oonicfl^ have a 

^mmon chord (real or imaginary) at infinity; and if also 
concentric they have double contact at infinity. Shew how 
to draw a conic which shall be parallel to a given conic, and 
shall also pass through three given points or touch three given 
lines. 

793. Three fixed conies having four pobts in common, shew 
that if a variable pair of transversals he drawn from fixed 
points 0 and « to meet the three conies in triads of points mAB 

and mob respectively, the ratio of the ratios ^"^'^n and 

^' mA^mB ma»mo 

is oonstantt Hence deduce that a conic may be regarded as 

the locus of a point the square of the tangent from which to 

a fixed circle varies as the product of its distances from two 

fixed lines, which are common chorda of the conic and the 

circle. 



• Similar and similarly eitnated conies may b« called parallel since their curves 
are ererywhere parallel at oorrespondiag points: they have also been called 
^'homoflwCfo'' (OIumIm Seetiom$ Comiqiie$ %S13), whidi dioakl imthcrnean "plaoad 
together." For another use of the term parallel see Oergonne's Annates ZII. 1. 

t Exx. 793 dc. have b<Hn extended to qoadncs faj Ux, Ifaitin Oaidiner in tJw 
Quarttrljf Journal oj Mathttnaiict X. 182—147. 

X 
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794. If from any point on one of three conies which have 
four points in coniinon a tangent be drawn to each of the 
remaining two, the ratio of the ratios of tliesc tangents to the 
parallel diameters of their conies is constant : and if OPQ be 
tbe middle points of the intercepts made by the three conies 
on any transversal, then OF and OQ are in tbe ratio of the 
parallel focal chorda of the aeoond and third oonica. 

795. Four fixed conies baving four points in common being 
met hy a Tariable transvenal, Tia. two of tbem in tbe pairs 

of points aa* and hb\ and tbe third in two points of which m 

is one, and the fourth in two points of which n is one; shew 

Ai ^ ma. ma , na.na . . . 

that tbe ratio of the ratios — , n and . — . , is constant 

nu> ,vio no. 710 

796. If ABCD be four conies such that the eight points 
of ooncoorse o( AB and CD lie on one conic, the eight points 
of concourse of AO and BD (or AD and BO) lie on one oonic 

797. When a point 0 has the same polar with respect to 

tliree conies ABC^ three pairs of the common chords of AB^ 
BC^ CA respectively pass througli 0 and form a pencil in 
involution : and when two conies A and B have each double 
contact with a third conic C, a pair of the common chords of 
A and B arc harmonic conjugates with respect to their chords 
of double contact with C. 

798. Tbe common tangents to three conies taken in pairs 
form three quadrilaterals: shew that the three parabolas 
inscribed in tbem bsTO a common eircnmscribed triangle. 

799. If through the intersections of two given conies A 
and B a third conic G be drawn, and if from any point 0 
on C there be drawn tangents Oa, Oa to A and Ob^ Ob' to J5; 
the lines a/>, ah\ a'h^ a'b' and the four common tangents of 
A and B touch a fourth conic 

800. The locos of tbe point the paurs of tangents from which 
to two given conies form a harmonic pencil is a. third eonici 
on which lie tbe eight points in which the given conies toocb 
their common tangents. State tbe reciprocal theorem. 
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CHAPTER XL 

OONIOAL FBOJBOnON. 

128. Two figures A and B in any two planes are said 
to be in BsnpecHve when a point 0 can be found in space 
snch that eyeiy radiant from it to a point on A peases through 
a pomt on and oonvenely. ISther fignre is then said to 
be the Oentral or Coniocd BrojteUon of the other on the plane 
of the former, the pomt 0 being called the Fertev or the CSenfrs 
of projeedon. When 0 is at infinity the projection becomes 
parallel or orthogonal. [Art. 86. 

Let P and Q be any two points in the plane of and F* 
and Q' their projections from the vertex 0 upon the plane 
of B. Then evidently the lines PQ and P'Q intersect upon 
a fixed straight line, viz. the common section of the planes 
of A and B. Now by projecting the whole figure orthogonally 
upon any one plane, or by supposing the planes of A and B 
to become coincident^ wo see that if to every point P of one 
figure corresponds a single point P' of another figure in the 
same plane, and converBely, and if PP* passes through a fixed 
point; then every line PQ in the one fignre meets the cor- 
responding line P Q in the other upon a fixed straight line. 
For example, if the joins of the vertices of two triangles meet 
in a point, the joins of their opposite sides lie in one straight 
line. [Ex. 696. 

Two fignres thns related in one plane are said to be in 
BunpeeUve or in Homology. We shall in general nae the 
former term for this kind of correspondence, and the term 
Pntjeetion for the case of figures in perspective in space. The 
terms Eevenion and Homographio TransfrnmoHon will he 
explamed in their place. 

x2 
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129. It it eTident that Art. 88 appliei to oeotral n weD 
a to parallel projection. Parallel lines bowoTer do not project 

from any vertex into parallelt, except in the case in which 

they are parallel to the common section of the primitive plane 
with the plane of projection. 

If through the vertex V of projection (fig. p. 314) there 
he drawn the plane Vab parallel to the plane of projection 
AO and so as to raeet the plane of the tigure to he projected 
in the line aZ* ; it is evident that all points on ab will be 
projected to infinity, or in other words they will remain unpro- 
jccted. For this reason ab is called the Unprotected LtnCf and 
it is also said to be projected to infinity. 

Since every point at infinity in the plane AOB corresponda 
projectively to some point on ab^ we oome again to the oon- 
eloMon that all pointa at infinity in one plane lie in a straight 
line (Art 17 Cor. S). The utraight line at wfimty ie t» be 
regarded aeparaUd fa every oAer eiraigki line in tite p2aiia, nnoe 
it inteneots every such line at infinity : it ia in fact coincident 
with the oMe if vi^bMlbe radial described about any point 
whatever in its plane. The line at infinity and the two foooide 
(Art. 128 Cor. 4) or ctrea^ar pointe at infinity — so called because 
every cirde in their plane panea through them — ^will he aeen 
to be of peculiar importance in the projection and transfonni^ 
tion of curves. 

THE F0C01DS.t 

FROPOHITION I. 

130. Every circle in a given plane passes through the focoids^ 
and coniHrsely ; and every two concentric drclea in the tame 
plane touch one another at the focoide. 



* For a tangential equation to this circle, which in sometimes inadequately 
said to represent the fucoids only, see Whitworth's Trilintar Coordinate* ^ 
AH. 88S (Cambridge 1866). 

t This term it opai to the objection that it oombincft a Latin word with a Greek 
eitding : but we may perliajm Ix? allowed to ti'eat both as naturali^efl English 
exprcsHions. In ipeoking of the focoida Ac. we tacitly refer to a ti].ecifitd pluue. 
Every plane nofc at infinitjr bu its two foooids and ita out line at infiuity. 
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(i) Anj nnmlier of right aagles turning abont their rammiti 
in one plane generate similar pencils in involntion (Art. 110]t 
whose imagioaiy double rays form two sets of paraUels; that 
is to saj, each set pass through one of two fixed imaginary 
pomts ^, 4* ^ the line at mfinitj. 

These are accordingly the foci of the inTolntion whidi the 
arms of all right angles in one plane determine upon the line 
at infinity in that plane ; and conversely every right angle AOB 
ia divided harmonica Uy hy the lines 0(f) and 04>. 

If therefore 0 be a variable point at which a fixed line AB 
subtends a right angle, it follows from the harmonicism of 
0 [A<^B^'] that the locus of 0 is a conic through the points 
AB4Kf>' (Art. 113). That is to say, every circle AOB passes 
through the focoids, and couYersely every conic through the 
focoids is a curcle. 

(ii) The centre G being the pole of the line at infinity 
(which is the join of the tocoids), it follows that the lines 
from C to the focoids touch the circle at those points; and 
hence that all circles in one plane which have any point 0 
for their common centre touch one another at the focoids of 
that plane. 

(iii) Or by §i and Art. 122 Cor. 5, all concentric circles in 
one plane touch one another at the focoids. This also follows 
from the consideration that any two diameters CX and CY 
of a circle which are at right angles are conjufjate lines with 
respect to the circle, and the lines C(f) and 6'^'* with respect 
to which they are harmonic conjugates must therefore touch the 
circle—and all circles having C for centre most touch one 
another— at ^ and 

Corollary. 

"Every reetangnlar hypeihola has for a pair of conjugate 
points with respect to it the foooids of its plane, since its points 
at infinity lie on two straight lines at right angles. 



* ThMtliMnajlieitgaidtdwtlwMfWfrfolwof 
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PROPOSinOH It. 

131. Ever J/ come may he regarded as inscribed in the 
quadrilateral which has for opposite summits the real and 
imagwary fid qf the curve and the focoids^ and for diagowde 
the two aaee of ike oonte amd the line at infinity, 

(i) This ii proyed by the method of Art 183 Cor. 4, where 
8 and H maj be either the real or the imagmaiy focL 

[Scholtmn A. 

(H) Otherwise thus. Every two lines through 8 which 
are conjugate with respect to the conic being at right angles 
(Art. 7), the lines 8^ aod 84>' which divide them harroonicaUj 
are tangents to the conic (Art 116 Cor. 2). That is to say, 
the linea joining the real or imaginary fod to the foooids toncfa 
the oonie, aa waa to be proved. 

PBOrOSITJOM 111. 

182. Any two eihvdgMlmudTawnaia m^Uw a given 
plane and Unee joining their poini of eoneourwe to ihefoooiie 
farm a pencil ofoonetant croee ratio. 

For if oft be a fixed straight line, and m any point at which 
It snbtenda an angle of given magnitude a, then by a property 
of tiie drde wabj the pencil mbtended by ab and the foeotda 
at 09 is of constant cross ratio; and the rajs ma, tab may be 
parallel to any two lines OA and OB inclined at an angle 
a in the same plane. 

CoroUarg, 

Any plane figure may be moved about in any way in its 
own plane without changing its relation to the focoids, since 
every angle in the figure has an invariable relation to the 
focx>ids. 

aOBOXIDK A. 

Desabouss regarded the opposite extromitiee of an infinite line 
as coincident or consecutive points, nnd thn rmymptotes of a hyper- 
bola as its tangents at infinity (Poudra's GJuvren de Desarguen i. 103, 
197, 210, 245). Hence we deduce (Scholium B, p. 153) that tho 
hvperboU is a single curve, which spreads completely across its 
pume wOhnU hreeeh of eoniinuiiy. It follows logica&ljr that no 
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transvcrsul can be drawn in the same plane so as not to meet 
the hyperbola. Neverthelefls it is obvioiis that some linea— its 
oonjngate axis for example— do not (however far produced) meet 

the curve in geometrical points. Thus wo are driven to the con- 
ception of idoal or imnginary points and chords of intersootion, and 
are led to say that every straight liue meets any hyperbola (or 
other como) in two points real or imaginary, which ooafoeoe in uie 
case of tangenoy. Although this is hero given merely by way of 
inference, the words of Dosargues himself (used in another con- 
nexion) aro very appropriate to this subject: ** L' eniendement ne 
jpeui comprendre oommeni sont les projprietes que U raUontument luy en 
fmi emHure" {(Ewtm i. 195). 

BoscoviCH has a very remarkable appendix to his treatise on 
conies, entitled I)e Trans/ormalione Locorum Geometricontmt ubi de 
Ctmtinuitatis Icgeacde quihusdam Tn finiti mysteriis ( UniveraioMatheseos 
Elementa, torn. iii. pp. 228 — iiob;, in which he brings out clearly 
and with an abundance of geometrical illustration nie notions of 
poeitiTe and negoHM in direction : of geometrical coiUmuitjf: of the 
transition from positive to negative through zero or infinity : of the 
imaginary chords of the liypcrbohi, whoso squares aro negative: 
and of the quan-eUiptic nature ol the hyperbola, certain of the 
properties of whidh &low from properties of the dlipse by change 
of sign (§§ 678, 715, 758, 770, 808, 812, ftc). 8ee also ScfaoHum 0» 
p. 101. 

The discussion of these matters having boon revived in the 
present century (Ohasles liapport aur let progre» de la Giometrie 
chap. I. § 19, p. 60), PoNOBUET at length worlrad out his theoxy of 
tordM idiaUi (1820) ; and he shewed that all drclee in one plane pass 
through the same two imaginary points <^ and <p' on the line at 
infinity, and that a fucus »S common to any two conies in one plane 
is a "centre of homology" or intersection of common tangents 
to the two conies. Hence it follows, by supposing one of the two 
conies to become a dide, that 8^ and 8^ are tangents to every 
conic of which 5 is a focus. See Gergonne's Annahs xi. 73, xn. 234 ; 
Poncelet Traite dts PropriUh Projectii cn den Fifjure>i §§ 89 — 98, 258, 
367, 453 (Paris, 1822). Pliieker extended this conception to plane 
curves of all oxders, regarding as a *' focus" of any curve the point 
of concourse of any two tangents drawn to it from the foooids, one 
from each (Crelle'B JowmtU z. 84—91; Salmon's Miglm FUm 
(htrres § 138). 

According to riiicker*8 definition, the tangents from the focoids 
d> and ^' to an ellipse (or other conic) determine by their opposite 
mtersections two pain of "fod." 11 8 he any one of the four, 
every pair of conjugate lines from S to the conic form a harmonic 
pencil with Sij) and S<p' (Art. 116, Cor. 2), and oro therefore at right 
angles. This, whicli is of course a corollary from iJesargues* theory 
of polars was proved for the real foci by De la Hire (Seelionet 
C(MM»Lib. vni. prop. 23, p. 189. Paris, 1685). The two points 
on the transverse axis at distance i V(CJl'- C?J? ) from the centre C 
have been shewn to possess the property in question (Art. 7, Cor.) ; 
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and by eymmetiT, the two pointa on the coijiigfite axis at distance 
± VCC^-. CA*) from Cmiut be the femaming two (or imaginaxT) 
foci. In order to prove that a point 8 ia a focus of a given eonlo, 
it suffices to prove that two pmn •/ coi^i^tU lurn cl angles can 
b$ drtMn to the eoniefrom 8, [Art 110. 

PEOJECTION. 
PB0PU6ITI0ir IT. 

133. All rows o/jpoiniB and pendU cfra^ are kam o gn^kie 
with their projections. 

(i) for if ABCDha any row of four points in the priinitiT9 
planOi and A'B'C'U their projections from a Tertez F upon 
any other plane, it is endent that [AB'C'U] « [ABCD]. And 
if Obe any fifth point m the primttiTe plane and O its projection, 
then 

a [A'B'Cn] = [A'B'C'D'] = [ABCD\ = 0 [ABCD\, 



V 




Thus every tetrad of radiants OA^ OB^ QC^ QJ) or of 
coUinear points ABCD is eqaicross with its projection; a nsnlt 
which maj be briefly expressed by saying that fyurta m ptr^ 
tpecUve ore homograpkic 

(ii). More generally * let the joins of any number (say six) 
of points ABCDEF be connected by a homogeneous and 
Bymmetrical relation 

LAB.CJ).£F'^m.AO.BE.J)F+n.AJ).B£.OF^0f 
in which the terms differ fi:om one another only in their 



• See SiUmon'a Cwie SeeUoiu^ Art. 
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coefficients and in the order in which the letters ABCDEF 
occur in them. And first let all the points He in one straight 
line, and let VF be the perpendicular upon it from the vertex 
of projection. 
Then Binoe 

VA VB vn VD 

the above relation redaces, by the omission of a common factor, 
to a relation between the sines of the angles whicli the joins 
of the six points subtend at V. It therefore still subsists 
"when the points in question are replaced hj their projections 
upon any plane. 

And further, if any number of points ABCDEF &c. lie 
on different straight lines, the perpendiculars upon which from V 
«re KP, VF'y FP", &c., then any symmetrical and homo- 
geneoQB relation between the joins of the points will still be 
projective, provided that it implicitly involves in eveiy term 

VA.VB.VC,VD,&C, nn. n 
the same factor p>p yp' yjj" ' vMnot s theorem 

(Ex. 744) is prqjeetive, 10 that when proved for the drde 
it is may be extended to all conies by projection. 

The properties of harmonic section, of poles and polars, 
and of involution are projective ; so that it suffices to prove them 
for the simplest figure into which any figure to which they belong 
can be projected* 

PROPOSITION V. 

134. Any ttra^ht Une in the prtmiHve plane cm projtettd 
io tfi/&i%, and amy two angleB in ikat plane can at the $am» time 
he prafeded wto anglee ofgitm magnitudee. 

(i) Draw any straight line ah in the primitive plane, and take 
any plane Vah through a& for the '^vertex«>plaiie,'* in which 
the vertex Fof projection is to lie. Then it is evident that the 
Jine ab projects to mfinity upon any assumed plane of projection 
AB(y parallel to the vertex-plane. 



314 OOVIGAL PBOJflCTKNf. 

fii) Two conditions now suffice to fix the position of V 
in the Tertex-plaDe. 




To project a given angle A OB in the primitive plane into 
an angle of given magnitude a, let the arms of A OB meet 
the nnprojected line in a and b ; and upon ab describe in the 
Tertez-planc a circular segment a Vb containing an angle equal 
to eu Then the vertex V maj be taken at any pomt on 
this segment. 

For the vertex-plane and the plane of projection (being 
parallel) are met by the plane VOa in parallel lines Va and A 
and by the plane VC^ in parallel Imea F^and J^O". Thereforei 
O being the projection of 0, 

L AO'B = aVb = a, 
or tlic projection AO'B of the angle AOB is of the assigned 
magnitude a. 

To project a second crivon angle in the primitive plane into 
an angle of given magnitude ^| let its arms meet the unprojected 
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line in a and V : then the vertex V most lie aUo on a segment 
deacribed upon ah' in the vertex-plane so as to contain an angle 
equal to /9: and the intersection of this with the segment 
on ah oompletelj detennines the position of 

Corollary 1. 

Project any four collinear points ABCD into points ahcd. 
Then in the special case In which one of the latter is at 
infinity, 

If therefore we determine the point on a given straight 
line ABC so that [ABCD] may be equal to a given ratio, 
and if any straight line through D bo taken as the unprojected 
line, the projeetions of AB and GB will be in the given ratio. 
In like manner a second point U on the nnprojected line is 
determined by the condition that the segments of a second line 
A'B'O' shall project in another given ratiOb 

CoroUanf 2. 

Any pencil of rays in involution may be projected into 
a rectangular pencil in involution by projecting the angles 
between any two pairs of its conjugate rays into right 
angles. [Art. LIO. 

ComUary 3. 

Any tuH> pomit F and F may he projected into the foooida 
of a given plane. For \i AB and CD be any two segments 
in the involution of which F and F are the foci, we have 
only to project the line FF to infinity and any two angles 
AOB and CPD in the primitive plane into right angles 
(Art. 130 §i}. This construction is imaginary when F SldA 
are real points. 

PBOPOSinOH TL 

135. Any quadrilateral may he projected into any other 

quadrilateral of given form and magnitude. 

(i) To project a given quadrilateral ABCD into a sqaarci 
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project one of its angles BAD and the angle A OD between 
its two diagonals into right angles, and its tbiid diagonal 
PQ to infinity. Thus the projection o{ABCD beeofbea a sqoare, 
whose magnitade is determined hj the distance of its plane from 
the Tertex-plane. 

(ii) To project a given quadrilateral A BCD into another 
of given form, it suffices to project one of its angles BAD 

0 




and the angle AO J) between its two diagonals into angles 
of certain given magnitudes, and the segments AO^ 00 and 
BOf OB into segments which are in certain giren ratios. 

[Art. 184 Cor. 1. 

For in the projection— the same letters bebg nsed->if AO 

A 0 

be taken arbitrarilj, the point C is determined by the ratio -qqI 

luid the position of the line BOD is known ; and firom the angle 

BO 

BAD and the ratio -^j^ the points B and D are determined. 

The form of the projection being thns determined, its magnitude 
may be increased or diminished at pleasure by moving the plane 
of projection towards or away from the vertex-plane. 

ConUary, 

Any four points or lines in one plane may be projected into 
any other four points or lines in one plane. 

PROPOSITION VII. 

136. A given conic may he projected into a conic having 
lAe projections of two given jfoinia far /ca\ or ^ one /or c$iUn 
and the other for a/oau. 
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(i) To project a given conic Q and a given point i9 within 

it into Q' and S' respectively so that 6" may be a focup of Q' i 
draw from S any two pairs of lines conjugate with respect 
to and project the angles contained by theui into right angles. 
Thus S' becomes a focus of Q\ being a point such that every 
pair of conjugate lines drawn from it to Q are at right angles. 

[Art. 134 Cor. 2. 

We may at the same time project a given point C in the 
plane of Q into the centre C of Q\ viz. by taking the polar 
of G with raipect to Q for the unprojected lino. 

(ii) Otherwise thus. Let C8 and the tangent at any aasmned 
point F to the conio Q meet the polar of i9 in X and B 




nspectively. Then if the polar of C be projected to infinity and 
each of the angles RXS and R8P into a right angle, the points 
0 and 8 will be projected into a centre and focna of as before. 

(iii) By properly choosing the point 0 in the foregoing 
constructions, we may project Q so that any two points 8 andZf 
within it project into <S" and W the real foci of Q\ 

For if SH meets Q in A and and if the double points 
of the involution determined by the couples AB and SII be 
the point C on SU and the point G on its complement; 
then in the projection, the double point C bisects every segment 
8'H\ A'B\ &c. of its involution, since in conjunction with 
the second double point (in this case at iniinity) it divides every 
•neb segment harmonically. [Art. 112. 

Hence 8' and H' are equidistant from the centre C of 
and since i9' is a focus H' is likewise a focns, as required. 

(iv) The tyatem wnicM inscribed in a given quadrilateral 
SFUF' may Oe jinjeeted into eonfoeal wnica by projecting ^and 
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F into the focoida of the plane of projection (Art. 13i Cor. 3). 
This construction is imaginary when the quadrilateral FSIIF* 
is real : but the foregoing constructions are alwaja real, the 
points 8 and H being taken within. Q, 

pROPOsiTioH rni. 

137. A given conic may be projected into a circle having 
the prqfectum qf a given point for centre : a eyaiem o/oonica through 
four given points mcty heprqfected into coaxal drdea: or a sjfttem 
of conice towiking om another ol two given poinU into eoneenlrio 
eirdee* 

(i) Bj taking the point O at i9 in Art* 186 we project 
the given oonie into a oonie haTtng the aame point (not at in6nity) 
for both centre and focus; that is to say, we project it into 

a circle having the projection of a given point for centre. 

(ii) Otherwise thus. Take the polar of any point C for 
the unprojected line: through C draw any chord ACA\ and 




project the angles which it subtends at two assumed points 
P and Q on the given conic into right angles. Then in the 
projectioui the same letters being used, 

CA^CA'^CF^ CQf 

or the projection is a circle about C as centre. 

Tbns tibe two angles determine the species of th^ projection, 
and the unprojected line may be taken arbitrarily.* 

(iii) Hence, by projecting any conic into a circle and one 
of its chords FF into the line at infinity, we may project 



* This may abo be deduced from a consideration of the circular sections of a cone 
described arbitnuily on any given oonie M beee (Salmon's Conic Seetum Art. 365). 
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any two points F ami F' on a conic into the focoids, as was 
otherwise shewn in Art. 134 Cor. 3. 

It follows that all conies through two given points may 
be projected into circles, and all conies through four given points 
into coaxal circles^ and all conies toacbing one another at two 
given points into concentric eMea* [Art 130 §ii« 

PB0P06ITI0N IX. 

138. The arms qf any angh i^wnskant magnilnde m a gtvtn 
plane may he projected inio rays of a pencil of consiant cross raHo^ 
whose other two rays pass each trough a Jixed point 

For the arms of a constant angle and the lines joining their 
interaeetion to the foooids form a pencil of constant cross ratio 
(Prop. III.), which projects upon any plane into a pencil of 
constant cross ratio, two of whose rays pass through the projec- 
tions of the focoids. Note that this pencil is liarmonic when 
the constant angle is a right angle. [Art. 130 § i. 

139. In the following examples of the projection of angle- 
properties* the theorem to the right follows in each case from 
that opposite to it on the left, as appears conversely by pro- 
jecting the points FF" into the focoids. 

The tMifent to a dide is «t Any dxHd FF* of • oonic Is cat har> 

■Dgles to the mdins to its point of oon- ironically 1^ any tangent and the lino 



joining its point Of oonUct to the pole C 
of FF\ 

Oonfoosl conloi iateneot at right If two oonies be inieribed in • qnadri- 

anglei. ktersl of which FF' are a pair of oppoaite 

sommiUs the tangents at any one uf their 
common points cat FF' harmonically. 
The locoe of the point of eoocousw of TIm loeos of the point of oonoonrse of 

two tani^ents to a oonic which inteneot two tangents to a conic which divide a 
at right angles is a concentric circle ; or given line FF' harmonically is a conic 
in the case of the parabola the locus is the touching the former at FF'; or if FF' 
dizeetriz. touches tlie original conic, the keos is 

the join of the points of oootaet of the 
second tnngonts to it from F and F'. 
The locus of the intenicction of tan- The locus of thcMiitei-sertiua of. t^m- 
gentb to a parabola which meet at a gents to a conic .which divide a given 



• See Sahnon^ Conk SeeHim §§ ddC-tt; Boiichd et de Oombevoosie GioKUtrk 

fi 1175. 
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given §M0» It a hjperboU hAnng the 
■MI0 fooQB ud dinotris* 



The enrelope of a chord of a oonic 
whldi nbUnda a cooikant angle aft one of 
fha fod ia another oonilo having tha mm 
foou and dinotiiz. 

U P be any point on a giren conic, 
S any fixed point, and SPT an angle of 
constant magnitude, the envelope of TP 
is a oonic haTing S fur a fuciui. 

If the point P bo taken on a gitren 
straight line (instead of a conie), tlie 
envelope of TP becomes a parabuhi 
having iloK iMm. 



iaSta Bne FF' toncfaing the come ia a 
cooetaat erase ntio is a eonio tondiinff 

the fbrmer at the points of contact of the 
second tiAiip^^-itts to it from ^'aod F". 

If taiigeatfl .if and SP' be dsawa to 
a oonic horn given points ^and F*, the 
envelope of a rariable chord AB sodi 
that S {AFIif} ia constant is a conic 
touching the former at its points of con- 
tMst with tfi^ and 

If SFf he ilzed potets, end /> a 
yariable point on a conic through and 

the envelope of a line I'T such that 
P [SFTP'] ia oonstaQt i& u umuc touching 
SFtatd Sr, 

If P be taken on a given strsigbt line 
(instead of a conic), the envelope of TP 
becomes a oonic inscribed in the tiiaogle 



PERSPECTIVE. 

140. The relation of Perspective in one plane maj bo treated 
either as a limiting case of the projecdve reUtion (Art. 128), 
or independentlj as follows.* 

From a £xed centre of perspective S in the plane of a given 
figure draw radiants to all points j» of the figure, and let these 
radiants meet a fited axis of perspectiTe in the same pluie 
in points R (fig. p. 10). Then If on every radiant 8R there 
he taken a point q sneh that 

[Spltq] — a coiistaut, 

the locus of q is said to be in Persjyective with the locos of ^. 
Taking any two positions of 8R^ we have 

and therefore pp and always intersect on the axis of 
perspective RR (Art. ]04). Hence also we see that to every 
straight line pp' in the one figure corresponds a straight line 
qq in the other; and to every range [p] in the one a homo- 
graphic range (^J in the other. Figures in perspective in jilano 
are therefore homogr<aphic, and they possess the same properties 
aa figures projectively related in space. 

* 3ee Chasles Staiont (Junirjuu p. 109. 
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It may be shewn tbat if two figures iu perspective in relief 
I , be turned about the line of intersection of their planes, their 
centre of perspective describes a circle in a plane perpendicular 
/ to that line.* [Ex. 850. 

flOKOLnTH B. 

The method of Projection — which is implicitly contained in the 
ancient theorem of Art 108 — was ftwiiy naed by IXBaASomia. It 

was used also by Nbwton, under the name Generatio curvarum p$r 
Umhrafi, in his Enumeration of Lines of tlie Third Ordt<r, whore 
ho remarks (p. 25, od. Talbot): ** And iu tho same mauuor as the 
circle, projecting its shadow, generates all the conic sections, so 
the five divergent parabolas, by their shadows, generate all other 
ourves of the seoond genus. And thus sonin of the more simple 
curves of other genera mi<;!it be found, wliich would form all 
curves of the same genus bj the projection of their shadows on a 
plane." 

Deeargues also proved the fbndamental property (Ex. 696) of 
triangles in perspective, whether in relief or in pkmo {(Rtortt i. 
413, 430). Tho term ** homoh)gie," fur perspective in one ]»lane, 
was introJuced hy Poncelet, and is now geuoruUy used by French 
writers. But since the term is in itself inexpressive, an incon- 
venient distinction haa to be made between homokgtit and Aoait- 
kgigm (Boiidi6 et De ComberoiUBe G4omHn§ JS 1094, 1167). 

REVERSION. 

141. Take fixed poiots 8, 0 and s fixed straiglit line MNi 
and through the fixed points draw anj two straight lines 
intersecting at some point R on MNj and also a pair of parallels 

meeting BO and RS in P and p respectively (p. 10). Then 
P, p may be called Reverse Poinls: 0 and S the Orirjins of 
reversion : and MN the Biise Line. When the locus of P is a 
conic having S and MN for focus and directrix, we have seen 
that the locus of the reverse point p is the eccentric circle of 
0] and we have derived properties of the conic from pro- 
perties of this circle.f We now proceed to treat the subject 
of reversion more generally. The original figure from which 
a reverse figure is derived may be called its Obvene, 



♦ Chaslea Gt oni' tru r/cwrc §§ 368-9 j Cremona G eomtrie Pr<gettive %90, 
t Sec Arts. 4-6, 10 aod i-xx. 6-10. 

T 
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pROFOBinoir X. 

142. To af}f/ gfraijht line drawn tn a gicen direction cor- 
responda a reverse line passitig through a Jixed point on the base 
Ime, 

Let 0 and « be the orisons of reversion : P and p aoj two 
rererse points : e»iit and JPM a pair of paraiieLi| meeting the 
baaeline in if and m. 




Then, if be the point on the base line at which Fw aad Op 
intersecti 

OP: atp^PR ; <oE = rM : o>m, 

and therefore OM and pm are parallel. 

HenoOi if wm be a fixed line and P r\ variable point on 
any a';»timcJ line parallel to (om^ the iooos of /) is the straight 
line drawn through the fixed point m on the base line parallel 
to OM. 

Corollary 1. 

The point at infinity on anj sjstein of parallels FM oor* 
responds to a reverse point m on the base line. All points 
at infinity in the same plane are therefore to be regarded as lying 
in one straight line, of which the base line is the reverse. 

Furthermore <Ae direcUon of lAe Ana ai infinity i» wdet$r» 
minate. For, as pm tnms about the same point ta on the 
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base line, the reverse line PM remains parallel to own: and 
ultimately, when pm coalesces with the base line, PJf becomes 
the line at infinity^ which maj accordinglj be regarded as 
paralieL to any aaaamed line tarn, 

CcroUary 2. 

If the anna of any angle MPN and of the meno aogla 
mpn meet the base line in if, N and m, n respectively, then 

Lfnmn = MPN\ and Z MON= mpn. 

Notice that to every angle F8Q sobtended at either origin S 
(fig. Art 4) corresponds an equal reverse angle 2>0q sabtended 
at the other. For example, the angles FSO^ pOS m eqnal^ 
in the figure of Art 6. 

143. Anj/ straight line being taken as base Itne^ any two given 
angles may be reversed into angles of given magnitudes. 

For the angle MPN (Prop. x. Cor. 2) reverses into an angle 
of given magnitude a, if the origin 0 be taken on the circular 
segment MON described on MN so as to contain an angle equal 
to 0. By a like construction a second angle may be reversed 
into aa angle of g^vea magnitude /3. And if 0 be taken 
at the intersection of the two segments, the two angles will reverse 
simultaneously into angles equal a and y8 respectively. 

The applications of this general theorem are preoisdy 
analogous to those of the corresponding theorem in Conical 
Pnjection. [Ph>p. V. 

From any origin O a given conic may, by properly choosing 
the base line, be reversed into a oonio through two given points 
aft infinity, whose magnitude is then determined by the position 
of the reverse origin o». Or if the base line be given, the origin 
0 may be determined by reversing the angles between two 
assumed pairs of lines PA^ PB and PC, PD — which may be 
drawn conjugate with respect to the given conic — into angles 
a and /3 respectively. By properly determining the origina 

T2 
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and the base line together we may reverse any conic and point 
U and V into any conic and point U' and P\ For example, 
if a and ^ bo right angles and the polar of P with respect 
to ^ be taken aa base line| U' l^oomes a circle whose centre 
is P'. [Prop. VIII. 

144. The following are some applications of the property 
of reverse figures that all angle* subtended at the origin in the 
one figure correspond to equal anglee enAtended at the reoerm 
origin in the other, [Art 148 Cor. 8. 

a. A variable chord of a conic which suhttnds a riyht angle 
at a given point envelop<iS a cvuic hiving (Ii it point for a focus. 

' For if the given point 0 and its polar be taken as origin 
and base line, the reverse conic has its centre at the reverse 
origin ca (Art. 142 Cor. 1) ; and a variable chord of the latter 
conic which subtends a right angle at a> envelopes a concentric 
circle (Ex. 289), of which the obverse is a conic haying. 0 tod 
the base-line for a focus and directrix. 

h. A variable chord of a conic which subtends a right angle 
at a given point on the curve passes through a fixed ^oint on the 
normal theretd * 

For if a conic through 0 be rcverse l into a circle through 
ct>) every chord of the former which subtends a right angle at 0 
has for its reverse a diameter of the circle, and therefore passes 
throngb the fixed point which is the obverse of the centre of 
the drcie. ^ote that the tangents and also the normals at 
0 and « are reverse lines. 

Hence, to reverse a conic from any point 0 npon it as origin 
into a circle, we must have as base line the polar BO of the 
point of concourse of all chords which subtend right angles at 0, 

c. Let DOE be a fixed angle inscribed in a conic, P any 
point on the curve, B and C the points in which PD and PE 
meet the polar of the point of concourse of all chords which 



• This theorem of Fr6gier— p. 276, note, and Correspondanee m* VEcoU Roj/ah 
Fefy$tchmpm tome Ul p. 6H, 1816-1* a Uniting can of §«. See BoboUvmD^ 
^S85. 
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mibtend riglit angles at 0: then wiU the angU BOO he eqwd 
or eupgdementary to the angle DOEJ^ 

For if with 0 as origin and BO as base line tbe conic be 
reversed into a circle, then (with the same notation) the points 
B and C are removed to iufinitj, and the tlieorem follows at 
once from the equality of the angles DOE and DFE in the 
same segment of tbe circle. 




dl If a straight line BDB toming aboot a fixed point P 
meet the arms of a constant angle BOD^ which tnma about a 
fixed point 0, in B and D\ then if the point B moTea along 
a straight line BQ^ the point D deeertbee a eonie through 0 and P, 

For when BG is the line at infinity the locus of D is evidently a 
circle through 0 and 7'; and therefore by reversion, the locus 
of D in the general case is a conic through 0 and P. 

This is a limiting form of Newton's Descn'ptio Organica 
(Art. 113 Cor. 1), since the line through F may be regarded as 
a vanishing angle BFD, 

e. Everj range [ABCD] and its reverse [abei^ snbtend 
atmilar pencils 0 [ABCD\ and s» [abei\ at tbe origins, and are 
therefore homographic. All the properties of cross ratio maj 
therefore be extended from the circle to the general conic by 
leversion. 

145. The Orthocentre. 

a. Let the sides of a triangle ABO^ the reverse o£ A'B'C\ 

• fi*ie QmMmm from IIU BovOATtOSAL TDISi^ vd. I. pp. 88, 40 

(QoMtiofi 1409). 
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meet the base line in points i), Fj and let aZ), bE, cF he seg- 
xnents of the base line which subtend right angles at o). Then 
Aoy Bbj Cc are reverse to the perpendiculai-s of the triangle 
A'BC (Art. 142 Cor 2) and cointeraect at the reyerse P of 
its orthoceDtre* 

It is hence evideDt that the sides of any triangle ABC and 
the radiants from any poiat to its yertlcea detarmine an invola- 
lotion [oD^ hUf eF\ on any tmuvenMl. [Art 110* 




b. If the triangle ABO envelopes a fixed conic toadmig 
the base line, the ohverse of which is a parabola^ the point F 
traces a straight line, the revene of the directrix of the 
parabola. [Art 29 Cor. 1. 

Or if, starting with the parabola and taking its directrix 
as base line, we reverse it into a circle about ca as centre, 
the point F is removed to infinity. Hence, if the sides of a 
triangle ABC touch a circle, and meet any fourth tangent 
to it in abcj and if the diameters parallel to the polars of abc 
meet the fourth tangent in J)£Fj the lines AJ)j BE^ CF are 
parallel. In other words : 

If the tides qf a triangle ABO touch a circle^ and if the 
foraUd tangents meet any seventh tangent in DEF^ the lines 
ADf BEf CF are parallel. 
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^lore generally : 

ifjrom three colUnear points XYZ pairs of tangents be drawn 
to a conicj and if ABC be the triangle formed by one tangent from 
each pair and DEF the points in which the remnininj three 
iam^te meet aity eeventk tem^ent, the linee AD^ BE^ CFmmi ol 
apomt tn a straight Une %nth XYZ* 

146. The Normal 

The revene of the Donnal at any point P to a oonio is the 
line through the reverse point p which with the tangent at p 
intercepts on the base line a length which subtends a right angle 
at the reverse origin «». [Art* 142 Cor. 2* 

147. ConfwfoieJHametere, 

If a conic be reversed into the eccentric circle of it 
may be seen that a pair of its eonj agate diameters indmed at 
angles a and w-a, reverse into lines through the pole of 
the base line with respect to the circle and which contain angles 
w - a and ou 

148. The Asymptotes, 

If a conic meets the base line in ^^ and the asymptotes 
of its reverse correspond to the tangents at J/ and iV, and 
are therefore parallel to MO and NO^ where 0 is the origin 
(Art. 142). We may therefore determine the eccentricity of 
the reverse conic by making the angle MON of any assumed 
magnitude, real or imaginary. 

scHOLnnc o. 

Bkyerse lines OP and |>m through, the origins (which may 
be supposed to lie on the same side of the base line) being reverse 

in direction, figures are consequently, in a manner, tumsd ovsr 
in this transformation, so that an original figure and its derivativo 
may be regarded as obverse and reverse respectively. Thus 
in Art. 4, if the circle be divided by axes through 0 parallel 
and at right angles to the base line, its first and third quadrants 
most be turned over or interchanged, and likewise its second 
and fourth, in order that they may become similarly situated with 
the sectors of the conic to width they severally correspond. 

If reverse points P and p bo referred to rectangular axes 
of coordinates, the base line being the common axis of x and 
tiie axes of y being drawn through 0 and tt respectively, then 
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if X, r be the coordinates of P and y ' those of p, and if OD 
and mi be the ofdtitates of 0 and m. it may be ebewn that 
Tyui* OD, and X : -x-T: mi. Henoe an equation of any 
degree between X and y implies an equation of the same degree 

between A' nnd F. 

Reversion is a Bpocial case of the following transformation. 
Take fixed origins 0 and w, and a tixed director line (or plane) 
oorresponding to eaoh : from any pcont P draw POP to meet 
the 0-director and Pud to meet the w-director : then the point 
of concourse of uD ftud Od corresponds to P. Tho construction 
in tho text results from supposing one of the directors to be 
at iuiluity. The analysis for the general case in fully given 
in a section by Prof. Cayloy contributed to my article on the 
Homographio Transformation of Angles in the Quurierljf JounuU 
j^MUhm»iM ZI7. 25—89. 

HOMOGBAFHIC TRANSFORMATION. 

PBOPOSITION ZIL 

149. Any two phxn» hmographic figures of HiB 90im tpecm 

an capable of being placed in perspective. 

We have seen that any two plnne figures in perspective 
are so related that to every range in the one correspumls a 
homographic range in the other (Prop. iv). Conversely, 
any two plane figures thus related are capable of being placed 
in perspective. 

(i) For if ABOD be four fixed points and P a variable point 
in a plane figure, and A'B^C^UP' the corresponding points in a 
homographic figure, it is evident from the relatioD, 

P{ABCD]^F [A'B'O'J)'], 

that by projecting the points ABOD into A*B*CL^ (Art 185) 
we at the same time project every point P into its com- 
^ndent P. 

(ii) Tho same result may also be arrived at as follows. 

Let A be a given plane ligure, regarded as moveable in 
any way in its plane, and B a fixed homographic figure in 
the same plane. Then to the focoids <^ and <^', regarded as 
belonging to A^ correspond fixed points i^and JT related to B. 

[Art. 132. 
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Let F<l) and F'<f>' meet in the point 0 related to i?, and 
let 0' be the correspondinpj point in A. Also let P and Q 
be any two pointa in £f and P' aud Q' the corresponding points 
in A, 

Move the fignre A a certain distance in a certain direction 
until 0^ coincides with 0, and then tani it about 0 until 
tbe points FOF' are brought into one straight line.* Then, 
aiiice A and B are homograpbic, 

0{PQFF] = 0{P'Q'FF']', 

and therefore, since three rays in the one pencil coalesce 
severally with three in the other, the fourth raj 0^ coalesces 
with tbe fourth 0^, or every two corresponding points Q 
are in a straight line with (9, the required centre of perspectiTO 
of A and B. It tben follows from Art 140 that A and B ma/ 
be placed penpective io space. 

Corollary, 

Since figures homographic with the same figure are homo- 
graphic with one another, and since any conic and an assumed 
point in its plane may be projected into a circle and its centre 
(Art. 137 J, and conversely ; it follows that any conic and point 
in one plon§ may be prtQected into any other conic and point 
m one plane. [Prop. XI. Cor. 

SOHOLinH D. 

Transformation is a convenient (if not strictly accurate) ex- 
pression for the d»'rivation of one tigure from another in accordance 
with an assigned law of correspundeuce. The general idea of 
bomographio transformation may be found in a passing remark 
of DxsABOUSS ((EWrm i. 214), who, baving enunciated the funda- 
mental property of the polar planes of a sphere, concludes by 
stating curtly that it may bo extended to surfaces wliicli are related 
to the Bphere as th(* ellipse is to the circle: " ISomblublo jiropriet^ 
se trouve a I'egard d'uutres massifs qui out du rapport u lu bouloi 
oomme lee ouales autrement ellipses en ont au eerole, mais il 
y a trop a dire pour n*en rien laisser." 

In the tract on Phni-conijit^x appended to his Nouvelle method4 
en Oimitrie Sfc, (Paris 1673), De la iiire derived the general oonie 



* Sm Sslmonli BigUr PUm Cmnm Art. 890. 
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from the circle by a geometrical transformation in piano. A 
similar transfoniiatiou appears to have been arrived at bv Le 
Foivre about thirty years later (Chasles Seetiont C<mique» p. 174). 
Kewtow shewed how to transform cnnree of all orders {Pn'neipta 

ah 

Lib. I. 80ct V. lemma 22) by substitutioaa of the form ~ And 

Te:^ (cf. Schol. C), and added two examples of the application 

of his method {loc. ctt. props. 25, 26). The " collinear" figures 
of Mobius "sont aussi dos liguros liomographiquos los plus pcii(''rale8" 
(Chasles Section* CoHtque* p. 165). Mobius proved mUr alia that 
an^ four pomts in a plane may be projeoted into any other foor 
points in a plane {Baryeentrische Calcul p. 827, 1827). For a 
general exposition of the principle of Ilomoj^aphy see Cbaslee' 
Mimoire on diiulity (iiid homoo^raphy, nt tho end of his Aper<:u 
hisiorique. ^vt^ also iiiA O'eometrie Siipcrieure pp. 362—412, and 
Townseud's Modern Giometry chaps. 19 — 22. 

EXAMPLES. 

[h U ^fi to the reader in tome com* to mod\fy Okt munciatiotu of the pairs of 
rteofw im tiM doM» eohmmi to at to irvig tktm Into taut eorrttpond«mx\, 

801. Tha diagonals of a parallelogram Each diagomd of a complete qoadri- 
and tlM liiMB biawting ita two pain of latasal it dividad bannonioally by tiio 
oppoaita aidaa form a hannonio panoO. ramaining two diagonal^. 

Mt. If two trianglaa be umilar and If the infeenaetioaa- of fh« fhnepaixa 
iilllilarly placed, the joins of their OOn^ of sides of two trianplcs lie in one straiglit 
ipoiidiiig vartioaa mast in a point. line, tlio joins of the opposita vertioea 

C< filitclX.Ot. 

803. Any two pairs of parallels tlirough The three p.oirs of joins of any fonr 
points P and Q meet any transTersal in points in a plane detennine an involntun 
an ioTolntlon baving its oentra on PQ. on any tnaavanaL 

8M. Tbaoentna of tba diagonals of a An infinity of pain of stai^ linaa 
oompkte qnadrilatenl aie in one straight can be found which diride the three dia» 
Una. [p. 258. gonala of a qnadrilateral hanaonioally. 

805. Parallel chords of a circle are Concurrent chords of a oonio an 
bisected by a stnight line thxoogh ita di^ridcd harmonically by their oraUMNl 

centre. I)oiut and its polar. 

806. If two of the three imir^ of op- The three pairs of oppopito pides of any 
posite aides of a hexagon iu.schl>cd in a hexagon iodchbed in a oonic hare their 
circle are parallel, the third pair are inta n aoti o na in one straight Una. 
panUd.* 

807. A ajatam of eoaxal eirdaa meet All tiiaconiaath»mgh four given pointi 
a: V tr.aisvanal in pain of points in an meet any traasfonal in pain of points fin 
involation. (.Art. 109. an involntion. 



• See Gergonne's Annalet I v. 7U. 
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808. Four circles can be dravm touch- 
ing thr&t given straight linea. 

809. Four oooioB can be drawn throagh 
time given poinU ao m to have a given 
point ftxr A fooniL 

aiO. The diaoMten of a circle subtend 
ft pencil in fafolatioo at any point on tbe 
ciicnnfenDoe* 

. 811. Given two peiie of tines oonja* 
Kite villi leqMct to » dide^ the loons of 
its centre is the xeetaagalar hyperbola 

circmnscribing the quarlrilatcral of which 
the conjugate Uned aru uppuaitti sides.* 

812. Given three pairs of lines conju- 
gate with respect to a circle, the positions 
of its oentxe oonstitute an orthooentric 
tetKBst^m* 



Sit. Bveiy cude thnw^i tho obuIm 

of a rectangular hyperbola circumscribes 
an infinity uf triangica eeU-polar with 
tugpoct to the hyperbola. 

814. If a triangle Pi2R right anglwl 
at i* be inscribed in u rectangular hyper< 
hfim, the perpendicular bom P to UHi» 
the tangent at P. 



815. The directioBB of tvo sides of a 
triangle inscribed in a dide being given, 
the envelope of the third side is a conoen- 
tdo circle. 

816. The envelope of the polar of any 

point on a circle with respect to a 00n« 
centric circle is a concentric circle. 



PLES. BHl 

Four conioa ciin be drawn through two 
given pointd and touching three given 
lines. 

Four cooioj can Ixj drawn tlux)iigh 
three given points ao an to touch two 
given lines* 

A system of coDCorrent chorda of a 
conic sobtend a pendl in inTolntioin at 
any point on the cnmu [p. 276. 

Given a chord FF' of a conic and two 
paizsof linee ooqjngate with le^peet to it, 

the locus of the pole of FF' is a oonic with 
respect to which F »ad B' ate apairof 

conjugate points. 

Thn>ii'_'li two givon jxtints fotir coJiic^ 
can W (imwn wj as to have three- ijivea 
pairs of conjugate with respect to 
them; and their common chofd is divided 
harmonically by every conic thson^ its 
four poles iritfa xeq^ to them. 

H two tiiani^ be eelf-polar with 
rc««pect to a coni^ their siz angular points 
lie on a oonic. 

If Fand F' l»e conjugate points with 
respect to a conic, /'U and I'li any two 
chords wUdi divide FF* faarmaoieaQy} 
then QiS and the tangent at P divide 
FF* harmonically. 

If two sides of a triangle inscribed in 
a ooldc pass eaoih through a giveu point, 
the envelope <rf the thkd side is a conio 
touching the funner at tWO points Ctt the 
join of the given poinis. » 

Tlie envelope of the polar of any point 
on a oonic with respect to a second having 
the same focus and directrix is a third 
having the same focus and directrix. 



* IVom the osntre 0 of tlia drde draw a perpendicnlar OP to one of the linesi and 

let it meet the conjugate line in Q ; and draw OV peqxjndicular to one of the second 
pair of lines, and let it meet the fourth line in i^. Then ^incc OP J><1 - {rxv\\mY 
s: OP". OW, the locus of 6> is a conic through the four vertices of the quadrilateral ; 
and it is ^uuly seen that the Oftboeetttve <tf any three of them is a point <m the locus. 
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817. Parallel chords of a circle are cut 
in a ooiuta&t ratio bj a conoentric ellipse 
tonefalBg the ebde ai the «nrtmnftwa of 
tha paipondieiilar <iiaiiiwtig» 

818. Bvaiy paiaDelogmtt iuodbad ia 
m drola ia nwftangiilar. 



819. The diagonala of erery pandlelo* 
(laia cbcmnaeHbsd to a obola meot afe 

aa^aa al ita osDfem. 

820. The ceatres of all the rectaagular 
hTperbolaa drcunucribed to a givaa tii- 

Ua on ita iiiiia>iNiiai oiida. 

821. The circamscribed circle of every 
triangle which circumBcribea a parabola 
paMoi tfaiongli iti foooa* 

822. The enTelo[K3 of the pohir of a 
giim poinfc with respect to a system of 
^ffl n ffff . ^ ^yffffl ^y |g paiabola toudbing 
their axes aod haring the ^ren point* for 
a point on ita directrix. [Ex. 879. 



828. If from a Hzed pobt 0 tangenta 

OP and OQ be drawn to any one of a 
system of confocal conies, thecircle through 
OPQ passes through a second fixed point. 

(Exx. 840» 880. 

824. Given thraa oonc-'ntric circles, 
any taiigeut to one of them ia dividcii into 
segments of constaut lengths by the re- 
aaabingtwoii 

825. Four fixed tangents to a parabola 
diride any fifth tangent into segments 
vfaoae latioa an conatant. [Bx. 728. 



Ooncurrent chords of a oonic are divided 
in a constant cross ntio by every conic 
having dooUa oootack widi tba fonacr 
apott the polar of tlia poiaft of ooaeagp> 

The inlMseolkma of the two diegonala 

and of the opposite sides of any quadrila- 
teral arc a coiijui^ate triad with resport to 
every couic circumacnbing the quaJriiu- 
teiaL 

The diagonals of a oomplite qnadri- 
latanlan a oo^jagato triad witihnipaot 
to oveqr oonio iaKafbad ia it» 

Given four points on a conic, the locoa 
of the pole of a given line is a oonic, Ac 

[Ba.788. 

If two trianf^les dremnscribe a conic^ 
their six summits lie on a oonic 

The envelope of the polar of a given 
poiat with i Mp ao fc to tiia ayalau of iwwiioB 
ianribed in a qnadrOateral ia a oonio 

touching its ihrvv diagonals; and the 
chord of contact of the second tanj,'ent9 to 
thi:3 conic from the extremittc^i of any dia- 
gonal of the quadrilateial ia the line join- 
ing the given point to the point of oon- 
coacN of the wmalning two ^agonala. 

If from a fixed point 0 tangenta OP 

and be drawn to any one of a system 

of confocal conic*, the conic through their 
foci and 0P(4 passes through a fourth 
fixed puiut-t 

If three conies touch one another aft 

the same two points, any tanpent to one 
of them id divided ia a constant crosa 
ratio by the remaining two. 

Four fixed tangent,'! to a conic divide 
any fifth tangent in a constant cross ratio. 



• The tangents at this point to the two confocala throDgh it touch the parabola, 
f Project the common foci of the firnt t^yfi-icm into the focoida of the plane ol the 
eeoond. See the Qmrttrly Journal of Malhtmatici :c. 287. 
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828. Any two p$ixt of points which If ths extwmttiai of mdi of two di*- 
divide tin diagoaala of ft wctongia hir* ^onala of • qnadriktenl an conjmftto 

mooioaDj lis on ft Oiielo. points with resp ect to a conic, the extrc- 

tnitie-) nf tho third ftTS ooqjngftto with 
respect to it.* 

827. If POpj QOq, BOr, 80$ be any four concurrent 

chords of a conic, the coulcs through OPQRS and Opqra havo 
a commou taogcat at 0. 

828. If FF be B common chord of two gtyen conies, its 

pole with respect to any conic which touches both of them 

and passes through i^'and F' has for its locus a conic touching 
the tangents at F and F' to the given conies. 

829. If a conic touches the sides 8F and SF* of a given 

triangle and also two other given lines, the second tangents 
to it from F and F' meet on a hxed straight line. 

830. Given, in addition to a chord of a conic, two tangents, 
or one tangent and one point, find in each case the locus of 
the pole of the given chord. 

831. If two conies have double contact, the cross ratio of 

four of the points in which any four tangents to the one 
meet the other is e(|ual to that of the remaining four points, 
and Ulso to that of the points of contact taken in the same sense 
of rotation.! 

832. Extend by projection Newton's theorem, that the 
diameter of a quadrilateral is the centre-locus of all conies 
inscribed therein4 [p. 282. 

833. The circle through any triad of points conjugate with 
respect to a conic is orthogonal to its orthocycle (pp. 274, 280). 
Is this theorem projective ? 



* Thii theorem and its reciprocal are due to UstMK (Crclle's Journal xx, dOl, 
1840). 

t See Selnon's Conk Saethm Axte. 276, 354. 

t Its aoftlogne in epeee wm given in Qvgfimn*§ Awmaln xvu. MO. 
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834. From a fixed point 0 tani^ents OP and OQ are drawn 
to any coaic inscribed iu a given quadrllati^ral^ and through P 
and Q are drawn the straight liaes which with PO and QO 
respectively divide the three diagonals of the quadrilateral har- 
monically. Shew that the lines so drawn touch the fixed conie 
which is the eoTelope of PQ, [Ex. 822. 

835. If AB be one of the diagonals of this qnadrilateral, 
the conic through ABOPQ passes through a fourth fixed point 
(7, such that AO^ACy and BO^ BO divide the remaining two 
diagonals harmonically. Shew also that the three positions of 
O corresponding to the three diagonals of the quadrilateral lie 
iu one straight line. 

836. If from a ilxed point O tangents OP and OQ be 
drawn to any one of a system of confocal conies, and if the 
iioniiaU at P and Q meet in N\ the locus of the orthocctitrc 
of tlie triangle SPQ is a straight lino, and the locus of the 
ortbocentre of OPQ is a rectangular hyperbola having one 
asymptote parallel to the central distance of 0^ What do 
these theorems become bj projection ? 

837. Given the orthocentre of a triangle inscribed (or ctr- 
eumscribed) to a given oonic, the product of the segments of 
its perpendiculars is constant. Hence shew that if one solid 
angle contamed by three planes mutually at right angles can be 
inscribed (or circumscribed) to the surface of a given cone of the 
second degree, an infinity of such angles can be inscribed (or 
circumscribed} to it. 

838. The locus of the point in space fix)m which triads of 
lines mutually at right angles can be drawn to triads of points 
on a given conic is a sphere. 

839. If the conic be supposed to vary, yet so as always 
touch the sides of a given quadrilateral, the sphere will pass 



• See the <^MrC0r(y JcMmf ^ Jfa(ft«*MfjM 
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through a fixed circle in a plaoc at right angles to the plane of 
the quadrilateral.* 

840. ADO \3 a triangle Inscribed in a conic: Aa^ Bb, Cc 
arc chords drawn through a point 0: and Ah^ Bc^ Ca meet 
the polar of 0 In PQR respectively. Shew ll1.1t the lines from 
any point on the conic to the points PQR respectively meet the 
aides of ABG in thre^ collinear points. 

841. Rays being drawn from a fixed point on a conic, shevr 
that the intercepta upon them between the conic and a fixed 
tangent may all be projected upon a given line through the 
fixed point, from another point on the conici into segments of 
the same length. 

842. If a point P on a conic be connected with two fixed 
points and i*^' in its plane, all the chords wliich are divided 
harmonically by FP and F'P are concurrent ; and the locus of 
their point of concourse, as F varies, is a conic touching the 
first at two points on FF', 

843. If a conic passes throngb two given points and touches 
a given conic at a given point, its chord of intersection with 
the given conic passes through a fixed point. 

844. ABCD being four points on a coaic, E and F are the 
poles and 0 is the point of concourse of AB and CD. Through 
E is drawn a straight line meeting CD in M and the conic 

in Q and R] and upon this line a point P is taken a fourth 
harmonic to QMR, Shew that the locus of P is the conic 
through ABCDEF^ the tangents to which at E and F pass 
through 0 ; and that the tangents from 0 to the first conic 
pass through the four points in which the common tangents to 
the two conies touch the second. 



* On Bkz. 887-8 ne Ploqaefs Etndt giomkriqif du Sjfatimu Pomfiwlf «l ToM' 
gentUb A 8ieH«m$ Coniqtui §§72, 78, 85^ 86. Pfeqnet now nrcs the turn orihoptie 
eirlj (p. 42) to denote the ortbocycle, and tbo term orthoptic summits (i). 41) of the 
"pencil" of conies inarribed in a quadrilateral to d'-notc the two fixt-d jx^ints on their 
orthocycles. Ga&kiu's discoreiy of these poiuta was anticipated by Tliickcr {Analjf 
UBeh-geomtiHKhe EatwktlimgtM ii. 198, 1881). 



336 



EXAMPLES. 



845. If a variable conic has double contact with each of twa 
fixed conies, find the loci of the points of concoarse of iti 
commoo tangonts with the fixed conies. 

846. If aa\ hb\ ce' be parallel chords of a conic and p anj 

seventh point on the curve, prove that the three points {ap, 6'c'), 
(^1 ca)y {cj)j ab] lie on a straight iiue parallel to the chords. 

847. If from each of four points on a circle perpendicalsn 
be drawn to the joins of the remaining three, the feet of these 
perpendiculars lie bj threes on foor concnrrent lines. Gene- 
ralise this theorem bj reversion, or otherwise. 

848. Any two conios may be regarded as homographic 
figures in which anj three points on the one correspond to 
three points taken arbitrarily on the other.* 

849. Shew how to place reverse figures in perspective, .ind 
adapt the constructions of Arts. 141—148 to the case of figures 
in perspective in one plane. 

850. The construction in Act. 134 (ii) for fixing the position 
of V in the vertex-plane is independent of the angle between 

that plane and the priuutive plane: as this angle varies the 
vertex remains fixed in its plane : it therefore describes a circle 
in a plane perpendicular to ah^ or to the iotersection of the 
plane of projection with the primitive plane. 

* Ghadn AmTmiw Comfttt$ p. 167. 

NOTE. 

The undermentioned Examplea (cf. p. 141) are taken from the 
Edttoatioval Timbs RtprifU : 

Ex. 441 (I. 62); 442 (zi. 81); 443 (t. 101); 444 {ytL 49); 445 

(xxx. 90); 450 (xu. 27) ; 454 (viii. 72) ; 455 (iii. 35) ; 466 (xxx. 90); 
516(1.55); 517 (v. 56); 518(1.53); 520 (v. 36) ; 521(vii. 96); 
522 (XI. 59); 523 rxviir. 32); 521 (xviii. 54); 526 (xxi. 35) ; 527 
(xxiv. 87); 560 (xvii. Go); 562 (xviii. 52); 563 (xvm. 98); 578 
(▼1.71); 607(xv.88); 611(xxv.23); 612(zzv.2l); 613(lV.70j; 
620 (XXiv. 43) ; 638 (rv. 97) ; 640 (xin 60) ; 644 (▼. 87) ; 645 (xL 
104); 680 (IV. 69); 681 (x. 32) ; 682 (xvii, 60) ; 684 (xxir. 22) ; 
685 (XXII 51); 687 (xxiv. 101); 688 ,xxvi. 69); 689 (xxviii. 95); 
690 (xxxi. 18) ; 714 (xi. 60); 727 (xiii. 26) ; 737 (xxv. 61) ; 738 
(II. 6) ; 835 XIII. 61) ; 840 (iii. 39); 841 (ix. 79) ; 842 (xi. 100); 
843 (xii. 54) ; 844 (xiv. 80) ; 845 (lUX. 101) ; 846 (xxm. 94) ; 847 
(xxx. 64. xxTin. 57). 
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CHAPTER XIL 

REOIPROOATION AND INVERSION. 

150. We now return to the method of Reciprocal Polars, 
of vvliich some account w.is given in Chapter X. [p. 268. 

Take any fixed conic as Director^ and let any straight line 
or point be said to correspond or be reciprocal to its pole or 
polar with respect to the director. It is evident that to the 
intersection of any two lines oorresponds the join of the 
reciprocal points, and that to a system of concurrent lines 
correspond a system of collinear points. [Art 17 CSor. .1. 

To any curve, regarded as the envelope of its tangents, 
corresponds the locus of their poles with respect to the director; 
and to the join of any two consecutive points on either curve 
corresponds the join of two consecutive tangents to the other. 
Hence, to every tangent and its point of contact in either fig^e 
correspond a point and tlie tangent thereat In the other. 

It is hence evident that if two curves touch one another in 
one or more points, their reciprocals touch one another in the 
same number of points. 

^^otice that the tangents to tlie director at its intereections 
with any curve are also tangente to the reciprocal curve, 

PH0P081TI0N I. 

151. The dtgrcc of any curve not havinq singular points 
is rqual to the class of its reciprocal with respect to a GOiitc, 

and concerscJy. 

(i) For if £7* be any curve and u its reciprocal, A any 
straight line and a its reciprocal; then to every point in 
which A meets U oorresponds a tangent to », and every such 

z 
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tangent pcosscs through a. The number of points in which 
an arbitrary line A meets U is therefore equal to the number 
of tangents that can be drawn from any one point to as 
was to be proved. 

It follows that. the reciprocal of a contc is a cooic, as was 
otherwise sliewn in Art. 117; uid that the redpfocals of all 
coDicB touching the same four lines, or Aavui^ tke §ame fod^ are 
oonics passing through the same four points. [Prop. Ti. 

FKOFOSITION II. 

152. To every pami and ita polar wi^ retped to a towio 

correspond a straight line and its pole with respect to the reciprocal 

conic: to evert/ coujiujnte triad of points in the one Jiqure a 
conjugate triad of lines in the other : and to every pencil or range 
in tJie one a honKn/mphic range or pencil in Uie other, 

(i) For if ab and ac be the tangents from snj point a to a 
conic, then to their points of contact h and e correspond a 
pair of tangents AB and ^(7 to the reciprocal oonio; and to 
the points of contact B and 0 correapond redproeally the 
tangents at h and c to the original conic [Art 150. 

It follows that the join of B^ 0 corresponds to a, and the 
join of 5, 0 to the point of concoorM A of the tangents at 
B and G. 

llciicc to any point a and its polar he in the one figure 
correspond a line and its pole ^ in the other; and there- 
fore to every conjugate triad of points in either corresponds 
a conjugate triad of lines in the other. 

(ii) It has been shewn in Art. 116 that every row of points 
and their polars with respect to any director are homographic. 

CoroUari/, 

Since the points of concourse of a conic and its reciprocal 
correspond to tlieir common tangents, the cro.^s ratio of the four 
conirnon jfoints of any two conies in either is eg^ual to tluit of their 
common tangents in the others [Ex. 727. 
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PROPOSITION III. 

153. Mmh in a plane two straight line» and their poles 
vM respect to a- eonio^ the ratio qf the dittanees of any point 
in the plane fnm the gwen linSB varies ae the ratio of ihe 
dittaneee ofiU polar from their poles,^ 

(i) Let the polars of any two points 0 and F with respect 
to a conic whose centre is G meet CO \n L and M respectivelj, 
and let P^be an ordinate to the diameter CO, 



o 




Tbenainoe CL.CO^ CM.CN^-t 
or OJf+ OMi CM^ CL^NLx OL; 

therefore OM : CM^ NLiCL^PE: CL, 

.if FB be drawn parallel to CL to meet the polar of 0, That 
Is to sajy the distances of 0 and C from the polar qf P are ae 
the distances qfPand C from the pdoet qf 0. [£z. 325* 

(ii) If OX^iA CH be perpendiculars to the polar of P, it 
follows that 

PR: CL^OX: CH; 
and the same proportion will hold if PE and CL be now 
supposed perpendicular to tho polar of 0» 

In like manner, taking anj seoood pOBition o o( 0 whilst 
P remains as before, we have 

Pr I CI ^ox I CH. 



* Chaslea ApenjU hiriorUjue p. 690, 187.'i. 

t If r.1/mcct<» the conic in 7) and J/, and if » be the polar of DD', the p'lint 
M and its polar Pco divide DD' hannonically. Hence; CM.CN = whatercr 
be the poeitkn of P, This folio w« alao bjr orthogonal projectloa from Ex. 281. 

Z2 
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Hence, whatever be the poaition of the ratio is equal 
to . , where CL and CI are constant for given positions 

of 0 and 0 ; tliat is to say, the ratio of the perpendiculars from 
a variable point P to tlif pohtrs ( f (n-tj fixed points 0 and o varies 
as the ratio of the perpendiculars from O and o to the j)olar of P. 
We may of course, as a special cslaq^ suppose either point and 
its polar to become a point on the curve and the tangent thereat. 

Corotkary. 

It is hence evident that any homogeneous rehition between 
the distances of a variable point P from any nnmbcr of fixed 
straight lines implies a homogeneous rehition of the same 
degree between the distances of the polar of P with respect to 
aconicfirom the poles of tlie fixed lines. Thus from the Locus 
ad quatuar Itneas, PQ.PR^k.PS.PT (Scholium C, p. 266), 
we deduce a relation of the same form between the distances 
of the tangent at P from two pairs of fixed points, opposite 
vertices of a qnadrilaieral circumscribed to the conic [Ex. 707. 



POINT EECIPROCATiON. 

154. If 0 be the centre of a circle, OA the perpendicular 
from it to anj straight line L and a the point on OA or its 
prolongation such that 0^4. Oa s (radius)*; then a is the pole 
or reciprocal of L with respect to the circle. The same point 
a may also be determined by regarding 0 merely as a fixed 
point, without reference to the circle, and taking OA.Oa equal 
to a constant quantity c'. This last construction is called 
recii>rocat(ini with respect to a j^oinf^ the point being called the 
oriijin. \\ lien c* is negative every line or point and its 
reciprocal lie on opposite sides of the origin. The construction 
is then equivalent to reciprocatiug with respect to an imaginary 

circle. [^^^'''P- ("O* 

Notice that to the foot of the perpendicular A from the 
origin to any straight line L corresponds the line through 
the reciprocal point a parallel to L or at right angles to Oa; 
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and that to each line in a system of paraUtIs corresponds a 
point on the common perpendicular to them from the origin. 

PROPOSITION IV. 

155. Any two straight lines contain an angle equal to that 
subtended hy their point-reciprocals at the origin ; and the distance 
of any straight line from the. origin varies inversely at the 
distance qf its reciprocal therrfrom. 

The first part of the propoaitlon followi immediately from 
the perpendicalarity of eveiy straight line to the line joining 
its reciprocal to the origin. 

The second part is merely another way of stating that the 
prodnct OA.Oa^ in the construction of Art 154, is equal to a 
constant c^ 

Corollary I. 

From the relation Oa = we deduce, that to any straight 

line L through 0 corresponds the point at infinUy in the 
direction at right angles to X, and conversely. All poinhi at 
infinity in the same plane therefore lie on the reciprocal of the 
origin, and are consequently to be regarded as coUinear. To 
tbo polar of the origin with resppct to the original conic 
corresponds the cmtre of the reciprocal conic^ the polar of the 
line at iutiuity with respect to it. [Art. 17 Cor. 2. 

Corollary 2. 

To the tiiiigcnts OP and OP' iVoin the orij^in to any conic 
correspond the points at infinity in tiic directions at right 
angles to OP and OP' ; the eccentricity of the reeiproc«il conic 
Is therefore determined by the angle POP\ the supplement 
of the angle between its asymptotes. Hence the reciprocal 
will be a hyperbola, an ellipse or a parabola according as 0 is 
taken without, within or upon the original conic. '^I'hus we see 
again that every parabola touches the line at infinity^ the reci* 
procal of the origin. The reciprocal of a conic with respect 
to any point at which it subtends a right angle is a rectangular 
hyperbola. In any case the €uns of the reciprocal conic is parallel 
to the bisector of the angle POF, 
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Corollary 3. 

From either point of conconne of their orthocycles as origta 
an J two eonics U and Freciproeate into rectangular hyperbolae 
ti and e; and conyerMlj eveiy conic throogh the foor inter> 
lections of ti and e, being itaelf a rectangular hyperbola (Art. 69), 
18 reciprocal to a conic anbtending a right angle at the origin 
and tondung the foor common tangents to U and Fl Henee 
ike orihocycles of all the arnica tokich touch four given lines have 
ttoo^inU in common, [Art. 123 Cor. 1. 

PROPOSITION V. 

1BB» 2%e reciprocal of a drde with reep&st ia any point ta 
a O0fite AaetJi^ Iftol pemtjor ajbewj and conversely, 

(i) . If the director be a circle about the origin 0 as centre, 
any other circle 0 meets it at the foooids ^ and and there- 
lore has for its reciprocal a conic tonchmg 0^ and 0^', the 
tangents to the director at the focoids. [Art. 180. 

This conic therefore has 0 for a focus ; and it$ MirecUiso 
(the polar of 0) corresponds to the pole of the line at infinity 
with respect to (7, that is to say, it eorreaponde it> the eenire 
cfO. 

(ii) . Otherwise thus. Beciprocate a conic from either focoa 
^as origin, and let F be the point conesponding to any tangent 
to the conic, and Z the projection of ^npon that tangent 



z 
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Then if CB be tlie ooojngate aemiaxis, and - CB'^ be taken 
as the coDBtant of reciprocation, • 

EV.EZ — CB% 

or V lies on the major anziliary circle, which is aocordiogly 
a reciprocal of the conic with respect to either focos. Hence, 
whatever be the constant of reciprocation, the reciprocal of a 

oooic with respect to either focus is a circle, ami conversely.* 

In the limiting case of the parahofn^ produce SY and SA 
(fig. Art. 2b) to Z and so that SY. SZ= SA . SB=a constant. 
Then Z lies on the circle upon SB as diameter, which is accord- 
ingly a reciprocal of the parabola with respect to and con- 
versely. 

(iii). In the diagram, the eocmtriciijf of the conic is equal to 

77-: , and Its laituM rectitm to - . . 

Moreover, if be the foot of the //-directrix, 

HG. HX^ " 0B\ [Art 85 Cor. 3 

and therefore (1) the //-directrix is reciprocal to the centre of 
the circle^ and (2) the polar of // with respect to the circle — 
which in this case coincides with the ^/-directrix (Art. 35 Cor. 1) 
—is reciprocal to the centre of the conic. 

If the constant of reciprocation be changed the relative 
magnitude of the conic and the circle will alter, but the following 
relations will still be found to subsist. The origin is now 
denoted by O, and the centre of the cMs— which will in 
general he distuict from that of the conic — ^by (7. 

^ . distance of C from 0 

eooentnaty » ~r. ^. . . . 

* radius ot curde 

, . constant of reciprocation 

\ latus rectum = -s-^—i • 

" radios oi circle 

centre of circle = reciprocal of C^-directrix. 

centre of conic = reciprocal of polar of 0 with respect to circle. 



* Annth'^r ] <rDof has been given by Loquic're, NouvtUu Annoiu XX. 42, 1861 ; and 
aaothcr by buluou, Conic Scctiom Art. 308. 
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Corollary 1. 

One inscnbed and three escribed circles can be drawn to 
a given trianglei and their radii are connected by the relation, 

1111 
---+-+-. 
r r, r, r. 

Hence, by reciprocation with respect to any point 0, four conica 
can be described having a given point for a locus and passing 
through tliroe given points, and the latera recta of three of 
them are together equal to the latos rectum of the fourth, 

CoroUary 2. 

The point Fin the diagram corresponds to the tangent YZ\ 
tiie point 0 to the ZT-directriz; the Ibe VO to the point of 
concourse D of with the iMuectrix ; the point of conconne 

Y of VO and YZ to the line DV. But Y lies on the drcie ; 
therefore touches the conic. The second point V* in which 
DV meets the circle corresponds to the second tangent from 

Y to the conic. This tangent is evidently parallel to the oppo- 
site tangent 7>K; therefore YUV is at right angles to inl and 
H is the orthoceutre of the triangle D Y V, ■ [Ex. 330. 

PROPOSmOK VI. 

157. All the circles of a coaxal system reciprocate from 
either of their limiting points into con focal conies, 

(i), Whateyer be the position of the origin 0 in the plane 
of the drdes, their reciprocals haye 0 for a common focus. 

If the origin be taken at either limiting points of the system 
of circles, it has the same polar with respect to them all, and 
therefore the line at infinity has the same pole with respect 
to all their reciprocals. That is to say, the latter have a 
common centre as well as one focus in common. They are 
therefore confocal, as was to bo proved. 



• Thcsp jxiints fire the limits of the system "par rapport ii C injininient petU," 
and the radical axis and the line at infinity are its limits " par rapport il rinfiniment 
grand." When a otrde becomes infiaite it degenerates in general into a straight lino 

Pr^geeihu p. 48 (1S28) ; Townaend'ii Modem Geonutrg 1. 199. 
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(li). Th« system of conies through four given points reci- 
procate with respect to any one of the system as director into 
conica toucliiiig the tangents to tlie director at the given points. 
The construction § i. corresponds to tl>e case in which the 
focoids are two of the four given points, and the director reduces 
to a point-circle. 

Corollary* 

The forther limiting point (7 of the circles corresponds to 
the minor axu of the confocals, and the line bisectiDg OO %t 
right angles to their further foeuB. The orthogonal circles 
through 0 and reciprocate at the same time loio parahoUu 
towshmg the minor axU of the oot^focaU^ and whoee dtreetricee 
jMse through the further foeue of the confocale ; and every common 
tangent to one of the confocals and one of the parabolas sub- 
tends a right angle at 0, 

SOHOUUH A. 

EEcrmocATiox presupposes the idea of an envelope, which 
origiuated, accordinc; to Muntucla {Hist, des MaUiematiquea touie ii. 
120, 1758), with ^orimond db Bbauhb (1601-- 1651), a zealous 
advocate of the new Oartedaa geometiy. In a letter to De Beanne 
dated 20 fer. 1699, Descartes writes: "Pour vos lignes ooiirbes, 
la propri^t^ dont vous m'envoyez la demonstration me parolt si 
belle que je la pr^f^re a la quadrature de la parabola trouvdu par 
Archimede ; car il examinoit une ligne donnee, au lieu que vous 
ditenUnn Petpaee eentmu dtm me qui Wett pat eneere detmi^, Je 
ne GTois pas qu'il soil poesible de trouver g^nerulement la converse 
do ma regie pour les tangentos, &c." {CRuvres de T)escarte8^ ed. 
Cuusin, tome viii. p. 105, Paris 1824). Huyghens was the 
discoverer of evolutes (Scholium, p. 221): Tschiruhausen of caustics 
{QheiAee Aperqu hhtoriquf IIU, 1875). 

Maoliubin ( Geometria Organiea, sect. III. pp. 94 ftc, London, 
1720) propouuded the theory of pedal and negative pedal onrves. 
Notice, as a converse of Art. 38, that a conic may be regarded 
as the euvelope of the arm YZ of a right angle inscribed in its 
auxiliary circle, whose other arm VZ passes through a focus IT. 
Hence by projection, if two rides of a triangle inscribed in a 
given conic pass through fixed points C and respectively, the 
envelope of the third bide is a conio having double contact with 
the former on the line CJI, 

I ' 

* This corollary was aogi^nted I7 Mr. R. B. W«bb^ Allow of & 
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"We havo poon that NK\rroy proved the general tangent-proporty 
of conies, which was eventually prosouted in a new form, as a 
property of ••double" or " auharmouic" ratio, by Steiner and 
Ohasles (pp. 262, 295. Qt Ex. 726, note). Ghasles' second proof 
of Ex. 724 {Quetdeft Corrnpimdane« fe, y. 289), viz. by xeeipio- 
cation with vespect to a parabola, is inteieatuig as an application 
of reciprocation to met He properties. See also Bobillier in 
tiergonne^fs Anna/cs xvin. 18.3; Poncelet, Proprictct Projectivet IL 
431 ri86C); Booth, New Geometrical Methods vol. i. chap. 29. 

The Prineiple of JHuUitv was first fully brought out by Poncelei^s 
method of reoiprooal pours (Sofaoliom £, p. 290). For smns 
controversiee on the discovery of the principle see his PropriiUi 
Projectives II. 351 — 39G. It has since be^n illustrated by the 
coordinate methods of Miibius, Pliicker, Booth, &c. See also 
Chaalea' Aper^u hidot ique pp. 572 — 694, 1875; Towusend's J/o(i^ 
Omwuiry chap. 23. Figures which correspond according to the 
law of duality have been called by Ohades (p. 687) Cwrrdttm 
figuree. They may also be called Dual figpires. Any two daal 
figures are such that to every point in either corresponds a straight 
lino in the other, and to every range in either u homographic peiual 
in the other, as is the case, for example, with reciprocal figures. 

MINOR .DIRECTRICES. 

PBOPOeiTION yiT. 

158. With either focus and directrix of an ellipse as oritjiix 
and hose line the major auxilmry circle reverses into a similar 
ellipse having far it$ mtfior auxiliary circle the reverse of Ike 
ordinal eUipae, 

(i). For in Art. 4 it is evident that the major aQziliary 

circle of the ellipse reverses into an ellipse having the circle 
about 0 for its minor auxiliary circle; and by comparing the 
segments of the latus rectum of the obverse with the segments 

CB' 

of the major axis of the reverse we see that CB la the 

one is equal to m the other. The two ellipses are therefore 

similar. 

(it). Let the annexed diagram represent the reverse figure, 
and let OA^ be the major semiazis of the obverse ellipse, and F 
the point on the minor axis of the reverse corresponding to O, 
Then F and Its polar (the base line) are said to be a Minor 

^ocu8 aud Directrix of the reverse. 
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or 



It is evident by parallels that 

OFi OBiOD^GSi CA^i CX, 



where e is the common eccenlricity of the two ellipses, 
(iii). In the case of the Ujperboia, if ir - 2;^ and x 




angles of the obverse aod reverse hyperbolas respectively, and F 
18 before the point correspoodiog to the centre G of the obverse, 
it maj be shewn in like manner that F now lies on the mqfor 

OA 

ax id* of the reverse at a distance equal to — from its centre 0. 

In the Bectaugular Hyperliola the major" and minor foot 
and directrices are coincident. In the Circle the minor foci 
coindde with the centre and the minor directrices are at infinity. 

(iv). The properties of the minor directrices may also be 
arrived at by Eeciprocation, It ia easily seen that the reciprocal 
of an ellipse with respect to its major anziliary circle is a similar 
ellipse havbg that eirde for its minor auxiliary circle, &c. 

• Notice, in justification of the term minor axis in the general hjrperbola, that tba 
9ft»art of Uus axia, being negative, is always leas than that of the ttanamae axil. 
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Kotice, in iUQStration of this remaikable identity of resoita 
arrived at by reciprocation aod rBTersIon, that an ellipae tmd 
a hyperbola have the »ame axe»^ each i» tit own rtctjyrocal tnih 
retpect to the other. [£z. 326. 

CoroUartf 1. 

From S in the obverse draw *SFto uu'c t the major auxiliary 
circle and draw jS qo at right angles to ISY\ then I'oo touches 
the conic (Art. 38). Hence, in the reverse figure, if OP be any 
radios of the conic and OR be drawn at right angles to it 
to meet the minor directrix^ the envelope of F& is the minor 
auxiliaiy circle. 

Corotlary 8. 

Every chord drawn through S to the major auxiliary circle 
of tlie obverse has its pole on the buse Hue and makes equal 
anglfs with the tangents to the circle at its extremities. Hence 
any two parallel tangents ^J/, Q'N drawn to the reverse 
conic and terminated by the minor directrix subtend eqoai 
angles at 0. 

SCHOUQU B. 

The theory of Minor Directrioett* is due to Booth (Nne Ommu' 
trical Methods vol. I. 269), who investigated their properties by ti e 

ni' thoU of reciprocation. In somo cases he malces use of a double 
reciprocation, fir^*t rt'ciprocating ii li;j;urG A into ]i and then B 
into A'. But Hiuce ligures reuiprocul to the same figure are 
homographic with one another, it should be possible to derive 
the properties of J' dii'ectly from tlioso of A. Take for example 
the property that if a fixed straight line and the tangents from any 
point P up<m it to an ellipse about 0 as centre meet one of its minor 
directrices in Q and T, T respect tvtly, then iauiTOQAaw^T' OQ i9 
comiant. Bogard the conic as the revwse of a circle, as ia 
Prop, vn , and let qt( be the points at ii^lmty corresponding to 
QTT'. Then the angles 70 Q, T'OQ are equal to tSq, i'Sq or 
ipq, t'pq respectively ; and it remains (mly to prove for the circle that 
iau}itpq . X\n\\t'pq is constant. Compuro tlio lonj^or method of 
double reciprocaliou by which Booth establishes the propositioa 
(loc. cit. p. 276). Similar remarks apply to his doable recipro- 
cation of umbilical qnadrics (p. 208). 

Takinf^ 0 and (u as orifj;:ins, let it bo required to reverse three 
given points PQJi in space into given points pqr respectively 



* They have al&o been called ttcondar}/ dirociriced (i'j uc. Uot/al lri$h AcaiUany 
III. 508). 
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(J^cholium, p. 328), each piiir of points Ppy &c. being supposed to 
lie in a piano through the orii^ins. Each pair Pp determine a 
point (OP, up) on the 0-director and a point utP) on the 
wdiieetor; aad thus fhe three pain Pp, Qg, Rr oompletoly 
determine the two director planes. This construction is equivalent 
to reversing Jive given points OwPQR into five given points 
wOpqr. Of. Chasles, Aper^u Sfe. p. 754. If one director-piano be 
now removed to infinity, every two corresponding lines through 
the origins become parallel, as in piano (Art. 142). 

From a given point 0 on an ellipsoid draw triads of chorda 
OAt OBy at right angles, and let the Jixed point of concourse 
of the planes ABC (cf. p. 324, note) and its polar plane bo cnllod 
the Frcgi»^r point and plane of 0. Then, if 0 be taken as oriy;ia 
and its Fregier plane as director, the ellipsoid reverses into a 
sphere. If 0 be not on the surface, we may reverse the ellipsoid 
into a spheroid about u as centre, and thus shew that the envelope 
of the planes ABC (l)ooth I. 97) is a qnadrio of revolution having 
0 for a focus. [Art. 144. 

159. Examples of Reciprocation, 

We shall now give some illustrations of the method of 
applyini!^ the principles established above. The following 
theorems will be seen to be reciprocal: 

If two Tcrticcs of a triangle slide 7f two of a triangle pass through 

on fixed straight lino* wliil-t tlic pi<les fixed jwints whilst the vertioea slide each 

pass each through a lixeU puint, the locus on a fixed etraigbt line, the third side 

of tbe third vertex is a oonic {Mwdng eoTdopet a coaio toochiug the Unee on 

throogli the fixed poiate oa the adjacent which ite extramitlee aUde. 



[p. 264. 

If two dden of a triangle inscribed in If two veftices of a triangle cneom* 

a conic paM each throuj^Ii a fixed point, scribed to a conic A\<\f mrh on a fixed 
the envelt)i>e of the thinl side is a conic line, the third descnlK-H a conic liavuig 
having duuble contact with the former on double contact with the former upon the 
the i(nn of (he fixed points.* taagente to it iram the inteneoljoa of the 

fixed lines. 

The dismeter of > qBsdrilsteral is the CKvea fonr points on eoonlo, the pohr 
oentie-looiiB of all canics inscribed therein, of a fixed point pa.<^ s through a fixed 

[Ex. 83"i. point conjupite to the former with re- 
spect to every conic through the four 
given points. [p. 278. 

The envelope of the polar of a given Given four points on a conic, the locus 

point with respect to a systen of c<Nafocsl of the pole of e fixed strsigfat line is a 

conies is e parabola tonching their nxt.-^, conic, Ac. [Ait. 1S6. 
Ac. [Ex. 822. 



* Thift is oiiFily proved by projecting the conic and one of the fixed points into 
a circle and \\a ctiuuu (Art. 38). 
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The nx o&atxm of dmiUtiide of flme If three oo&fe* lwt« two CMnwBtM» 

nMtnuy oindai Us bj tloMt 00 fonr gnto(oraooaiiiUNiloeai)ytlwlrndii»dB 

Btnii^ liiiM. ofintcmction panlqrtluMi tlumi^te 

same four points. 

The loriis nf the centre of a circle The polar of the centr? of a circle 

which touclics two given circles is a touching two gircn circles with re^nect to 

conic having their centres for foci. cither of th«m envelopes another circle. 

The centre uf any one of the eight The polar of the centre of • dtda 

didei wliidi toudi tbree given didet tovohing three given oiidei with nspeei 

miytedetennliMdMApoiiitof eoMoaiw toanyoiaoftlietlineBHijbecktaRniBed 

of two conies, each of which has for as a common tangent of two other circles, 

foci the centiee of two of the given oir- The centre itself maj (hen be detannined 

flke.* from its polar. 

A variable chord drawn thrrmph a Parallel tangents to a conic (or t.in- 
fized point 0 to a conic subtends a pencil gents from points on a given stnugUt 
in inTolatioa at any point 00 the onrre. Une) detmine an inroliitiofn <m aaj fixed 

[AitlM. taogeat. 

TIm prodnct of the focal perpendi- The aqnaie of the dietenee of may 
oakm upon any tangent to ft conio it point on noonlc Item n fixed ovi^Tiiiea 
oonatant. as tlie product of ita djatanoei from two 

fixed right linei. 

For if tlie polai-s of any two points P and F be taken with 

rcRpect to a ci'n'/e w/tos'' centre is 0^ and it* Pf be a ]>erpen- 
dicular to the polar of ^^and a perpendicular to the polar of 
P, it is easily seen (Art. 153 § I.) that OF. Pf = OP. Fp.\ If 
therefore i' and F' be tiie foci of a conic and Pany point on the 
curve, it follows that OF. P/.OF'.Pf' = OP\Fp. F'p, or OP* 
varies as the product of the perpeDdiculan from F to the recw 
procaU of J" and F', 

160. Anrjles. Confocal Conies, 

\Vc shall next give some examples of the reciprocation of 
angles (Art. 165), and of confocal conies. 

At any pc^t on a ciide the tangent Any point on n eonic and the intenee- 
ia at zi^t anglea to the radioa. tton of the tangent tlu reat with the dive^ 

tiix Bubtend a right angle at the focus. 

The polar of any point with re«pcct to The ixile of any stnii-rht line witb 
a circle is at i oogles to the diameter resjHrct to a Cijnic and the p(»int of con- 
through the point. course of the hue with the directrix sul>- 

tend a right angle at the foeoa. 



• See Salnon'a Comh Seetioiu Art. 817. 

t For an independent ptotrf aee MaodoweU'a Egerdta *» EmKd Art. 266^ 
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OrthofTonnl tangents to a conic inter- A chord of a conic which aubtenda a 
sect ou u couceutric circle. right angle at any fixed point enTdopei ft 

conio having that pdnt and to polar for 
a focoa and directrix. 

Oonioeal cooks inteneoi evcflywheee Every common tangent of two drdea 

at right nnple?, and the tangt-nta to two subtends a riglit r^IlJ:l«^ and the opposite 

confocnls from any p<iint. taken alter- intercepts on any tranavcrsal eubtend 

nately, incUulo (xjiuil angles. [Art. 50. e<iual angles, at either limiting point. 

If A'A" and YY' be two pairs of col- If tangeuta be drawn from any point 

linear point* on two oiide^ the tangents to two conlb o a l oaaJcSi tiw lour Joins of 

at XX* interaeet thoae at TF* in lonr the alteniate points of contact tooch a 

point! lying on a third coaxal circle.* third oonfboaL 

Giren thrse pairs of linea coningate Given a focus (7 of a conic and three 

with re«pect to a circle, every conic pairs of points conjugate with respect to 
through the four positions of itH centre is it, there arc four poaitiona of the 0-dircc- 
a rectangular hyperbola. [Ex. 812. trix, and the ortho^de of every conic 

touching the foor passes throogh 0, 

Tkagenti baing drawn in a given The tangsots to the drdes of a coaxal 
dlieetion to a syitcm of conffocal cooio^ qrstem at their points of conoonne with 

their point? of Contact lie on a rectangular a given transversal through either limiting 
hyperbola. point O enveloiKj a conic, whose ortho- 

cycle paaaes through 0. 

161. The Parabola. 

a. The reciprocal of a parabola with respect to anj point 
0 it a conic through 0, and if. 0 be the focus of the para- 
bola the reciprocal is a circle through 0, and coaverselj. 

Hence the I'oUowing tlieorcms iue reciprocal: 

If AOIi \ye a right angle iiis( riUHl in The locus of the vertex of a right 
a circle the hypoteuujie Jiypai^i:el) through angle circumecribed to a parabola ia the 
the centre. directrix. 

The locns of the vertex d a right A chord of any given conic which 
an|^ droamaeribed to a parabola is the snbtends a right an^ at a fixed point 0 
d&cectrix. on the corf* psaaea throngh a fixed point 

Jf on the ncnnal at 0, 

Thus hy a double reciprocation we deduce Fr^ier's theorem 
(Art. 144 from a property of the circle. Notice that the 
FrSgter-point corresponds to the direetrix of the parabola, the 
normal at 0 to the pobt at inBnity on the parabola, the further 
extremity of the normal at 0 to the tangent at the rertez 
of the parabola, and that the tangent at U is parallel to the 
directrix. 



* See Townaend'a Modem Geomdry i. 204. 
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b, A triad of points ABO reciprocate with respect to t&eir 

orthocentre into a triad of lines parallel to BC, CA, AB, and 

having the same orthocentre. Also a parabola reciprocates 
from any point O on its directrix into a rectangular hyperbola 
through 0, Hence the following are reciprocal theorems : 

Tlie orthocontTP of any triangle cir- Tlu- nrtl)"<>>ntre of any trianjjle in- 
cumticnbed U> a ptirabola lies oa the scribbtl iu a t\x:uuigular hyperbola hea oa 

The former is a R]»ecial case of Briauchon's theorem (p. 2dO)| 
the latter of rascal's (p. 175). 

c. If the reciprocals of three poiots ABC with respect to 0 
be the lines obe^ then to aaj point A' on EG corresponds the 
line through he making an angle equal to A OA' with tu Hence— 

The porpendKoalm of any tiiui|^ If from a fixed point 0 on * oonlo 

circQinecribed to a paiabola meet on Uie then- \^ drawn any three chords OA^ OB, 
direotrix. OC and tin- three lines at right angles to 

thcui, and if the latter meet BC, CA^ 
AB in A\ C respectiTely, then A% 
C lie OB a atnight line pMug 
throng the Frfgier point of 0* 

1G2. The Minor Directrices. 

a. Let the tangent at Q to a conic meet the minor directrices 
in M and M\ and let Fp and Fp be perpendiculars to this 
tangent and QT and QT perpendiculars to the minor directrices. 
Then the angle QOM is equal to QOM' (Art. 158 Cor. 2), and 
therefore 

OMi OM'^QMi QM'^QTi QT^FpiFp', 
-~ being to in a oansUnU ratio (Prop. III.) which is 

evidently a ratio of equality when Q is taken on either axis. 

b. It maj be seen that at any point Q on the conic, 

QT.QT : Oif^Off: ^,0A\ 

OT QT 

since if Q be a point such that-^ J^,— is constant the locus of 

<^ is a conic (Art. and the above proportion requires that 

tliis conic should meet the axes in the same points as former. 
It then follows that 

Fp.F'p': OQ'mOriCA^ 
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if or be the central perpendicular to MM', 

e. If (7 be the pole of MM* with respect to the minor 
auxiliary eirde, so that OM is at right angles to FO and OM* 

to FC, and F0+F'C='20B (Art. 158 §iv), then, with the 
help of similar triangles, it may be shewn that, if X be the 
intersection of MM' with the major axis, 

FOiOM^OFi OX=FC i OM'; 

and therefore DM+iyM*^20X^e (OM-^- OM'), D and U 
being the points in which the mtniMr directrices meet the minor 
axis. 

d. The follovving are examples of reversion, or the same 
results may be obtained bj reciprocation. 

Anjchoidof Adioleis Atrig^uigles kuj eboid of • oonio and tlie line 

to tbe dlMniilwr thnnigh its polo. joining the minor focus F to the pole of 

the chord meet the /'-directrix in points 
which subtend a riglit angle at the centre. 

If AH be fixed i>oints on a circle and The anna of any angle ACIi innrriljed 
C anj other point upon it, the angle A Cli in given segment of a conic intercept on 
luaonoof two oonatuit and nippleinon- the minor ^Knctrioeo lengths whidi aob- 
taiy Yalues. tend ooutut and wqppleinaBtaiy an|^ 

attheoentn. 

In like manner it may be shewn that the two pairs of 
opposite sides of a quadrilateral inscribed in a conic make 
intercepts on either minor directrix which subtend supplementary 
angles at the centre. 

e. The major auxiliary circles of a system of oonics having 
a focus 8 and its directrix in common may be reversed into 
concentric oonics having the same minor directrices (Prop. Vli.). 
Hence, the circles bemg coaxal and having for a limiting 
point:* 

The oppoiite interoepta made by any The opposite xotenqpta made by any 
two didea ton taj tmnsrenal aabtend two eooo entri o oonica having tbe tame 
eqnal an^aa at elthier limiting pcrfnt. minor directrices upon any tnuuTenal 

[Alt. liiO. subtend equal angles at the centie. 

/ Each focus and directrix of a Rectangular Hyperbola being 
at the same time a minor focus and directrix (Art. 158 §iiij, 



* i5vc MacUowuU's Ljcfrcuet in Euclid tjc. Art. 2ji. 
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we obtain in this caae the following pn^perty, ooimponding 
to that of the eUipie in Art. 158 Cor. 1: 

If FJOfBP be a chord of a rectangalar hypeifaola tooehing 
ita aoziliaiy circle and meeting the directrices in D and 
lAs ifiamefnv tknmgK PaindD{prPaitdU)amaJi right 
angles. Hence it follows also that FD and PI/ sabtend equal 
angles at the centre. 

INVERSION. 

163. We shall conclude with a slight sketch of the method 
of Inversion. 

If 0 be a fixed point and P a variable point in a g-ivcn 
plane, and if a point p be taken on OP or its complement 
such that OP. Op is equal to a constant c", then p is said to be 
an inverse of P with respect to the pole 0, and the locus of p 
is said to be the inverse of the locos of JP. It is OTident that 
a tiraight line through the pole i$ ite own moerM. 

To cnnres intersecting in points PQB &c correspond corves 
intersecting at the inverw points p^&c; and therefore to 
curres having contact of anj order at F correspond inverse 
corves havbg contact of the same order at the inverse point p. 

164. l%e wvenee of any two evrvea mtereeet at As eame 

angles as the on^nal curves* 

For if PQ be any two points on a curve and pq the inverse 
points, then OF.Oj) = OQ.Oq^ and therefore the angles OPQ 
and Oqp are equal. Hence, supposing P and Q to coalesce, 
the tangents at the inverse points P and p are equally inclined 
(on opposite sides) to the radius vector OPp. It then follows 
that the tangents to any two curves at a common point F are 
inclined at the same angles as the tangents to the inverse 
carves at p. 

165. The inverse of a straight line not passing through the 
pole is a circle tkroiigh the polr, mid conversely ; and the inverse 
of a circle not passing through the pole is a drde. 

(i). To a given line draw a perpendicolar OX from the 
pole of inversioui take any point D on the given line, and let 
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the point x be inverse to X and d to D, Then since 
Ox.OXsa Od»OD^ and since OXD is a right anglc^ therefore 
Odx is a right angle, or the locus of (f is a circle having its 
diameter through 0 at right angles to the given line. 

Oonveraely th» invene i^a cMe through 0 %»a tiraight Une 
ot r^kt anglea to its diameter tkrcn^h 0. 

It is further evident that the tangeni to any curve at P 
inverts into a cirde through 0 tonchmg the inverse enrve at 
the inverse point p ; unless P odneides with 0, in which case 
the tangent at that point is also an asymptote to the inverse 
curve. 

(ii) . The inverse of a circle not passing through 0 is a 
circle. For if OPQ be drawn to meet the given circle in P 
and and if the point p be inverse to P, and q to then 
smoe OROQ is constant and- OF. Op is likewise constant; 
therefore Op varies as OQ^ or the locos of |i is similar to the 
locus of which is a circle. 

(iii) . Notice that by making the constant of inversion equal 
to OF.OQvfe may invert the given circle into itself. If QQ* 
be a common tangent to two circles and M its middle point, 
then with M as pole and MQ* as the constant of inversion 
each of the circles inverts into itself. Again, if 0 be the 
centre and c the radius of a circle orthogonal to a set of coaxal 
circles, then with 0 as pole and c* as the constant of inversion 
the whole system inverts into itself. 

166. TAe nine-point circle cf any triangle touches the tn- 
ecribed and escribed circles. 

Let ABC be a triangle, / the inscribed circle touching 
BG in Qj and E the escribed circle opposite to A touching 
BO in Of, Bisect BO^ CA in M and M' respectively,* draw 
AP perpendicolar BC^ and let the nine-point circle N meet 
AP in Dj which will be the further extremity of its diameter 
through Jf. Then, with M as pole and M(f (equal to M()D 
as the constant of inversion, / inverts into itself, E into itself, 
and ^ into a tiraight Hue at right angles to MD» 



* SMtiwBfhographed figareNo. A. On tlie aboiv pvoot nt 191, note. 

AA2 
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This straight line meets BC in a point R such that 
MP.MR = MQ*^ that is to say, in the point of concourse of 
BC with the line joining the centres of / and Ei* and it 
inakea an angle with BC equal to MDP^ or MM'P^ or 
B-^C, and may therefore be ahewn to coincide with the second 
tangent from R to I and JSl 

And since the inverse of X thus touches the inverse of / 
and the invene of therefore N touches / and which are 
their own invenes; that ta to saj, it toncfaea the inacribed 
cirda and each of the escribed circles of the triangle ABC^ aa 
was to be proved. 

To determine the points of contact, let B8 be the aeoond 
tangent from B to I (or E)^ produce M8 to meet the circle 
again in S\ then S' (the inverse of S) is the required point 
iu which X touches / (or E). 

167. mCtmlmcL 

The inverse of a parabola with respect to its focns is a car- 
dioid having ita cusp at the origin. Hence the following are 
inverse theorems : 

The nun <tf tbe fedproeak of the The length of aoj cuspidal chord of a 

•egineBti of aaj fooel choid of ft pan^ oodioid i> ocnutant. 
botoieoooilsBt. 

Eveiy fooil duad of a pambok to The looos of the middlA points of the 

divided hanaoniaeUy faj tbe foooB and enapidal chords of » caidioid ii n aiide 

the directrix. through the cusp. 

The tangents to a parabola at the ex- The tanrrcnts to a cardioid nt the ex- 
tremities of a focal chord which makes tremities of a cuspidal chord inclined at 
an angle a with the azia are faudined at an angle a to the asla make angle* equal 

angles | and ^ -| to the chord. to ^ and ^ - 1 with the chord. [Art, l&i. 

Hence the ianffenU to a eardund ai the extremitieB cf any 
cuspidal chord intersect at right angles; and it may now be 
shewn that the locus of their intersection is the circle concentric 
with the bisector of all cuspidal chords and of thrice its radius. 

The tangents to a parabola at the ex- The two circles through the cusp 
tremities of any focal duinl intersect at which touch a cardioid each at one ex- 
anglea cn the dinofciU. tnmity of any onapfdal dioid meet aft 

light angles <m a fixed dide tiuoogfa the 

CQSp. 

• 8ee M«9doiveU*a Bxtremt m EueSdie. Art. SS. 
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Fkom a flaad point 0 di»w OT to moj 

point F <m a given straight line ; then 
the envelope of the line through Y at 
right angles to Oi' in a i):iral>:)la. 

Tlie intersections of any three tan- 
gents to a parabola lie on a circle through 
thefooiUi 

If ASCA'RC be any ilz polnta on a 

para>X)Ia, the intersections of (ABf A'^t 
(BC, B'Ot iCA, C'A') lia ia a atcaii^t 
line. 

If ABCA'B'C bo any six tangents to 
a parabola, the joins of {AB, A'B'), {BC, 
S^C% {CAt CJTl meet in a pofnt. 



168. CrreUs of Curvature. 

The osculating circle at any point P on a curve inverts 
from any point 0 into the circle (Art. 165) which osculates the 
inverse curve at the inverse pointy. [Art. 163. 

But if the former circle passes through 0 it inverts into 
a straight line, and p becomes a point of zero cnnratarei or of 
inflexion, Heooe the following are inrerBe theorems : 

Three pointa oan bo found on an ThoinTsna of an allipte with respect 

aDipw wboae owinlating cireles meet at to anj point vpcsx it is a cnrre having 

a given point on the carve, and these three pointa ct which Ub in a 

three points lie on a circle through 0. atraight Una. 

It may be added that a parabola inverts from its vertex 
as pole into a eieeoid; a central conic from either focus into a 
limagony and from its centre into an oval of Cassini or, if an 
equilateral hyperbola, into a lemuiscate of BernouUi ; a conic 
from any point upon it into a circular cubic having a node at the 
pole; aud a conic from any other point in its plane into a 
trvMdal quarUo having its nodes at the focoids and the pole. 

SOBOLIUIC 0. 

For the prinoiple of Inversion Ohasles {Rapport pp. HO — ^2) 
refers to Ptolemy, and to Quetelet (1827) ; and for a general state- 
ment of the method to Bellavitis (1836). In 1843 — 4 it was pro- 
pounded a&esh by Ingram and Stubbs {JTranrntiont of the Dublm 



From a fisad point 0 on a givw dzda 

draw any chord Otf ; then the envelope of 
the circle on Oy as diameter ll a caidit^ 

having its cusp at 0. 

Any three circles touching a cardioid 
and passing throagh its casp meet in 
fbxea other pointa lying on • itiaight 
Una. 

li 93boBtV€ be anj riz points oo a 
oaTdioid whoie cusp is at (7, the intersect* 

ions of the three pairs of circles (Oai, 
On'h\ {Obe, Oca, Oe'a') lie on one 

circle. 

If abca'b'c' be any six circles touching 
a cardioid and passing through its cosp, 
the thne eiicilei thnm^ the inteceeetioiia 
of {/At tfi^ {6c, (Mf tfaf) am coaxal • 
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Philosophical Socieiy vol. i. 58, 145, 159; Philosophical Magazine 
XXIII. .'^38, XXV. 208). It has beon nj^i^icd by Dr. Hirst to attrac- 
tions {I'hil. Ma^. 1858), and embodied by i'eaucellier in lik liukages. 
Cf. also Ctmh. and JhtbUn Math. Journal Tin. 47 ; Oxf, Camh. DM. 
Mt8ttng§r of Malhematiet in. 228; Booth's N«w Qoomtrieal Methodt 
Tol. I. chap. 30 ; Salmon's Iligher Plane Curves^ Arts. 348 &c. ; 
Proc. London Math. Sac. v. 105, vii. 91. And for a complete exposi- 
tion of the mothod as applied to the straight lino and circle see 
Townsend's Modem Geometry^ chaps. 9, 24. This mothod, unlike 

Erojeotion and reciprocation, enablea ua to deduce propertiae of the 
ighor curvaa from thoaa of a lower oider» and ia tiina peonliaify 
effisotlTe aa an inatrament of diaooreiy and research. 



MISCELLANEOUS EXAMPLES. 

{851. If a trlang'lc Is aclf-polar to a parabola (p. 281), the 
three lines joiuiug the middle points of ita sides touch the 
parabola^ and conyerseJy. [Jbix. 715. 

852. Two rectanguhir hyperbolas being such that the axes 
of the one are parallel to the asymptotes of the other, and the 
centre of each lies on the other; shew that any circle through 
the centre of either meets the other agun in a conjngate triad 
with respect to the former. 

853. If two angles of given magnitudes turn about their 
sammits A and B as poles, then (1) if one pair of their arms 
remain constantly parallel, the other pair intersect at a constant 
angle and thus describe a circle 0 through the poles; and (2) 
if one pair of their arms intersect on a fixed straight line D as 
director, the other pair by their intersection describe in general 
a conic through the polea^ The points at infinity on the conic 
correspond to the intersections of C and D; the axes of the 
conic are parallel to the positions which the parallel anna in 
case (1) assume when the arms describing the circle intersect 
at the extremities of the diameter at right angles to I) ; and 
if the director be any line in a system of parallels the axes 
of the conies described are parallel. 

854. If the tangent at 0 to a rectangular hyperbola be 
met at right angles in P by a chord Qlif the diameters 
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bisecting OQ and OR bisect the angles between tbe diameters 
to 0 and P.* 

855. '[i AA'^BB^ CC'he the three pairs of summits of a 
quadiiiateral circamscribed to a parabola whose foeos u 8^ then 

8B. 8B* - 80. 80'. 

856. Beciprocate the theorem that the feet of the focal 

perpendiculars upon the tangents to a parabola are oollinear. 

857. Given two comes, find a conic with respect to which 
thej are polar reciprocals. 

858. The tangent to a ebde at any point makes with any 

chord through the point an angle equal to the angle in the 

alternate segmcut. What does this proposition become by 
reciprocation with respect to any origin ? 

859. The problem, to inscribe in a given conic a 2n-gon 
whose « pairs of opposite sides shall pass in any assigned order 
through 91 given points, is always indeterminate or impos8ible.t 

860. If two circles be drawn meeting a conic in OABC and 
OA'B'C respectively, every two of tbe vertices of the triangles 
ABC and A'B'C subtend at 0 an angle equal to that between 
the opposite aides. Conversely, if the vertices of two triangles 
inscribed in a couic be thus related to a point Q, then 0 lies 
on the conic. 



* The nine-p*nnt cirt-le (Art. G4 Cor. 4) of OQR passes through 0. 

t This queetioa and its solution were suggested hy Prof. Townse5D. Starting 
from an wbitnuy point P on the oonio M one fvtm, dimw n tnooenive Mm of tbe 
polygon throq|^ the n points taken In the MrigiiBd order, and the other ft sides 

throu|„'h tlic 9i\mo prjint^ taken in the reverse ortler; nnd let the points on the c<uiic 
thus arrived at Ik- Q and Qf respectively. As F varies, the three systems of iKjints 
P, Q, C2' are iiuuiographic (Art. 120 Cor. 2), and therefore also the two systcma 
P<l> Qud d' + P. U(2aiid<)'oiioeooindde,oiie p«bof boiDologoin ixriata in tlw 
Iwo homographic syetems P + Q and (l' + P are inten liangeable, and therefore ereiy 
pair are interchangeable (Townscnd'n Modern (Jtvmeln/ ll. §3G«)). or Q and (/ always 
coincide. If then U and (/ coincide for any one position of /' the solution i« inde- 
twmiimtw, and if nofe it k impOMtUe. 
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86 1. The circumscribed circles of .'\ny two triangles PQR 
and P'QR' circumscribing a parabola meet in a point 0 (other 
than the focas) bucU that the angle subtended at 0 by any 
two of the Tertlces of the triangles is equal to that between 
the opposite sides.* Hence shew that the seven points 
OPQRFQR lie on a oonie. 

862. If three cooics have one point in common, their nine 
common chords which do not pass through it touch one eonict 
Gonverselyi if three triangles circumscribe a conic, the three 
conies which circumscribe them by pairs have one point in 
common. [Ex. 861. 

863. Any three parabolas, taken in pairs, have three triads 
of common tangents, whose nine intersections lie on a conic. 
What does this become by projcctioo and reciprocation ? 

864. If ABC be the triangle formed by three tangents to 
a parabola whose focus is *S', tlie inclination of BC to the axis 
is equal to the angle subtended by SA at the circumference 
of the circle. Hence shew that the square of the radius of the 

8a, 8b, Sc. 

circle is equal to — - — ' — , if ^ be the parameter and abc the 
points of contact of the tangents. 

865. Two triangles ABO and ABC* inscribed in a circle 
being such that every two of their vertices subtend at the cir- 
cumference an angle equal to that between the opposite sides, 
shew that, If 0 be the centre and OS a given radius of the circle, 

I SO A + SOB+SOC= SO A' + SOB' + SOC'^ 

and conversely. Hence deduce that, if ABG be a variable 
triangle circumscribed to a given parabola whose focus is 8^ 
and inscribed in a fixed circle whose centre is 0, the sum of 

the angles SOA^ SOB^ SOC^ measured in the same sense 



• If 0 Ix; a point on the arc SP (p. AH) an ! r the point of contact of PQ, the 
angle nOS is cqua! t<> liTfJ f >7V. an 1 tlicrefi-rr tu S, Q. In like mnnaet JfOS M 
equal to Wr'Q'; and iherctoro JIUW i.s equal to tlic- aii^ie (/'(^. P'Q'). 

t Picquet, Ettitfe ffctntn'triqve des StpthMt PonctueU ^c. pp. 27, &1 (Paris 1S73). 
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of rotation is constant; and the sura of the angles wliich 
BC^ CA^ AB make witli the axis is constant. Shew also tliat 
the product SA. SB,SG^ or Sa.Sh.Sc (Ex. 864), is constant, 
and that the product of the focal perpendiculars upon the three 
tangents is constant. 

866. If a triangle ABC inscribed in a given ellipse 
envelopes a fixed parabola, the sum of the eccentric angles 
of its vertices is constant;* and the circles ABC pass through 
a fixed point on the ellipse and have a common radical axia. 

867. A Tsriable oonie through four given points ABCD 
meets a 6xed conic through D at the Terttcas of a yariable 

triangle, which envelopes a fixed conic inscribed in ABC, 
State the reciprocal theorem. 

868. The tangents to an ellipse from any point on a minor 
directrix intercept on the major axis a length which varies as 
the central distance of the point. 

869. Any chord PQ of an ellipse and the tangents at P 
and Q meet the minor directrices in pairs of points BB,\ MM' 
and }sN' respectively such that, if 0 be the centre, the angle 
ROE is eqnal to \ (MOW + NON') ; and the central distances 
of the points MM'NN* and their perpendicniar distances from 
PQ are to one another severally in the same ratio. 

870. Prove by reciprocation with respect to a point, that 
the sum of the reciprocals of the perpendiculars from any 
point 0 within a circle to the tangents from any point on the 
polar of 0 is constant. Also prove that the reciprocals of 
equal circles with respect to the same point have equal 
parameters, and the reciprocals of coaxal circles with respect 
to any point on the radical axis have equal minor axes.t 



* This tbeoreiDf which is due to Mr. U. i'eadlebuiy, Fellow of Su John's College, 
foOowt from Ex. 665 by orthogonal projoctimi. 

f If OAB be drawn from the origin to meet a ^ven oixde in A and J; then 

OA ^ IjB ^ pcrpendicolan from a foens of the reciprocal oonie to a 

pair of parallel tangenta. The length of the uiiuor oxi^ id therefore determined by 
thepiodoct OA, OB, 
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871. Deduce the property of the focus and directrix of a 
conic from the Locus ad quatuor lineaa,* 

872. If P and Q be opposite intersections of the common 
tangents to two conies, any two lines OA and OB which are 
conjugate with respe ct to both conies are harmonic conjugates 
with respect to the lines 01* and OQ. Deduce this from 
Newton^s property of the diameter of a quadrilateral (Art. 124), 
TIB. by projecting OA or OB to infinity. Also state the 
reciprocal theorem.t [i. 19. 

873. An ellipse being drawn through the centre 0 of a 
ctrdei shew that the lines finom 0 to a pair of opposite 
inteiaectioiis of their common tangents are equally inclined 
to the tangent to the ellipse at 0* [h 33. 

874. Find the loons of the centre of a conic which cuts 
four given finite straight lines harmonicallyi or which passes 
through two given points and cuts two given finite straight 
lines harmonically. [l €2. 

875. If a given polygon be moved about in its plane so 
that two of its sides touch each a fixed cirdci every side of 
the polygon touches a fixed drde. [i. 68. 

876. Deduce from Ex. 738, that if a curve has one tetrad 

of foci (p. 311) lying on a circle it has three other such tetrads, 
and the four circles cut one another orthogonally. [ll. 10. 

877. If four circles be mutually orthogonal, their centres 
form an orthocentric tetrastigm, and one at least of the circles 
is imaginary. [ll. 10. 



* lint dodOM tbtt Locut ad tru lineas a/3 = Xry% and let the two tangents be 
dmwn faom the foou ^. Thcae ai« tvpnwnted bj tlw Outeiiaii cqoatioii 
and the perpendicnlata to them from (7, y) arc proportional tom± 1 jy. Thoefore 
sr^ + i/^ variet «• 7^, or the dutuoe of {x, jf) from 8 nuioB ae ita ^fiatanoe from the 

polar of S. 

t Exz. 872 <fec. are taken from the Educational Tiubs Reprint, the Tolumo and 
pagaolwUchamapadfiediiiMchcaaai Saa alao pp. 141, S86* 
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878. Find the locoB of the pole of a common chord of two 
fixed conies with respect to a conic having doable contact with 
each of them. [11. 46. 

879. If two triangles circumscribed (or inscribed) to a conic 
be in perspective, every radiant through their centre of per* 
spectlve meets their sides in three pairs of points In involution. 
Beciprocate this theorem, and point out Its relation to Steiuer^s 
property of the directrix of a parabola inscribed in a triangle. 

[iL 50. 

880. If two conies meet any transversal In pairs of points 
AB and A'B' respectively, the foci of the involution determined 
by A A' and BB' (or AB', and A 'B) lie on a thurd conic passing 
through the intersections of the former two. [11. 91* 

881. Given that one focus of a conic to whicli a icivcti 
triangle Is self-conjugate lies on a given straight line, titul the 
locus of its second focus, and deduce Ex. 715. [111. 33. 

882. Given two points P and Q on a conic, find a third 
point 0 upon it such that OP and OQ may divide a given 
finite straight line in a given cross ratio. [ill. 47. 

883. Let dbe be the middle points of the sides of a triangle, 
0 the centre of its circumscribing circle and (/ its orthocentre. 

Then if Oa, Oh^ Oc be produced to ABG respectively so that 
OA = 20a, OB =2 Ob, 0C=2 0c, the sides of the triangle 
ABC and of the original triangle toucli one conic, which has 
their common nine-point circle for its major auxiliary circle and 
the points 0 and (/ for foci. [ill. 53. 

884. Through four given points draw a conic such tiiat the 
chord which it intercepts on a given line shall be of given 
length, or shall subtend a given angle at a given point, [ill. 84. 

885. If py p' be wiable points coUinear with a fixed point 
and so situated that the segment pp always sabtends a right 
angle at another fixed point J/, prove the following properties 
of corresponding loci of p and p. Right lines equidistant from 
the middle point of AM correspond to similar conies passing 
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through A and cutting AM perpendicularly at M. These 
cooics are similar eiiipaes, or parabolas, or similar hyperbolas 
according as the common distance of the primitive lines from 
the middle point of A}f Is greater than, equal to, or less than 
^AM, The circles which pass through A and if, taken in 
pairs, are correspondmg loci, as also are the circles which pass 
through jlf and have their centres on illll [m. 91. 

886. The critical conic of a quadrilateral being defined as 
the circnmscribed conic which projects into a circle when the 
quadrilateral is projected into a sqnare, shew that, if AA\ BB^ 
CC be the three pairs of summits of a quadrilateral, a cooic 
can be found having double contact at points lying on AA* with 
the critical conic of BBCC\ double contact at points on BB* 
with the critical conic of CO*AA\ and double contact at points 
on CC* with the critical conic of AA*BB'. [m. 93. 

887. If a straight line meet the sides BC^ CAy AB of a 
triangle in PQR respectively, and 0 be any point in the same 
plane, the tangents at 0 to the conies OAPBQ and OAPCB 
are harmonic conjugates with respect to OA and OP* [i7. 44. 

888. Shew how to proye the principal properties of the 
lemniscate by inversion. [nr. 47. 

889. Prove that the characteristics*^ of a system of conies 
satisfying four conditions are unaltered when, in place of passmg 
through a given pomt, each conic is required to divide a given 
finite segment harmonically. [nr. 56. 

890. Given four straight lines in a plane, we may project 
one of them to infinity and the remaining three into the sides 
of an equilateral triangle. Is it possible to project two given 
triangles at once into equilateral triangles, or a conic and a 
triangle into a ctide and an equilateral triangle? [lY. 88. 

891. The envelope of the circles on a system of parallel 
chords of a conic as diameters is a conic having its foci at the 
extremities of the diameter conjugate to the chords. Find 
where any circle touches the envelope. [y. 40. 
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A variable conic being drawn touching three given 
cooics, if the normals at the three points of contact cointersect 
investigate the locus of their point of concourse. « [v. 50. 

893. Four conies bcinp^ drawn throug'h the same four points 
so that their tangenta tljercat form tour harmonic pencils, shew 
that if one conjugate pair of the conies be a circle and an 
equilateral hyperbola the other pair must have equal eccen- 
tricities, [v. 103. 

894. Through a giTen point 0 on a hyperbola two chords 
are drawn each at right angles to an asymptote, and from a 
variable point P on the curve perpendiculars PM and PN are 
drawn to the two chords through 0. Shew that MN passes 

through a fixed point F\ find the locus of F for different 
positions of 0 on the hyperbola ; and determine the hyperbola 
for which the locus reduces to a point. [vi. 45. 

« 

895. Three conies being described so that each of them 
passes through the same point 0 and through the extremities 
of two of the diagonals of the same complete quadrilateral, 
prove that the remaming three points of concourse of the conies 
lie npon their tangents at 0. [vi. 54. 

896. l( AliCD be four points on a conic, the intersections 
of AB and CD with anj two tangents lie on a conic teaching 
AOmiBD. [vi. 56. 

897. The axes of every conic circumscribed to a quadrangle, 
which is itself inscribed in a circle, are parallel to two fixed 
right lines, viz. the asymptotes of the equilateral hyperbola 
(Ex. 518) which is the centre-locus of all conies circumscribed 
to the quadrangle.* [vi. 88. 

898. If P be any point on a circle, A and B fixed points 
on a diameter and equidistant from the centre, the envelope 

of a transversal which is cut harmonically by the circles 



* If ABC be the oommon self-polar triangle of all the circamscribcd conies ; 
Oxi find Ox ' the axes of any one of them, so that Ox. oo ' i< n self-polar triangle with 
re>>p<rt to it; the {xnnt.s ABVO<xi co' lie on a oomCf which in. thia case is the rect- 
iuigulur hy]>t'rbula AliCU. 
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described with A and B as centres and ^Pand ^Prespcctiveljr 
as radii is the conic which has A and B for foci and touches 
the circle. ' [tu* 84. 

899. Draw the minimum chord of a given angle which 
can be cut in a given ratio by a given line. [vu. 41. 

900. If Q and R be the foci of any ellipse inscribed in a 
triangle ABCy deduce from Ex. 322 that, 

AQ.AE.BO-hBQ.BB.CA+CQ.CJt.AB^BO.CA.AK 

[VII. 43. 

901. If Q be the intersection of the polan of any point P 
with respect to two given parallel conies (Ex. 792, note), 
the locos of the middle point of FQ is their radical axis. 
Hence shew that, if DEF be the feet of the perpendicolarB 
of any triangle ABO, and AL, BM^ CN be parallels to JEF^ 
FD, DEy meeting BC^ CA, AB in the points ZMAT respectively, 
then the axis of perspective of the triangles ABC and DEF 
bisects each of the segments AL^ BM^ CN. [vu. 78. 

902. Gonstmet geometrically the four chords of contact 
with a given conic of the four inacribed conftss which pass 

through three given po'mts. [VII. 92. 

903. Triads of pandtek being drawn through the vertices 

ABC of a given triangle to meet the opposite sides in 
shew that the envelope of the axis of perspective of the triangles 

ABC and abc is the maximum ellipse that can be inscribed 
in ABO. [VII. 94. 

904. If from any point on a conic parallels be drawn to 
the diameters bisecting the sides of any inscribed triangle, the 
lines so drawn meet the corresponding sides of the triangle 

in three collliiear points. Extend this theorem by projection, 
and also reciprocate it. [Till. 44. 

905. Prove by inversion, that the circles havmg for 

diameters three chords AB, AG, AD of a circle intersect again 
by pairs in three coUincar points. [VIII. 48. 
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906. If through a pair of opposite intersections AA of 
four fixed tangents to a given conic there he drawn a pair 
of lines conjugate to the conic, the locus of their point of 
concourse is a conic passing through AAl and through the 
points of contact of the four tangents. [viu. 62. 

907. If A be any point within or without a conic, B any 
point on its polar, CD a fixed straight line, BG and BD 
tangents cutting CD in C and D respectively; shew that the 
intersections of AD^ BG and AG<^ BD lie on a fixed straight 
line, which meets GD on the polar of A* [VIIL 68. 

908. If DP and Z)(2 be a pair of tangents to a conic and 
ABC a self-polar triangle, any conic through ABCD cuts PQ 
harmonically. Hence shew that the perpendicular DM to either 
axis bisects the angle FMQ. [VUL 110. 

909. Deux droites qui divisent harmoniquement les troit 

diagonalcs d'un quadrilatbre rencontrent en quatres points har- 
monicj^ues toute coui^uo iuscrite dans Ic quadrilatcrc. 

[IX. 62, XII. 50. 

91a La condition qn'une conliitte divise hann<niiqneinent 
les trois diagonalcs d*un quadrUat^re cireonscrit 4 une autre 
conique, coincide avec la condition que la premite conique soit 
circonscrite It un triangle conjugud ft 1* autre. [UL 74. 

911. The degree of the locus of the fod of a system of 
conies subject to four conditions is three tunes as great as that 
of the locus of their centres. [z. 63. 

912. If A and B are fixed points with regard to a conic 
of which-4C7> is a variable chord, shew that the polar of A 
meets BG mi BD m points ^ and J" such that AB^ DJS, CF 
cointersect [x» 81* 

913. Given three points ABC and a straight line through 
each, shew how to cut the three lines by a fourth in points PQR 
such that the lengths AF^ BQ^ CR may be equal [zi. 19. 

9x4. If three equidistant lines parallel to an asymptote of 
a hyperbola meet the curve in ABC^ prove by involution (or 
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otherwise) that any parallel to the other asymptote is divided 
hanuooicaUy by the sides of the triaogle ABC and the carve. 

[XI. 20. 

915. The six fioiiits which, in oonjaaction with any common 

transversal, divide harmonically the six sides of a tetrastigm, 

lie on a conic passinf^ also through the three intersect ions of 
the opposite sides of the tetrastigm ; and the three straiglit lines 
which join the six points in opposite pairs coiotersect at the pole 
ot the trausversal with respect to the conic. [xi. 21. 

916. Reciprocate the theorem, that if the orthoceutre of a 
tnangle inscrihed in a parahola lies on the directrix, the circle 
to which the triauglc is self-polar passes through the focus. 

[XI. 32. 

917. Extend by projection and also reciprocate the following 
theorem. Given two parallel conies (Ex. 792, note) A and 
two circles can be drawn having double contact with A and B 
respectively and meeting their common chord in the same two 
points. [xi. 43. 

918. If 0 and 0^ be the limiting points of a system of 
coaxal circles, and if with 0 and G respectively as one focus 
two oonics be described osculating any drde of the system 
at one and the same point, theur corresponding dhrectrices will 
colocide. [xi. 74. 

919. Given three points ABC and a' conic, the envelope 
of a chord PQ such that A [BPQC] is harmonic is a conic 
touching AB and AOtii pounts lying on the polar of A» [xi. 83. 

920. Find the envelope of a transversal on which two 
given conies intercept segments having a common middle 
point Mf and find the locus of M, [xi. 84. 

921. Any tangent to a conic is divided in involution by 
three other tangents and the radiants to theur intersections 
from either focus 8. Prove that the double points of this 
iuvulutioD, as the tangents vary, subtend a pencil in in volution 
at S, [xi. lOi. 
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922. PQ being a chord of a conic equally inclined to the 
axis with the tangent at P, a circle is drawn through PQ 
cutting the conic again in RS. Shew that the point on the 
circle harmoQicallj conjugate to F with respect to R and S 
lies upon the chord of the conic supplemental to QF, What 
does this become by inversion? [xn. SO. 

923. Any two paraUel tangents to a conic meet the tangents 

from a given point 0 in points T and T respectively such 
that OT,OT is constant. [xiii. 44. 

924. Prove by inversion, that if three curdes meet two and 
two in AA!^ BB\ CC\ and 0 be anjr point in their pUmSi 
the curdes OAA\ OBB\ 000' coaxal [xiY. 102. 

925. Given in a conic two tetrastigms PQRS and pqrs 
whose corresponding chords pass by fours through the same 
three points, shew that a conic may be drawn touching 
Qq^ Fr^ 8a at pqra respectively. [xiv. 104, 

926. Find the oonttant ratios which five fixed radisnts in 
space determine on a yariable transversal plane and deduce 
the anhannonic property of four radiants in one plane, [xv. S6. 

927. Prove, generalise and reciprocate the theorem, that 
the bisectors of the angles between the two pairs of opposite 
sides of a trapezium inscribed in a cirde are at right angles. 

[XV. 36* 

928. The enyelope of a transversal cut harmonically faj 
two given similarly situated parabolas is a thud parabola 
(Ex. 800). [XV. 86. 

929. The tangents to a conic from a variable point on a 
fixed straight line L meet the tangent at a given point A in 
R and Shew that the relation between AR and AR is 
of the form a.^.^+6.A8+c.ilir+«?"0 (£x. 777); and 
determine the positions of £ in order that (1) the sum of the 
intercepts AE and AR^ or (2) the sum of their reciprocals may 
be constant [zvi. 59. 



* See the Mmmgtt ^ Mat ktma tie§ vol. v. 94 (1876). 
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930. Two sides of a triangle circumscribed to a given circle 
being fixed, tbe three lines joining its angles severally to the 
points of oontact of tbe escribed ordes with the opposite sides 
meet in a pomt, whose locus is a hyperbola baring tbe fixed 
ftdes fiir asymptotes. [xn. 69. 

931. Given three fixed straight lines Imn and three tixed 
points LMN m a straight line, the lines tVom a current point on 
/ to 3/ and iV meet m and n in tour points, the conic tbr<nigh 
which and L envelopes a conic touching m and n at their 
intersections with L [XVL 98. 

932. The first posittre and negative pedals of an equilateral 
hyperbola are reciprocal polars with respect to it. [xvi. lOfi. 

933* Given a point on one arm of a constant angle in* 
scribed in a cirelei find the envelope of the other arm. 

[XVI. 110. 

934. Circles being described on the two halves of a diameter 
of a given circle as diameters, shew that the perpendicular 
radius of the given circle is trisected hy the centre and cir- 
cumference of a fourth circle touching the three y and deduce 
a new theorem by reciprocation. [xvii. 23. 

935. Deduce from Ex, 785, that if BC be a chord of a drde 
and A its pole, the conic tiirongb ABO which touches the 
drele at a pomt D has its curvature at J) twice as great as 
that of the circle. [xvii. 109. 

936. An ellipse having double contact with a fixed ellipse JS 
has one focus F fixed: shew that the other focus describes 
an ellipse oonfocal with £ and passing through F, [xviii. 70. 

937. The area of the triangle formed hy the polars of the 
middle points of the sides of a triangle with respect to any 
inscribed conic is equal to the area of the given triangle. 

[XYIII. 107. 

938. From two fixed points on one of a series of oonfocal 
conies tangents are drawn to a variable conic of the series : if 

tliey meet the fixed conic ap^ain in QB and Q'll', shew that 
the locus of the point {Qlij Q,'R') is a conic [xix. 51. 
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939. The ratio of the produet of the dfameters <tf two 

circles to the square of one of their common tangents inTortB 
into an equal ratio when the circles are iuvertcd from any point 
as pole. Hence deduce Feuerbach's property* of the nine- 
point circle. [xix. 54* 

940. lo m quadriUteral whose diagonals intersect at right 
angles shew how to inscribe a conic haying th«r inteneetion 
for a focos. [zix. 69. 

941. A point C being taken on the diameter AB of a 
semicircle, semicircles are described on AC and BG as dia- 
meters. Also a series of circles are described, the first touching 
the three semicircles, and every n^^ circle touching the n — 1*^ 
and the semicircles on AB and AC, Prove that, as C varieS| 
the loci of the centres of the several circles are ellipses havmg 
a common focus. [zix. 88. 

942. A line being drawn from the focos of a conic to 

meet the tangent at a constant angle, find where the locus 
of the point of concourse touches the conic. [xix. 111. 

943. The tangent at any point of a cardioid meets the 
curve again in two points FQ the tangents at which divide 
the doable tangent AB harmonically ; and the locos of llie 
point of cooconrse of the tangents at FQ is a conic passing 
through AB and tonching the cardioid at one real and two 
imaginary points. [xJi, 34. 

944. If a lamina moves in its own plane so that two given 
points of it describe each a fixed straight line, any other point 
of the lamma describes an ellipse. [zz. 89. 

945. If ABC be three points on a parabola, A'B'C the 
intersections of the tangents thereat, and ahc the centres of the 
circles BCA'j CAB\ ABC'\ prove that the circle abc passes 
throogh the focos. [zxi. 72. 



• On this see Srhrilter in Neumann's ^fr^^hematis(■he Annnlen toI. nr. 517 530 
(Leipzig 1874), where the property is cited from Feuerbach's Eujeiuchajltn tiniger 
nurkwurdigcn Punite tk$ gtrodlinigm Drmeckt (Niinberg 1822). The nine-point 
drcle itaelf hat been improperly called Fenerbftch'i bj Baltier and othen. 
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946. The tan^Dt to the evolate of a parabola where it cats 
the parabola i& abo a uormal to the evolate. [xxi. 79. 

947. FiDd at wliat points on a conic the angle between the 
tangent and the chord drawn to a fixed point on the carve 
is greatest or least. [zzn. 89. 

948. If OP and OQ he tangents to a conic, 12 the middle 
point of FQf and 0' the point barmouicallj conjugate to 0 with 
respect to the foci on the circle through 0 and the foci, shew 
that OP.OQ^OB.OO \ and dednoe that if 0 and the fod be 
fixed the circles OPQ are coaxal* [zxiii. 17. 

949. If DD be a fixed diameter of a conic and AB 9atf 
two conjugate points in an involution on the tangent at 
then DA and DB meet the conic again upon a chord which 
passes through a fixed point [zxni. 55* 

950. If AD be the base of a segment of a parabola and P 
any point on the curve, the locus of the orthocentre of APB 
is a line parallel to AB, liencc shew how to describe a para* 
bolic segment of given base and height by points. [xzill. 61. 

951. A piano figure moves so that two fixed straight lines 
in it always pass through two fixed points: find the envelope 
of any straight line in the figure. [xxiii. 67. 

952. One focal chord of a conic meets the tangents at the 
extremities of another In A and B. If straight lines ACD 
and BEFhe drawn perpendicular to AB and meeting the curve 
in CDKF^ prove that CE and J)F maat AB at a point Pon the 
directrix; that CF and DE^ AF and DB^ AE and BC meet 
on the polar of P; that the intercepts CD and EF subtend 
equal angles at the focus 8\ that SAi 8C: SB^ SB : SE: SF; 
that CF and BE meet AB in two points O and ffy having 
properties like those of A and B; and that of the four inter- 
sections of the tangents from A and B two lie on the polar 
of P and two on the directrix. [ZXIY. 21. 



• Oomptte Bsz. 822, 887, 840, 880. 
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953* OiTea a conic inscribed in a parallelogram, if any 
tangent to the conic meets the sides opposite to an angle A 
in J and (7, proye that the triangle ABO is of constant area. 

[xxiv. 51. 

954. Six circles pass through twelve points on a conic in 
tiie order, 

(«) A^A^A^A,, (b) B^BA. W C,C,C,C,, 
(d) A,AAA, [e) BfiAA^i if) OAAAi 
prove that the circles ahc meet the circles def in six new points 
which lie on the circamference of another circle. [xxiT. 75. 

955. Prove that there are eight chords of an ellipse normal 
to the curve at one extremitjr and to the central radius vector 
at the other. [xxiv. 83. xxv. 73. 

956. If A BCD be a quadrilateral inscribed in a conic, F 
and G the intersections of its opposite sides ; prove that every 
conic through A CFG has with the given conic a chord of 
intersection which passes through a fixed point, viz. the pole 
ofBD. [xxiv. 93. 

957. If PP' be points on equal circles whose centres are 
O and (7 respectively, and if the lines OP', O'P be parallel, 
find the envelope of the line bisecting both. [xxv. 53. 

958. What is the condition that the conic afi^ky* may 
touch the cooic aff=^y* externally ? [xxv. 88. 

959. Given five points ABCDE on a conic, shew that there 
is a sixth point on it the parallel through which to AB passes 
through the fourth point of concourse of the circle CDE with 
the conic. [xxvi. 17, 103. 

960. K six lines taken in the orders 1281W, ml'S^d, 

12^S'V2B respectively form hexagons each inscribed 
in a conic, each pair of the conies have a common chord in the 
same straight line with a common chord of the opposite pair; 
and nine of the common chords are the sides aiul tlic joins 
of the opposite vertices of two triangles in perspective, one 
of which is inscribed in the other. [xxvL 21. 
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96 1 . If two points be such that the tangents to a parabola 
from the one are at right angles to the tangents from the 
other, the loci of the two points are in perspective. What does 
thii become I17 projection and reciprocation ? [XXTI. 94. 

963. The joins of n points on a conic intersect again in 
three times as many points as there are combinatious of n things 
taken fom* together, and of these intersections one third lie 
within and two thirds without the curve. [xxvL 101. 

963. If the three pairs of opposite flommita of, a qnad- 
rilatenl he aewallj conjngate with respect to a conic, tiie 
joins of the poles of its diagonals cnt the conic in a hexagon to 
whidi the sides of the qnadrilatenl are Pascal luies. 

[zxm. 106. 

964. Shew that there are in general eight positions of 
a chord of an ellipse which meets the curve at given angles 
at its two extremities. [xxviu. 63. 

965. Three conies 8^S^8^ being sack diat the polar reci- 
procal of any one with respect to another is the third, a 
triangle ABO is inscribed in 8^ and drenmseribed to S^. 
Prove that the triangle determined by the points of contact 

is self-polar to and circumscribes S^] and that the tangents 
to 8^ at ABC form a triangle self-polar to inscribed in S^. 

[xxviii. 97. 

966. If /9 be the focos of a conic mscribed in a triangle 
ABOf and any tangent meet the focal chords perpendicular 
to 8A^ BB^ 80 in PQR respeotiYely, prove that AP^ BQ^ OB 
meet in a point. [zxTin. 99* 

967. A variable circle being drawn through two given 
points, through one of which pass two given lines; find the 
envelope of the chord joining the other points in which the 
circle meets them. [zxix. 24. 

968. If four conies 8AB0 have one focns and a tangent D 
in common, and if a common tangent to each of the paun 

[SA)j (SB)y'(SC) meet a directrix of ABO respectively npon 
the tangent D; the common tangents of BOp QA^ AB meet 
at three points in a straight line. ^ [ZZIX. 48. 
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969. If three conies touch one aDotber and have a commoa 
focus, the common tangent of any two cuts the directrix of the 
thurd in three points on one straight line. [xxix. 69. 

970. Prove the following pairs of redprocal properties of a 
system of two conies : 

a. When two conies are such that two of their four common 
points subtend harmonically tbe angle determined by the tan- 
gents at either of the remaining two, they subtend harmonicallj 
that determined hj those at the other also. 

h. When two conies are such that two of their four common 
tangents divide harmonically the segment determined bj the 
pobts of contact of either of the remaining two, they divide 

harmonically that determined by those of the other also. 

c. The associated conic, envelope of the system of lines 
divided harmonically by the two ongiuai conies, breaks up in 
the former case into the pomt-pair determined bj the eight 
tangents to them at theur foor common points. 

c?. The associated conic, locns of ^e system of points sub- 
tended harmonically by the two original conies, breaks up in 
the latter case into the line-pair determined by their eight 
points of contact with their four common tangents, [xxix. 88. 

97 1. If the sides of a variable triangle pass severally through 
three fixed points in a straight line, whilst one vertex moves 
on a straight Ime and a second describes a given curve; prove 
that the locos of the third vertex is homographio with the 
given curve* [xziz. 96. 

972. The triangles whose vertices are two triads of points 
on a conic intersect in nine points, such that the join of any 
two not on the same side is a Pascal line of the six vertices. 

[xxx. 25. 

973. If a system of conies having a common focus envelop 
a given curve, and have their eocentricitieB proportional to the 
focal distances of the poles of thehr durectrices with respect to a 
drde about the common focus as centre, tbe locus of the poles 

is a parallel of the reciprocal of the given curve with respect to 
the circle. [xxx. 93. 
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974. Prove and also reciprocate the following theorem. 
If a circle A touches a circle B internally at P, and if the 
tangent to A at any point Q meets B 'm and i?,, then 



975. Two lines bebg drawn through any point P on an 
ellipse to meet the major axis m B and the minor axis 

in a, h respectively ; shew that if PA ■» PB^ ^ minor axis, the 

intersection of Ab and Ba is the Frugier-point of P. [xxxil. 48. 

976. If a circle and a rectangular hyperbola intersect 
in four points, the line joining their centres is bisected by 
the oentroid of the four points. [xzxn. 48. 

977. If PQ is a ehord normal at P to an ellipse, and 

intersection of the normal at Q with the tangent at P, then 
PN is to the projection of the scmi-diaraeter CP upon it as 
the square o£ PQ to the square of the conjugate semi-diameter. 

[xxxii. 58. 

978. The focal radii to the points in which a fixed tangent 
to an ellipse meets a variable pair of oonjngate diameters in- 
tersect on a fixed cirde. [ziii. 88. zzxu. 81. 

979. If four parallel chords of an ellipse o^yB he met by a 
straight line in abed respectively, shew that 

[ZXXTII. 97. 

980. If P be a current point on a given segment AB^ the 
ellipses of given eccentricities descrihed with AP and JSPrespec- 
tively as foci intersect npon a fixed elltpse whose foci are A 
and B. [xxxni. 52. 

981. If and Qq be chords of a parabola parallel to the 
tangents at q and p respectively, and Oo the poles ot PQ and 
pq] shew that aOPQ = 27 Aopq, and that, if pq be parallel to a 
fixed line, the locus of the intersection of PQ with the tangents 
at^ and $ is a similarly situated parabola. [xxxiii. 58. 

982. The locus of the foot of the perpendicular from any 
point on a given diameter of a conic to its polar is a rectangular 

hyperbola. [xxxilL 76. 



lB^FQ^lB^Q, 



[XXXI. 65. 
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983. Any focal chord being drawn to a hyperbola, the circle 
on the portion of it intercepted by the tangents at the vertices 
as diameter touches the hyperbola. [xxxill. 110. 

984. The envelope of tbe axes of a conic which toucbeg 
four fixed tangenta to a circle is a parabola.* 

985. Shev how to solve the problems of the two mean 

proportionals and of the trisection of an angle by the interseo- 
tions of a circle and a parabola.f 

986. The axes of a conic, any chord and the normals at its 

extremities touch one parabola. Deduce a eonstmction for 

the centre of curvature at auy poInt.{ 

987. If the tangent and normal at any point of a conic 
meet the major and minor axes in TO and tg respectively, the 
radius of curvature at the point subtends a right angle at 
(Gt^ gT). To what does this reduce in the case of the para- 
bola? 

988. If from any point of a conic a lino equal to the radius 
of curvature be drawn normally outwards, the circle upon it 
as diameter la orthogonal to the orthocycle. What does this 
become in the case of the parabola? and what in the case of 
the rectangular hyperbola ?1| 



♦ One triangle ABC is self-polar to eveiy oooio inscribed in the given qoodrila* 
teral ; and the axes of any one of them produced to infinity determine a second lach 
triangle 0 oo »' wilh respect to it. The conic inscribed in AliC aad O oo oo' ig a 
Az«d pttmbo^ wboM direeteix ii «taity Men to be the dlnmeter of the qnedriktenJ, 
rince the orthocentre of ABC ia the centre of the circle. 

t See Descartes Geometria lib. Ill p. 91 (rxl. Schooten, 1659). 

X £xz. 862, 986-992, do. arc to be found, with or without solutions, in Steiucr'a 
pocthomous work Vorktungem Hber tgnthtt'ueke Gtometric, Theil. ii pp. 80, 2U6-212, 
222-8, 242 (ed. 2, 1S76). On Us theorem Ex. 998 eee NtmrnOf AaMak$ xir. 100 
(1855) ; Hoosel Intrml. A la Geotnetrie Superieurt p. 231 (Paris 1865). 

[1 In the rectangular hyperbola the diatiu tor of curvnture at any point is equal to 
the normal chord, as Mr. WoUtenholmc than pix)rcs. Take on the curve three points 
ABC end thdr oithooentce 0\ then OA inodnoed to meet the ciide Uuon^ ABC 
again ia Uiaefeed hj BC^ and its halves^ wluB ABC ooakaM^ beoooM the nonnal dioid 
and the diameler of enrvatme at 
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989. If oo, hfi^ cy be three couples in an involation, shew 
that 

[aabc] . [fibca] . [ycab] = {aa^7l • IWya} . [cr^\ « - 1, 

where t^^^^^I denotes the cross ratio Also if a6a2e be 

any five lines in a plane, shew that 

[e,abcdl,[c.abde],{d,abec] = U 

990. If Oil, OBf OOf OD are ooncnmnt normals to a 

conic, the parabola which tondies the tangents at ABCD teaches 

the axes and the polar of O, has the diameter through O for its 
direetrix,* and is the polar reciprocal of the rectangular hyper- 
bola through ABCD (Art. 114 Cor. 1) with respect to the 
original conic Determine the focus of the parabohLf ££x. 379. 

991. The tangents from any point of an ellipse to its 
auxiliary circles are equal to the real and imaginary semi-axes 
of the confocal hyperbola through the point. 

992. If ahcd and a^y^ be two tetrads of points on a conic, 
the joins of (a^, a^) and (c^7, 78) ; [ac^ 07) and {hd^ ^h) ; (ad^ ah) 
and (6c, ^y) meet in a point. And if aa, bfi^ be concurrent 
chords gf a coniC| then 

{aaJ7l + {/3M + » I. 

993. If aa, l^^ cy are the foci of three conies inscribed in 
the same quadrilateral, then 

oc.oe : ay.ay^hcfic : hy.^y, 

994. If a oonio A curcumscribes a conic B harmonically, 
then B is harmonically inscribed to ^ ; the rectprooah of .il are 



* Afl a Moood piCDof that 0 lies on the directrix, Mr. Peadlebury remarks that the 

normals are nl.io noniial^ at jiointe abed to the rvcipnK'.il «>f the conic with respect 
to so that tlic jiiiriibola haa for its rcciprocjil the recUmij ulav hyjyfrbola O ifM-d, and 
thereforB subtcude a right angle at 0 (Art. 155 Ck>r. 2). Thus also wc sec that the 
BoniMit meet the original oome again in pointa A'VC'l/ wbieh lie on » reetugalar 
hy perfaol* throogh 0; since the xodproaib of ABCD touch a parabola haTtngftr 
dteotrix the cliutiifter through 0 to the reciprocal of the original conic, iin.l (by 
irfmmetry) the recii>rocal3 of A'B'CD' touch a parabola having the same direcUu. 
t The parabola is the same for all confocal oouics. 
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hannonicallj inscribed to the reciprocab of B ; and the centre 
of penpective of any triangle bacribed in A and its reciprocal 
widi respect to B lies on A,* 

995. A conic is harmonically inscribed to every circle ortho- 
gonal to its orthocycle ; and a rectangular hyperbola hannoni- 
caily circumscribed to a circle passes through its centre. 

996. The asymptotes of a conic are conjugate lines with 
respect to any parabola harmonically inscribed to it. 

997. Giyen that a focas of one conic is a pomt 0 on the 
orthocycle of anotheTi if one of the conies be harmonicallj in* 
aoribed to the other| it toncfaes the polar of 0 with respect 
to the latter. 

998. Describe the oonio with respect to whieb five giren 
purs of lines are ctmjngate; and the conies which pass fhrongh 
4, 3, 2, 1 or 0 given points and are haimonically circomscribed 

to 1, 2, 3, 4 or 5 given oonics. ^, 

999. The orthocycles of the conies which touch two given 
lines SA and 8B at given pobts A and indnding the circle 
on AB as diameter and the point-otnde at 8^ are coaxaLf 

1000. The number of conies touching five given conies la 
3264.t 



* On Ezx. 994-8 aae Ploqnel's AmIb gicmitri<piit Ac pp. 58, 91, 108, 181-S; 
Prof. H. J. B. Smith On mwm Otemetrieal ComHructiotu (PraoMdingi of tbs London 

Xntheinatlcal Society vol. 11. 85-100). One conic is said to be harmonically in- 
■eribed or circiimsrrilxMl to another when it ia inacribed or obeamaaibed to a tnangi^ 
aelf -polar with respect to the latter. 

t Qaddn Gtcmdrieal Candrmetion ^. p. 81. Henoe ^bc. 577 note) Um fheorem, 
hMf pointed oat I17 Mr. B. W. Geneie and Mr. Tony, that the direetrut ^9 eonie 
it a common chord of the omV, its orthocych and a poiut-circle at the /ocut. NotioO 
that every straight line thmu^'h a focoid, as being an asymptote or aelf«COIljagatS 
diameter of a circle (pp. 142, JU'J), ia at right angles to itself. 

X See Salnumli C!mim AMtieaa (end) ; Ha^phan Proe, Ltmiom itatk, 8oe* voL IZ. 
148 and X. 87 ; and the original memoir bj Ghaelos, I)i (ermination du nomir9 dt§ 
gtct'ums eoniqfies qui duiroit touchrr ritKjue mnrhts donmes dordre tiutUt/^fttf OH 
Mti^aire a divarte* autrts cofKiitums (Ck^mptes Hendoa LVUI. 225, 1864). 
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Adama, ri, 15^ 22(L 

Algebraic geometry, xlvi, Ivi, Ixi, Ixxiii. 

Almagoet^X Ixxix. 

Analogy, Kepler's prindplo of, Iviii ; 

Boeicovich on, Ixxiv. 
Analysis, geometrical, xix, xxxi, xxxii. 
Angle. Soe Triaection. 
Angles, projection of, S19 ; reciprocation 

of, 311, iiSii; reversion of, Ixxxvi, 

823-^ 

Anharmonic properties of oonics, IxTTiii^ 
262—7. See Cross ratio. 

Antipho, XXX, xli, Ix. 

ApoUomus, xlii— 1, Ixxxiv, 72^ B2^ 154, 
195 ; on focij 81j 111 ; on concurrent 
normals, xlvii, 2Si. 

Application of areas, xxv, xliii. 

Archimedes, xxxt — xlii, lix, 59* 

Archytas, xxxi. 

Aristfeas, xxxiii, xItL 

Asymptotes, xliv, 143 — 154, 327; known 
to Meniechmus, xxxii ; tangents at in- 
finity, Ixii, Ixix, lAl; of the equilateral 
hyperbola, lllii ; of the circle, 309, 379. 

Auxiliary circles of conies having a 
common focus and directrix are coaxal, 
353. 

Ax(», of the projection of a oonic, Ixiii. 

See Self-polar triangle. 
Bcllavitis, on inversion, 857. 
Bernoulli, on the latus rectum of a section 

of the scalene cone, iLL 
Besant, 1^ 2LL 

Booth, 189, ai6; on th« right 

cone, "231; on minor directrices, 348. 
Boscovich, vi, Ixxi— Ixxvii, 8^ 90^ 1U6^ 311. 
Bosse, Ixi, Ixiv. 

Briauchon, Ixxviii — Ixxxi ; his hexagram, 
289—291, 295, 352: and Poncelet, 175, 
191, 282. Ix'vul 

Brougham, vi. 

Cantor, xxxiv, xlii. 

Cardioid, 356^ SZL 

Camot, Ixxviii, 266, 291^ 228 ; his theorem 

projective, 313. 
Cartesian, mechanical description of the, 

178. 
Casey, 293. 



Oaustica, 845. 

Cayley, Ixx, 175, 828. 

Central conies, 7.5—112. 

Centre, the pole of the lino at infinity, 
Ixiii ; of the parabola, Ix, 26i 

Centre-locus of a conic, given four tan- 
gents, Ixviii, 282, SM ; given four 
points, 283, 365 ; of an equilateral 
hyperbola, given throe points, ILL 

Centroid of a quadrilateral, 2&L 

Chasles, lii, Ixxxii— Ixxxv, 266^ 320^ S30, 
339, 379 ; problems from his Sections 
Coniques, 300^ 336. 

Circle, a come whose directrix is at in- 
finity, 7j 22 ; focus of a conic regarded 
as a point-circle, 210 ; line-circle in- 
cludes the line at infinity, Ixxr, 344; 
or coincides with it, Sllfl ; every drcla 
passes through the foooids, 2i22; reci- 
procal of a drclo with respect to a 
jK>int, 342. See Quadrature. 

Circular points at infinity, 308. See 
Foooids. 

Circuminscribed polygons, 189, 140, 2i& 

Clifford, IH6i 2hL 

Coaxal circles, transformed into other 
coaxal circles, Ixxxvi ; determine an ia- 
volution on any transversal, ; conies 
throufjh four points project into, 318; 
confocoLs reciprocate into, 344, 
See Orthocycle. Auxiliary circles. 

Complement of a line, Ixxv, lL 

Concentric circles, touch at the focoida, 
; oonics having double contact pro- 
ject into, 319. 

Concurrent chords of a conic subtend an 
involution at any point on the curve, 
276. SeeFrt'gier. 

Cone, sections of the, 192—206 ; problems 
on the scalene, 211—3, 334, See 
Sections. 

Confocal conies^ intersect at right angles, 
84. 351 ; lt»cu8 of vertex of right auglo 
which touclies two, fiS; problems on, 
182—140, IfiJi; conies touching four 
lines project into, All ; reciprocate into 
coaxal circles, 844, 3ai ; tninsformod 
into other oonfocals, Ixxxvi, 23i. 
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Conic, the general, 14—85; Newton's 
organic description of a, Ixvi, Ixxxiii, 
136. 204, 32b, 358 ; Maclaurin'a de- 
scription of a, 2M ; determined from 
five data, Ixr, Ixxx, 136, 164, 175^ 279— 
2h3, 2H«— 290, 879; subject to four 
conditionsj Ixviii, 276 — 285 ; conic and 
point projected into, a circle and it« 
centre, 318 ; or into any other conic 
and p>oint, 329. 

ConjuKTite diameters, xlix, 95—102, 233. 
327 ; of liyperbohi, 149, ISj^ 169j con- 
struction of a conic from given pair of, 
125. L52 ; determine a pencil in involu- 
tion, 259, 2fi5. 

Conjugate nyperbola, Ixxv, 101 , 1^ 

Conjugate lines and points with respect to 
a conic, Ixiii, 270, 278. 2>il ; every two 
conjugate lines through a focus are at 
right angles, 270^ 310, 312, See Heaae. 

Conjugate triads with respect to a conic, 
213 ; lie on circles orthogonal to the 
orthocycle, 211 ; or which pa*8 through 
the centre, 171^ 213. See Self -polar. 

Conoids, xl, 2137 

Continuity, history of, Iriii, Ix, Ixxiil, 
Ixxxi, iLLL 

Coordinates, used by Apollonios, xliii ; 

in space, L 
Correlative figures, 346. 
Cotes, edits Newton's Principia, Ixv: his 

theorem of harmonic means, Ixxi, 2Zfi. 
Cremona, Ixxxiii, 265, 292—4, 22L 
Cross ratio, 249 — 290 ; projoctivity of, 

251. 812, 828; history of, lii, Ixiv, 

Ixxxiii— ixxxT. See Anharraonic. 
Cube, its duulication reduced to the 

problem of tne two mean proportionals, 

xxviii, IM. 
Cubics, Newton on, 801, 82L 
Cunynghame, 177. 

Curvature, 214—222, 279^ 877 ; coordi- 
nates of the centre of, xlii, xlviii; 
Steiner's property of concurrent circles 
of, 22H, 23t>^ 251 ; circles of curvature 
invert into circles of, 357. 

Curves, generated by com pounded motions, 
xl ; regarded as limits of polygons, xxx, 
Ix ; organic description of, Ixx, Ixxxvii, 
178. 

Dandelin, discovers the focal spheres, 2M ; 
his proofs of Pascal's and lirianclion's 
theorems, 2fiL 

Davies, Ixxxvi, 213, 257. 

De Beaune, on envelopes, SiS. 

Degeneration, of conic into line or line- 
pair, 77i 144, 171, 278, 2ii4. See Circle. 

De la HircTxTv, Ixxi, 112, 16lj ail ; the 
orthocycle discovered by, 90, HI; on 
transformation, 329. 

Delnmbre, li. 

Delian problem, xxviii, 189. See Cube. 
Desargues, Ix — Ixiv, Lxxx ; on involution, 
261,277; polars, 2*.»1; tran8formation,222. 
Descartes, Ixi, 189, 266, 345^ iiZL 
Determining ratio, Ixxi, L Sec Directrix. 



Diameter, of a conic, 23 ; of a quadri- 
lateral, 138, 251L See Centre-locus. 

Director circle, two uses of the term, 90, 
165. See Orthocycle. 

Directrix, history of the, liv, Ixv, Ixxi ; the 
polar of the focus, Ixxi, Ih ; a conic, its 
orthocycle and a point-circle at either 
focus intersect on the corresponding, 
32^ ; of parabola inscribed in a triangle, 
57. See Steiner. 

Double contact, conies having, 2ZS. See 
Concentric circles. 

Double rsciprocation, 31fi. 

Dual figures, 346. 

Duality, discovery of the principle of, 

Ixxviii, 290, 346. 
Eccentric circle, 3, 9^ 28, 821^ Ixxri; 

works founded upon the, IxxiL 
Eccentricity, use of the term, 211 ; of 

conies in the cone, 197. 
Educational Times, problems from, 141, 

336. 362—377. 
Eg}'ptian geometry, xvii, xxii, xxvi, 
Eisenlohr, xxii, xxvi 
Eleven-point conic, 284, 365 ; degenerates 

into nine-point circle, 171, 285. 
Ellipse, names of the, xliii, 125 ; area of 

the, xli, 221. See Central oonics. 
Elliptic com passes, Iviii, 114, 178. 
Envelopes, 31i 
Equicross, the term, 250. 
Equilateral hyperbola, 167—177, 842, 852; 

conjugate to the focoids, 278, 309. 
Euclid, xix, XXXV ; on conies, xlvi ; Kiir.i.47 

proved by dissection, xxiii. See Pohsms. 
Eudemus, xviii, xxiv, xxix. 
Eudoxus, xix, xxxii ; his cubatnre of the 

cone, xxxviii. 
Euler, 211^ 242, 21L 

Eutocius, xxxiii, xxxvi, xxxix, xlii, 45, 194. 
Evolutes, xlviii, 2^ ; homographic pairs 

of, Ixxxvi, 858. 
Exhaustions, xxxiv, xxxvii, xli, Iix« 
Fagnani's theorem, liiL 
Faure, IM. 

Feuerboch's property of the nine-point 

circle, 355, 371. 

Figure on the axis, 82. 

(luxiona, Ix, Ixxi. 

Focal spheres, 196—206. 

Foci. Apollouius on, xlv. 111 ; named by 
Ecpler, liv, Ivii ; Desargucs on, bdii ; 
regfarded as point-circles, 210; Poncelet 
on, Lxxxi, 211 : of the projection of a 
conic, Ixiii ; Fliickcr's definition of, 
ail ; foci of an involution, 259, 261.309. 
See Conjugate linea. Confocal conica. 
Directrix. 

Focoid, the term. 281, 308. 

Focoids, Poncelet 's discovery of the, lxxxi, 
311 ; their relation to the foci of conies, 
2fil, 299, aiil ; and other curves, 811; pro- 
jection of any two points into, 2l5 ; all 
ci rcles i)aas th ro u gh and concen trie circles 
touch at the, Si>2 ; constant relation of a 
figure moving in itsowH plane to the, 310. 
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Foens of parabola, lir, Ixxi ; not disooTerod 
by ApoUoniuB, xlv, tlL See Kepler. 

FrcgicT, theorem that a chord which 
subtends a right angle at a given point 
on a conic paucs through a fixed point 
on the uonnal, 122, ITGj, 276^ 324, 2^ ; 
its analogue in si^mioc, ^k. 

Fr6gier-point, 349^ 3M, 223. 

Frisch, Wi. 

Gardiner, 805. 

Gaakin, 1G5, 280, m 295, 335. 379; 
theorem that the circle througli anj con- 
jugate triad with rocpect to a conic is 
orthogonal to the orthocycle, 186, 211- 

GemLnus, xxiv, xliii, IM, 

Gcneae, 163, 212. 

Geometry, no royal road to, xx. 

Graves' theorem, 123. 

Gregory St. Vincent, Ixxi, Ixxix, 166, \f<9. 

Halley, on the parabola, xlix, Ixxxiv ; 
editions b^, xlii, Ixjuut. 

Halphen, 

Hamilton, ; his determination of the 
focus and directrix in the cone, Ixxii, 
2M- 

Hammond, 178. 

Harmonic, the term, xxvi. xlv, liv ; ranges 

and pencils, liv, Iv, Ixxix, 254, 313 ; 

property of a quadrilateral, 254—6; 

points on or tangents to a conic, 276. 
Harmonically inscribed and circumscribed 

conies, 37 1>. 
Heilberg, xxxv. 
Henrici, 252. 

HeAsc, theorem that if two pairs of sum- 
mits of a quo^lrilateral are conjugate to 
a conic the third are conjugate, 

Hexagon, inscribed in a line-pair, liii, 
21il; Pascal's, 286—8; Brianchon's, 
28')— 291. 

Hexastigm, 29L 

HipiK)crate8, xix, xxvii— xxx, Ififl. 

Hirst, 

HomographicT the term, Ixxxt, 2SQ. 

nomographic, figuros may be placed in 
perspective, 312, 828 ; correspondence 
of jxjints and lines m reciprocal figixres, 
2G'J, dM. See Cross ratio. 

Homology, Ixiv, Ixxxv, 292, 821. 

nomothetic conies, 305. See ParalleL 

Home, proof of the anhannonic proper- 
tics of conies, 2^ 

Hultsch, li. 

Huyghcns, 221, Mh. 

Hyperbola, why so called, 82, 195 ; a 
continuous curve, 10, 310 ; a quasi- 
ellipee, Ixxv, 101, 1^ 22Il ; degenerate 
forms of, Ivii, 285. Sec Central conica. 

Ideal chords, 311. 

Imaginary, transition from the real to the, 
Ixxv; diameters of a hyperbola, 101, 
153, 180 ; circukr points at infimty, 
gU8; foci, 310, SLL 

Infinite chords of a conic, ratios of the, 
Ixxvii, 149, 163. 

Infiuitesimalii, method of, Ix. 



Infinity, the line at, 82, 808, 822 : pandlqi 
meet at, lix, Ixii ; change of sign on 
pawling through, Ixxiv. See Oppoei:^ 
mfinitics. 

Ingram, 35uL 

Inversion, 854— 8, 364, 3IL 
Involution, lii, Ixii, 257 — 281. 
Joachimstal, 

Join of points or lines, 252. 

Kempe, on linkages, Ixxxvii. 

Kepler, yL, Ivi — Ix ; on tlie farther focm 

and the centre of the parabola, Iviii, k ; 

his doctrine of the infinite, lix ; of the 

infinitesimal, Ix; of continuity, Iviii, 

Ixxiii. 
Lagrange, vi. 

Lambert, on the parabola, Ixxxr, 57, 29S ; 

theorem in elhptic motion, 237, 248; 

in parabolic motion, vi, 247. 
Lame, 2IiL 
Laquidre, HSL 

Latus rectum, according to Apolioniiia, 

82 ; in the scalene cone, 211. 
Leibnitz, Ix, Ixxi, 222. 
Lemnincate, 357, 364. 
Le Poivre, 

Leslie, Ixxii, 125. 186. ISL 
Levett, 6L 

Limiting forms of conies. See Degenov 
tion. 

Line at infinity, 82: parallel to every 

straight line in its plane, 308, Sii; 

a factor of every line-circle, Ixxv, ; 

its relation to the conies, 144, 810, 341. 
Linkages, Ixxxvii. 
Loci, the earliest writer on, xxviL 
Locus ad quatuor lineas, xlv ; Newton's 

proof of the, Ixvi, 2fifi ; proof by ortho- 

Eonal projection, 235 ; theorems of 
>esargue6 and Pascal deduced from 
the, 277, 2MI ; property of focus snd 
directrix <le<luced from the, ajS2 ; reci- 
procal of the, Ixxxiv. 2^3, 340. 346. 
Logarithms, geometrical representatioa 

of, ififi, 
Lunes of Hippocratci*, xxix. 
Maccullagh, 216, 
Macdowell, 260, 292, 350— «. 
Maclaurin, Ixxi, Ixxx, 128, 216 ; his con- 
struction of a conic, 2M ; theory of 
pedal curves, 345 ; on attracuons, 
Ixxxii. 
Main, 219, 222. 

Maxima and minima, Apollonios on, 
xlvii. 

Mean proportionals, problem of the two, 
xxviii, xxxi, xxxix, xlviii, 45. 11^ 

377. 

Mechanical proofs of geometrical theoremi^ 

xxxvii, 2H3— 4. 
MenKchmus, xxix, xxxi, 45, 194. 
Menelaus, theorem of the six segments 1. 
Minor axis of hyperbola, 76, 347. 
Minor directrices, 346 — 8, 352. 
Mtibius, Ixxxiii, 267^ 302, 330. 
Mongc, Ixxiii, Ixxvui, 2hiL 
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Montucla, Iri. 

Moore, 290. 

Mulcahy, \xxxn, 221. 

Neil, bis rectification of the semi-cubical 
parabola, 22LL 

Newton, Ixiv — Ixxi ; his property of the 
tangents to couics, Lxriii, Ixxix, Ixxxiv, 
3A!a ; organic description of curves, Ixix, 
Ixxxiii, 136, 301 ; property of the dia- 
meter of a quadrilateral, lxriii, 282. 
232 ; on the Locus ad quatuor lineas, 
Ixvi, ; rational transformation, Ixvi, 
3M; the equilateral hyperbola, 122; 
the projection of cubics, 321. 

Nine-point circle, Ull ; Feuerbach'a pro- 
perty of the, 302, 857, 321 ; Casey on 
the, 223 : of a nght-angled triangle, 
Sfi^ See Eleven-point conic. 

Normals, concurrent, xlii, zlvii, xliz, 128, 
224, 228. 2Gd, 378. 

OmElic, 2227"^ 

Opposite infinities adjacent, lix, Ixii, Ixxt, 
310. 

Organic description, earliest use of the 
method of, xxxi; of curves, xxxiii, 
Ixix, Ixxxrii, Sill ; of surfaces, Ixx ; 
of the rectangular hj'perboLi, III; of 
Cartesian ovals, 178. See Conic. 

Orthocyclc, the term, 280 ; characteristic 
property of the, 88—90, ; Gaskin's 
theorem that the circle through any 
conjugate triad with resj^ect to a conic 
is orthogonal to the, 186, 274 ; Pliicker's 
theorem that the orthocycles of all conies 
touching the same four lines are coaxal, 
280, 335, Sii See Directrix. 

Orthogonal projection, 229 — 242 ; applied 
to curvature, 221, 235. 

Orthoptic Bumouts of a quadrilateral, 
X\S. 

Orthosphere, 280. 

Osculating circle, the term, 222. See Cur* 

vaturc. 
Pappus, li— Ht. 

Parabola, 44 — 61 ; why so called, xliii, 
82, 125 ; touches the line at infinity, 
144, 241 ; properties of triads of tan- 
gents to the, xlv, 55-7, 72, 272^ 360—1 ; 
conjugate triads with respect to the, 
274, 281, 294. 358 : point-reciprocal of 
tEe; .1457351— 'iTSee focus. 

Parallel conies, 2iifL 

Pandlel projection, 2.16. 

Parallels meet at infinity, lix, Ixii. 

Pascal, Ixiv, Ixxix, — 8; applications 
of his hexagruni, 5«j ITS^ 290, SS^i 

Feaucellier, Ixxxvii, 3.^8. 

Pedal curves, 370. See Maclaurin. 

Pendkbury, 361^ .378. 

Perspective, 3U7, i^20. 836 ; homograph ic 
plane figures may be placed in, 22^ ; 
Sercnus on, Iv ; Desargues on, Ixi ; 
Bosec on, Ixiv. 

Peyrard, xxxv. 

Picquet, 280, 385, 560. STS^ 

l*ierce Morion, lUG^ 2QSIm 



Plato, xix, XXX, xl. 

Pliicker. on tangential coordinates, lh& ; 

his definition of foci, Ixxxi, 311. See 

Orthocycle. 
Pole and polar, the terms, Ixxriii. 

Polar equations, 31. 

Polars, 30j 1111 ; with reepect to the circle, 
ht ; ApolIoniuB on, xlv, liv ; Desargues' 
theory of, Ixii, 3211 ; reciprocal, 268 — 
271, 'Sag : metric relation of any point 
and its polar to two fixed points and 
their, 332. See Reciprocation. 

Polygon, inscribed or circumscribed to a 
conic so that its sides pass throuj^h 
given points, 295, 802, 349, 359; cir- 
cuminscribed to oonfocal conies, 189. 
140. See Curves. 

Polyhedra. See Solids. 

Pouoelet, Ixxiii, Ixxxi, Ixxxiv, 277, 295, 
844, 346 ; on homology, Ixxxv ; on the 
four foci of a conic, Ixxxi, 21L Bee 
Brianchon. 

PorL2^ms, Euclid's three books of, 11, lir. 

Potts, Ivi. 

Poudra, xl, Iv, IxL 

Proclus Diadochos, his list of early geo- 
meters, xviii. 

Projection, orthogonal, 229 — 242 ; parallel, 
226 ; central or conical, 807— :J20 : of 
cubics, 321 ; of solids, Ixxiv ; Brianchon 
on, Ixxix ; Mobius on, 33U. See Per- 
spective. 

Ptolemy, 3^ ; theorem of the six segments 
ascribeil to, li. See Almagest. 

Pythagoras, xviii, xxii— xxvii. 

Quadrature, of the circle, xxvi, xzix, xzx, 
xxxix; of the i)arabola, xxvi, xxxvii, 
52 ; of the hyperb.)la, 166, 190, 22L 

Quadrics, Ixxxi, 2H0, 305, 833 ; ruled, 
Ixxxiv, 2i<ii ; of revolution, xl, 213 ; 
polar prajjerties of, Ixii, 291, 322 ; in 
homologj-, Lxxxv ; reversion of, 342. 

Quadrilateral, properties of the complete, 
lii, 254 — sii ; in relation to conies, Ixii, 
Ixvii, 274—285, 3ii4, 333, 338; projected 
into a {)amlli-logram, Ixxix ; or other 
qu:idrilateral, 316. 

Quetelet. Ixxxiii, 204, 295^ 346^ 357. 

Kange, the term, Uii, 249. 

Reciprocation, 337—864. See Duality. 
Polar». 

Rectangular hyperbola, xxxii, xlviH. See 
EquilatcraL 

Rectification, of the circle, xxxix, xl ; of 
the semi-cubical parabola and the 
cj'cloid, 221 ; quadrature of the hyper- 
bola reduced to the rectification of the 
parabola, liifi. 221. 

Renoiif, XX. 

Ueni^haw, Ixxii, 212. 

Reversion, Ixxxvi, 821 — 8; properties of 
minor foci and directrices proved by, 
3 16— 8, 3^ ; of quadrics, 349* 

Rhind ivipyru?. xxii, xxvi. 

lU>bertson. Ixxi, 20ii. 

lloberval, xl. 
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Bonch6 and de Comberoosse, 294—5, 

819. 321. 
Routh, Ti. 

Salmon, Uxxvi, 133. 140. 164. glO. 277. 
2m— 7, 290^ 3u5" 312, 319, 33.3. 

m 

Sections, the conic, how disooTered, xxxi ; 
wh^ nnmcd parabola, ellipse, hj'perbola, 
xliii, 82, 195 ; of any cone by an arbi- 
trary plane. It, Ixiii. See Coue. 

Self-conjngate. See Self-|X)lar. 

Self-polar triangle, conic* having four 
common points or tangents have a 
common, Ixii, 274— C, 332; inscribed or 
circum)*cribed to a second conic, 272 — 4, 
831, 379 ; the axeM of a conic and the 
line at nifinity detiirmine a, 365, 2ZL 
Bee Orthocycle. 

Serenus, liv. 

Berret, proof of Gaskin's theorem, 

Bimplicius, xxix, xxx. 

Bimson, lii, 2M. 

Smith, IL J. 8., Ixxxvi, 322. 

Solid loci and problems, zxviii, zxxiii, 

Bolida, the five regular, xx, xxiv, xxxiii ; 
semi-regular, xxxvi. 

Steincr, bLXxii, 312; theorem that the 
directrix of a parabola inscribed in a 
triangle paMes through the orthocentre, 
67. 281, 290, 326^ SJni ; on cross ratio, 
Ecxxv, 257, 2iI2 ; on triads of concurrent 
osculatmg circles, 228^ 236^ 857. 

Stubbs, 3.'>7. 

Btunn, 27L 

Bubcoutrary sectionB, 210 -2. 



Supplemental chords, xliv, xlix, 95. 

Sj'ivester on linkages, IxxjcviiL 

Taltot, 1^ 2G4, 321. 

Tangential coordinates Ixviii, 156. 344>. 

Taylor, J. P., proof of Peuerbach^ 

theorem, 191, 355. 
Thales, xviii, xx, ixxr. 
Thesetotus, xix, xxxi. 
Torry, 224, 312- 

Townsend, Ixxxviii, 216. 249. 280, 287, 
295—7, 330, 344i 351^ 358—9. 

Transformation, homographic, Ixrri, 829. 
See Homographic. 

Triangle, through the axis, Ir, Ixiii, 2Dfi ; 
inscribed or circumecribod to a conic, 
271 — 4; orthogonal projection of «ny 
triangle into an eriuuateral, 237. Sc« 
Self-polar. 

Triscction of an angle, xxrii, IxzIt, 14L, 

189. 299, 377. 
T7baldi,~ia 

Umbilicus, 5. See Ombilic. 

Viviani, xxxiii. 

Walker, G., Ixxii ; J., 212- 

Wallis, 221—2, 22fi. 

Walton, geometrical problema, 161. 189, 

lai. 
Webb, aUL 
Whitworth, 

Wolstenholme, problems by, 121. 168, 
184 ; proof that the diameter of curv*- 
ture at any point of a rectanguhir 
hjperbola is equal to the normal chord, 

3/7. 

Wren, property of the parabola, Ixxxr, 
2aii ; rectification of the cycloid, 221- 



THE END. 
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ShQIitOblLA. BookL iro. taaA BodkIL tfo. SaM. 



LATIN AND GREEK CLA88-B00Ka 

Taolttora. An Elementary Tiatin Book on a new prinoiplo. Bj 

the RcT. J. L. ijpa^ror. M.A 2 ' 
A Latin Primer. By lU v. A. C. Clapin, M.A, 1*. 

Auxilia LaUna. A Series of Progressive Latin BxenriMI. Bf 
M. J.B.Baddeler.M.A. Fnap.8T0. Parti. Aocidenec. 3rd BdittOB, i iffl i eai 
2^ Part IL Uh Edition. rvTised. 2iL Key to Part II. 2*. 6d. 

^Scala Latina. Elementary Latin Bzereiaes. By Ber. J. W. 

Dam, M.A. New EdltioD, with Vocab«lary. Fcap. 8vo. 2*. 6d. 

PaisagoB for Tranalation into Latin Ptose. By Prof. U. Nettle- 
Xatin Proae I<eiloi». B^ PNt Ghiudk. ILA. 9th Bditioo. 

Fcap. 8to. 2*. 6d. 

Tales for Latin Prose Composition. With Nolw and Toetfen- 

larv. By C>. 11. WelU, M.A. 'i*. 

JLoalytioal Latin EzoroiMa. By 0. P. Mason, B.A. 4th Edit 

Parti., U6d. Partll.feei. 

By T. C3oLUNb, M.A., IIxlav MAbXEU or tuk Latin School, 

NawroBT, Bum. 

X»tin Sxoralaes and Grammar Papers. Gtli Edit. Vcup. Svo. 1? . 6ff. 
Papers in Latin Prose and Verse. With E x a min at i o n 

Qoectioiu. 4th KditioB. yoap. 8»o. Sa 64. ..».., 

in Oreek Prose and Yearn, With Bzamiaation Qoflflioni. 



3rd Edition. Fcap. 8to. 5«. 

Easy Tranalationa Orom Nepos, OMtar, Oloero, livy, dxix for 
tiatoLatia. WitkKslss. Si. 
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■oala Onsoa : a Sehee of Klementary Greek Exercises. By Ber. J. W,'. 
I>Kfk,]C^,HiiB.ir.BMdll«7.M.A. SrdSdltioii. Foap.Sro. a*. 6&.. 

Onek Verse Oomporftlfla. Bj O. PMon, MJL 6th Sdition. . 

Crown Hvo. 4c. 6d. 

Greek Partiales and tlieir Combinations according to Attfa Ullgai 

A Short TreatiJA. Br F. A. T»lej, M.A., LL.D. 2». 6cL 

Rudiments of Attio ConBtruotion and Idiom. By the Be v. 
W.aooavt«.lLA..lssislMit]lMtvat17|viB|te8dbML 9tk 

Bt A. IL M. BvBMiAii, M. A., Wadum Collboi, Ohqbd. 
First Latin Leitoni. It. 

Idacellaneous Latin Exercises. Fcap. 8vo. 1$. 6<f. 

Xasy Latin Szeroises on the Syntax of the llevised Latin Primer 

■ad Bherlsr LsIIb PiiiBMr. Wtth YMalmlMy. Croim8vo. at.6d. 
Easy Latin Pastagei tor Unseen Translation. Foap. Sva U. Gd. 
lAtin VooabnlailM tor BQwtition. and Edition, revised. Feap. 

8to. la. 6d. 

lAtin Xjcamination Papers in Grammar and Idiom. Grown. 
8to. 2*. 6d. Key (for Taton aod PhTftte Stadento onljj, 8a. 

Ghreek Examination Papers in Oramaar and XdlooL St. 6d. 
Qraak Testament Selections. 2nd Edition, enlaiged, with Notes 

and Vocabulary. Foap. 8to. 2». 6d. 

Bt ths Bst. F. Fassx, MJL, Br. Johm'b Colxxqz, CiMBBmoa. 

Belogss Latin» ; or, First Latin Beading-Book, with Tt^gH*** Mdee- 
and a Diotionazy. Mew Edition. ViaH>> 8^ M. 

ICaterials for Latin Prosa Oo mp oi lt loia. NswEditibo. F«ap.9fo. 

28. (for Tntori onlj), 4*. 

▲ Latin verss-Book. An Introdnoloiy Work on Hexameters and> 

Pentameten. New Edition. Foap. 8to. 2a. E> y (f r Tutors onlyl, S.<. 

Aaalaota Qxmom Minora, with Introduotoiy Sentenoes, English . 

■elss,«BdaDlailoiiai7. VewMfHoa* Wmp*9f0, %k 
Materials for Qreek Prose Oompotftlon. Nsw Edit. Feqpw 9n» 

2b. 6d. Kej (for Tutor? onlj), 5*. 

Florilegium Foetloam. Elegiac Extraets from Oyid and Tibolios. 
KswliMaa. With Note*. Pk»p.8To.9a. 

AnttlfliOglft GrsBoa. A Selection of Choice Greek Poetry, with Noltl* 

Br F. St. John ThAckeray. UK and Chtaptr Edition. 16mo. 4s. 6d. 
Anthologia Latina. A Selection of Ghoioe Latin Poetry, from 

Naerias to Bo«th:itj<, mth NotoA. By R6T. V. 8k Joks nsskstsj. Bswfast 
and CQMap«r Edition, idmo. •!«. 6a. 

By H. a. Holden, LL.D. 

FoUomm SUvnla. Part I. Passages for Translation intoLstta- 
Ba^iao and Heroic Verse. 10th Edition. Poat 8to. 7«. 6d. 

I Part n. Seleot Passages lor Translation into Latin Xaii» 

sadOomloIsBfaleyOTM. SrdEdittoa. PMt8T0. fia. 
Volia SllTula, uve EologtB Foetamm An|(lieonim fai Lstinnai et^ 

Qrwcnin oonrerwB. 8to. Vol.11. 44. 6d. 

FoUorom Genturiss. Seleot Passages for Translation into Latins 
ssdOisSkPrsss. MNkMillsa. PsstSfo. ftk 
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TRANSLATIONS^ SELECTIONS, *e. 

*«* Many of the f oUowing books are well adapted for School Prix«f« 

AchylttB. Translated into EngHdl IkOM bj F. A* Pt^Ji 1I.A., 

LL.D. 2ndBditi0D. Stow 7«.6d. 

TruirMrl ialo Bai^iih T«m hy Aaaa Swanwiek. 4(li 
SdMoB. PMtSfO. 5«. 

Wanm, Iha OdM and GaniMn Smmlaie. In Bn^Uah Yene bj 
■ The Satirefl and Epistltt. Ill Sni^iili TtrM lij J. Coniag- 

ton, M.A. 7tb edition, (k. 6d. 

- Odes. Englished and Imitated by various hands. Is. &d. 
nato. Gocgiai. Tnuaalatod byE. M. Cope, 8vo. 2nd Ed. 7*. 

HiilalwM. Tfaiii,bjF.A.Fi]cj,M.A.,IiLJ>. BoLSm 4»» 

— TliMrtetiift. %aBa.bjF.iLM«j,llA.,Ili.D. Sm.Sro. 4«. 

—— Analysisandlndcxof tbeDia]o<^ics. By Dr. Day. PoKt8vo>6f. 

Sophocles. (Edipus Tyrannns. By Dr. Kennetly. I s. 

Thaooiltaa. In EngUab Yerae, bj 0. B. Calverley, M.A. New 
■Ottn^ TCftaid. Ckoimtfa. 9SatA 

Vnmalatlona into BagUili tad hMiu 0. 8. Oelwliif , ILA. 

Post 8to. 7*. 6d. 

TranalationB into English, Latin, and Greek. By B. C. Jcbb, 
H. Jnckton, Litt.D., wid W. B. Curr«7, M.A. Second Edition. fU. 

Bstracts for Translation. By R. C. Jebb, M.A., H. JaekeOBi 

Litt.D., (ind W. B. Currej, M.A. U. 6d. 

Bt U raa u WUtos. Tranelationa Bev. B. H. KtniM^y* DJ>. 
MlMilioa,mlssd. Qtmata. Si. 



REFERENCE VOLUMES. 

▲ Latin Ghrammar. By Albert Harkncss. Poet 8vo. 6«. 

By T. H. Key. M.A. 6th Thousand. Poet Svo. 8<. 

A Short Latin aranmuur for Bohoola. By T. H. Key, M.A. 
MUL lilfcMMoa. Vorttvn. Satl. 

A Otdde to the Choice of Olaiiloal Booka. By J. B. Mayor, M.A. 

3rd Bdition. with a happlementary Lict. Crown 8to. 4«. 6d. Supple- 
BMotaij List aepwr&telj, I*. 6d. 

The Theatre of the Grotto. By J. W« Dwialdiwi, BJ). 8th 

BdHioii. PortSro. 5^ 

SMgkifly'i Mythology Of fihPMM MA XMy. dIbBditiQa. S». 
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CLASSICAL TABLES. 
lAtln Aooidenoe. By the Bar. P. Fxotii, ILA. U, 
lAtln YenifloftUon. U, 

MoteibBhi QBBdiBi; or fha Shmi il m m ai Iht 

Irref^ular Greek Verhg and EloMBlMif flVM^ iMHlt iSA VlWUh OOBf 

■truotion. N«w Iwiifcioiu It* 

BielnMiid Waam §at lk« OfUHMi nHUh, At. I. Ma, 

M.A. Iv 

The PriuoiplM of Latin Syntax. 1«. 

OriitTMlii A (hitalofltte of Vtba, Iiwgntorand DaieotiTe; their 
iMflfnn- form&tiona, taBMi, aad iaiezioni, iflth Pla^uUfB•loro•■tapliai^ 
itBlMlorfonB>tU»oCtonaM,(llto.4n. B7J.S.B«ird,T.0JI. KklllikMi 

aw A Aooiti (IfatM on). A. Bany, D J). NewBattkn. 

■omerlo Dlaloot Its Leading FormB and Peooliarities. QfJ.flb 
Baird.T.O.D. Vcw KditUm. bj W. O. BoUwiford, LL.D. U. 

OfookAMUtanoa. 93rllMBo?.P.VM.MJL NowBdWo^ Ic 



CAMBRIDGE MATHEMATICAL SERIES. 

AilthiBOtlo for gphooto. By C. P«ndlo1nuy, ILA. 8id Bditmi, 
Btamrtyiied. with or witkont unren, 4c 6d. Or in two parts, Sk 6i. 

meh. 

Ex\MPLi:8 (nearly 8000), without answen, in a -<parato voL Ss. 

▲listen. Gboioo Mid Ghuioi. Bj W. A. Whitmrtb, ILA. 4A 
Mlftlaiii. ^ 

BncUd. Books I.-VI. and fMurlof BookiZI. and XIL By H. 

D«ij?hton. t". 6d. Key (for Tutom only), St. Book? I. and II., 2s. 

Snolld. Exercises on Euclid and in Modem Geometry. By 

J. MeDowelU M JL Srd Edition. 6«. 
Trigonometry. Plane. By Itev.T.Vyvyan.M.A. Srd Edit. St. 6d. 
Ooometrioal Conio Seotlona. By H. G. Willis, ILA* Man- 

Oonict. The Elementary Geometry oL 6Sll BdttioB, Wfiied aad 
enlarircd. By 0. Taylor, O.D. 4a. 6d. 

•olid Ooomitiy- By W. 8. Aldia, MX 4lh Bdil lOfiMd. 
OoooMlrioal Optloa. By W. 8. Aldio, ILA. 9td BdilioB. U, 
Bigid Dynamloi. By W. S. Aldis, BIA. is. 

Elementary Dynamics. By W.Garnett, M.A,,D.C.L. 4th Ed. 6*. 

Dynamics. A Treatise on. By W. 11. Bcsant, D.Sc. F.R.S. 7*. W. 

Heat An Elementary Treatise. By W. Gamett, M.A., D.C.L. 4th 
■ttUon. 4«. 

Elementary Physics. Examples in. By W. Gallatly. M.A. 4*. 

Hydnimeohanios. By W. H. Benni, D.Sc, F 4th Edition. 
FMtL HydrosMta. Sa 

Mathematical Examples. By J. ^^. Pyor, M. A., Assistant Master 
Kton CoiUtTf. and R. Prowde Bmith, M.A.., Aaiiatant Master at Cbeltetihata 
CoUain). (». 

Moohanlai. PmUmim in BknintHy. By W. Walton, ILA. 6« 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 
A 8$rtt9 tffEUmmtmp Trtatitti for tk§ m» ^fStnimH. 

A Progressive CJourse of Examplf^n. With Answers. By 



J Wat«on, M.A. 7th Edition, revised. By W. P. Goudic. 

Algebra. By the Kev. C. Elsee, M.A. 7th Edit. 4*. 



ProgressiTe Coarse of Examples. Bv £ev. W. F. 
M1Ii«liMl.H.A..aaAB.PTO«ds8BBlth,lLA. 4l]iBditt«k %.H, Wttk 

P]*ne Astronomy, An Intcodaotion to. By P. T. Main, IfJL 

MkMlliiw. Ift 

Oonlo Seotlona treated Geometrically. By W. H. Bemt, D.8e. 

•^th Edition. 4a. 9d. 8olation to thn Example*. i». 

Enunciations and Figures Separately. 1*. 6d. 

StaUcs, Elementary. By Kev. H. Goodwin. D.D. 2nd Edit. 3<. 
Hydroatatlcs, Elementary-. By W. H. Besant. D.Sc. 13th Edit. At, 
Menauration, An Elementary Treatise on. By B.T.Moore, MJL. '6$M. 



Prfnoipla, The First ThxM Saotioiur of, with an Appen- 

dLx ; and the Ninth and Eleventh SesllaH. l{y J. H. BfaUb MA* Mb 

Edition, b/ P. T. Main, M.A. 4«. 

ABilytlQilCtogBietryforSoboola. ^yT.O.YyTTMi. 4fhBdil. is.M. 
OmA JMlBiinli. Oanpanion to ttio. By A. O. Baa«tt, AJf. 

,8to. 5*. 



of Oommon Prayer, An Historical and Explanatory Treatiae 
on the. B/ W. O. Hoiaphrj, B.D. 8th EditktD. Foap. 8to. U, 6d. 

TflKl-lMokol ^FrolenorH.O.BMiitlar. 18lh Edition, 

mised. 5a. 

Concise History of. By Bey. H. a. BoBSVift Bant, 



Mas. Doc. Dublin. »th Kditioo roriMd. at.6d. 



ARITHMETIC AND ALGEBRA, 
8u th* tmofin§oim$ Serittm 



BOOK-KEEPING. 

Book-keeping Papers, set at various Public Examinationa. 

'CMleeted an<l Writt.-n by J. T. 
thoOttyof LondoDCoUive. Sr. 

at 
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GEOMETRY AND EUCLID. 

Xnolld. Books 1,-VI. and part of XL and XII. A New Trans- 
lation. By U. Duigbton. Books I. aud II. M'parately, 9». (Fee p. 8.) 

■ The Deflnitioos of, with Explanations and Exerdaefl, 
uA an AmMdfat of SnraMt mi Ih* Ilni Book. A. WtUb, MLA» 

Book I. With KotM and Sscreises for th« nm of Vwe» 

paratorj Fchnolf", ftr. Bj BraJthwaite AmpH, M.A. Bm. 4?. G-I. 

The First Two Books explained to Beginuera. Bj 0. P. 

llaooa* BkA. lad BdMsn. WMp. 8vo. 

The Enunciations and Figures to EuoUd's Elements. By Baiv. 
J. Bnn^D.D. N«w Edition. Fonp. 8to. U. WitLont the Figares, M. 

■lOToLiM on Euoilld and In Modem Oeometry. By J. McDowell, 

B.A. Crown 8to. 3rcl Edition roviMd. 6<. 
Geometrical Conic Sections. By II. G. Willis, M.A. (Spo p. 8.) 
Oeometrical Conic Sections. By "W. H. Besant, D.So, (Sec p. i).) 
£lementary Geometry of Conios. By G. Taylor, D.I>. (See p. 8.) 
An Introdnotlon to Anoiont and Modem O e om e trf of Oonloa. 

By C. Tuylor, D.D., M«*t«r of St. Jobn'fi ColL, Camb. 8vo. 15*. 

Solutions of Geometrioal Problems, proposed at 8t, John*! 
Ool]infnNnl8Wtol84S. By T. OMkia, MJl. fm. Ilk 



TRIGONOMETRY. 

Trigonometry, Introduction to Plane. Bj Bmr, I. G. Tj^TttB, 

ChjurierhouBe. ard Edition. Cr. 8vo. Sa. 6i. 

An Wtm&aUaef TkwitiM on MMuramtkm. By B. T. Moon. 
ItA. af.6i. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 
An Introduction to Analytical PlMM OMBttlT. By W. P. 

Turnbull, M.A. 8vo. 12.*. 

Problems on the Principles of Plane Co-ordinate Geometry. 

By W. Walton. M.A. Bro. 16*. 

TxUinear Co ordinates, and Modem Analytioal Goomtey of 
Two DuuuQsiouB. By W. A. Whitworth, M.A. Sro. Ite. 

Aa SlffBioltty TreatlM on BoUd Ooomiilry. By W. 8. AkKi, 

M.A. ith Edition reriied. Cr. ftvo. 6«. 

SUlptio Funotions, Slementary Treatise on. By A. Csyley, J>.Sc 
ProfoMor of Pue XathmsttesaS Gssitellgt JUnemtj* Dmgwn, Ua 
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MECHANICS & NATURAL PHILOSOPHY. 

StetiM, VIeatacAuy, By H. Goodwin, DJ>. Veip. Sfo. tad 

mmoxL 8s. 

DynamioB, A Treatise on Elcmentazy. Bj W. QwiioU, M^, 
D.C.L. ithEditUm. Crown Bro. 6*. 

DfiiMDlot. Bigid. By W. a AldiB. 1C.A. it, 

VfntaadM, A Traatiseoii. B7W.H.BaaHit,D.8e.,P.B.8. 7i.6dL 

Klementary Mechanics, Mbkmi hk. BjYi, Walton* ILA. New 

Edition. Crown 9to. fi«. 

Theoretloal Meohanios, Froblems in. By W. Walton, M.A. 3rd 
IdifeUm. DemySro. lit. 

H^dntteUot. l^W.H.BMUkt,D.So. Feap^Svo. ISttiBdition. it. 

Hydromcohanics, A Trcatiso on. By W. H. Besant, D.8e., FJLB. 

Svo. 4th Edition, rev Wd. Part I. H virnitatics. 5n. 

Optics, Qeometrical. By W. S. Aldis, M.A. Crown Svo. 3rd 
Edition. 40. 

Doable Reflractlon , A Chapter on FkMiMl'i Theoiy of. By W. 8. 

Aldis,M.A. 8to. 21. 

Bm*. An Blenentory TiotftlM on. By W. Oamett, M.A. , D.C.L. 

Crown 8vo. It h Edition. 4«. 

SUementary Fhyaios. By W. Gallatly, M.A., Asst. Examr. at 

Loodoa Uniranity. 4». 

Newton'8 Principia, The First Tliree Sections of. with an Appen- 
dix; and tbe Minth and SlavMith Seotkiiia. By J. H. En^a, ILA. CU 
MiMoii. Mltodl7P.T.MUB.lLA. ^ 

Attronomy, An IntrodnoUon to FUuio. By P. T. Mimt HA. 

Imp. 8to. cloth. 5th Edition. U. 
Practical and Spherical. By R. Main, M.A. 8vo, 14». 

Mathematioal Sxamples. Pure and Mixed. By J. M. Dyer, M.A. , 
and IL Pn>wde Bodtli, M .A. fit. 

Pun Matliematios and Natural Philoaophy, A Compendium of 
IMS and FonaalM in. By G. E. Sntlkar. Snd JUUttoa, reriied kf 
J. MeDowdl. M.A. tap. Sro. St. 6A 

Elementary Mathenuttioal VoaavUm, By the Bor. T. W. Open* 

thaw, M.A. 1<. 6d. 

Bementary Course of Mathematioa. By II. Ooodwiu, D.D. 

6th BdMOB. Bro. 16«. 

Problems and Examples, adapted to tho ' Blementaiy Goune of 

Mathamatict.' 3rd Edition. 8to. 5*. 

le iuik i M of Ooodwtai'k CMDMtloiiof PvolilfliBt and TTtmplii 

Bir W. W. Hntt, M.A. Srd Bditioim!«Tfawd and enlarBvd. 8to. fti. 

A Collection of Examples and Problems in Arithmetic, 
Algebra. Gcomotrj-, LoK^rilkma, Trigoiiomotrjr, Conic Sections, Meohanicii, 
Ac, with Answon. 9j Bar. A. Wrigl«y. SOth Thensawl. St. M. 
Emj. 10*. 6d. 
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TECHNOLOQICAL HANDBOOKS. 

Bdited H. Taimittir Wood, Seentaiy of tha Society of Arts. 
Dyeing and TltMnM MntiBC. ^rW.Cn»ok««, FJUa 5t. 
Olass Manufaotiire. By Heniy Ohaaee, IC^; H. JT. Ftnrall. 

and H. O. Unrris. 3*. 6d. 

Ck)tton Spiiming. By Biohard Manden, of Mandiaster. 3rd 
Sdltioii.t«viMd. teM. 

Ootton Weaving. By B. Marsden. [Prtparing. 

<Siamistry of Coal-Tar Ck>lours. By fkoi. Bemdikft. Taaalatod 

bj Dr. Kneobt of Bradford. 5i. 

WooUen and Wonted doth MannfkotiiM. By Boberts B6Mi« 

moiif . A'Histant Loctnrnr fit York-ihiro r<>llpi.'(i, Lpods. 7«. 6d. 

Colour in Woven Deaign. By lioberts Beaumont. {Preparimg* 

00m* in prcyaraiiim. 



HISTORY, TOPOGRAPHY, &c. 

B«me and tha flampagna ByB. Bom, MJL Whh 86 Kb* 
grayiaggaadHM^aadglMM. wifhAppanttK. Uif^ Sk. 

Old Roma. A Handbook for TrataOanL & Bom, MJL 

With Map* and Flanfl. Demy 8to. 5k. 

Xodam Soiopa. By Dr. T. H. Dyer. 3ndBdition, zeviied and 
eo atian id. Afota. DenjSro. Alia 61. 

TtaaBlitefyof ttMStaiipiofBoiaa. B]r])r.T.H.Dy«r. 8fo.l6t. 

The Hlatory of Pompeii: its Boildinga and Aniiqaitiea. By 

T. II. Dyor. 3rd Kdition, brought down to 1874. Port 8to. 7«. 6d, 

The City of Rome: its Histoiy and Monumenta. 2nd Edition, 
TOviMd bf T. H. Oyer. 5a 

Andent Athena: its History, Topography, and ItmaailH. ^jf 

T. H. Dyer. Super-rojral 8to. Cloth. 7x. 6d. 

Tha DaoUne of the Roman Bapublio. By Q. Long. 6 vola. 
Sf<Qi> Sa CMh* 

▲ History of England during the Early and ICddle Agea. Bj 

a H. Pearaon. M.A. Sad JBditioa reviisd and oalacged. 8to. YoL I. 
Ma ToLILUa 

Blltorloal Maps of EngbUBd. ^ 0. H. FanMn. VoGa Hid 

Bdition romod. 3U. 6d. 

Blalory of Fmgland. 1800-40. By Haiziei Martinean, with new 
end eopioos lades. 5 vela, 8a il eaoft. 

▲ Praotioal Synopsis of SngUak BlitQiy. Bj A. Bomi. 9di 

Edition, rc^i.^id. 8vo. 1:«. 

Liyea of the Queena of England. By A. Strickland. Library 
Edition, 8 toIb. 7*. 6d. each. Cheaper Edition. 6 vols. 5i. eaoh. Abridged 
Bdition. 1 tqI. 6d. Itarr Qaa«n of Soots, 8 vols. Sa aaoh. Tador aad 
gtBaftPrinewwaa.8a 
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XCtnliftni't Lite of EmA tti* OfMt (OtatttamiiM). TcaiulMli, 



lEh* lUamenta of General HlBtory. By Prof. Ijilv. IKtm 

Edition, brooffht down to 1874. Bmall Poet 8to. 3«. 6d. 

BiBtory and Oeography £zamlnation Papers. Compiled br 
O.R.Bp«iot»M^aiflMOolh«t. OromaffOh l^M. 



PHILOLOGY. 

WXBSTER'S DICTIONARY OF THE SNaUSH LAN- 
GUAQE. With Dr. M&hn's KtTmology. 1 Tol. UBS para, 8000 IDih- 
tmiioD*. SU i half c*lf, 30b. ; oalf or half nmim, SU. 6d.} raaiB, ik 
WHh AppendioM and 70 additUmal paffM of lUiiitrmfeloiia, Ittf pafMk 
ZU. 6d. : half calf, 22. ; calf or half nmsU. 21. 2s. ; nusia. 21. 10«. 

'TlniBMrrnuonoai.X«AU8HDionoMamT bxtavt.'— <}iMrt«riylt«vwi0,l873k 



Biohardson'a Philological Diotionarx of the Bngllah Language. 
Combining Explanation with St^ologr, and rvf^T^}j ilbutnitod by 
Qnotatiou from th« be«t Anthontte*. With a BapplanMll» fl vail. 41a. 



U. 6d. Supplement wparately. ito. 12a. 

Brief Hlatory of the Engllah Tiangnage. By PzoL Jarnea Hadkgri 
LL.D., Tala Ootkc*. VM^wStow la. 

mo Elementa of the TflngHih ^^**ir**lP BfR» Aidaai* lUK 

ai«t Edition. Post 8ro. U.9d. 
PhUologioal EMaya. By T. H. Key, M.A., F.B.S. 6vo. 10*. M, 

lAOgiuge, Its Origin and DeTeiopmeat. By T. H. Ksy, 1LA.» 
F.XA Sua. 14$, 



and Antonyms of the EngUsli lABgiHIit. 9y Anh^ 
deaeon Smith. 2iid Edition. Post Sro. 5«. 

Synonyma DUortmlnated. By Arohdeaoon Smith. Demy 8to. 
iiwM. M*. 



aible English. Gbapters on Word.s and IhnwM in flia Bible ani 

Pravor Book. By Rot. T. L. O. Davio«. 5*. 

The Queen s English. A Manual of Idiom and Ujaft. By the 
~ ~ lAUofd. eihMfliea. fte&Svo. li.wirad. U6i.dolL 



▲ History of English Rhythms. By Edwin Oaest* M. A., D.O.L. 

LL.D. New Edition, bj Profesjor W. W. Skeat. Demy 8to. 18«. 

Slements of Comparative Grammar and Philology. For Use 
in 8ohool«<. Br A. C. Price, M.A, flMlshmt Msitar ai Lssdi Onauaar 

SchooL Crown 8vo. 2*. Gd. 

Ouestions for Examination in English Literature. By Prof. 
W.W.Bkwt led RdWoB, lefML Si. ML 

fltflBOlogical Glosaary of nearly 2500 English Words da- 
riT«d from the Grook. By the K*jv. K J. Boyoo. Foap. 8to. S*. 6d. 

▲ Syilao Grammar. By Q. Phillips, DJ>, Srd Bdition, ealarnd. 

•to, 7a«i. 
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Charge BeU and Sann' 



DIVINITY, MORAL PHILOSOPHY, &0. 

Bt the Rkv. F. H. Scbivener, A.M., LL.D., D.CJi. 

Nofon TMtUMBtBB Otao*. Edilio major. Being mi enlarged 
BdrtfaWL opBlriiiiBr <h> WwdhMw ef Waitoett and Hort, >»a thow adgptad 

by tho Rc 

A natn Introdaetlon to tlw OrtUdma of tho Mew Teetomont 



8lz Leetorea ontheTeztorthollnrVielMMBt teBi^kb 

IlMd«n. Crown Bro. 6«. 

Oodos Bene Oantotelgienalo. 4lo. M$, 



The New TeetaaMPt ftg BngMrti BooJow. BythelateH.A]ford» 
OJk Vol L Fterfc I. ltd VOL Vk, ToLLBut n. tad Bdtt. 10k W. 
ToLIL Pert L tod Wit. Mk. Tel.ILntftII.MMIt.Mi. 

She Oreek Teatament By the late H. Alford. D.D. YoL I. 7th 
Mti.a8k Y9LILmmLU,4M, ▼eLin.lOtii Mit.Uk YeLIT. 
FertLMkMlt.iak mir.fertIL10lhMlt.14t. YeLIT.ailk 

OompanloQ to the Oreek TeataauBt By A, C BamM. HA. 

5th E<lition, reviM^d. Fcap. 8to. V 

The Book of Psalms. A Mew Tranelation, with Introdiiotiaoa,Ao* 
Bt the Vorv iu«t. J. J. Stewart FMOwee, D.D. 8va. YeL L eik MMsi. 

1&. VoL ll. 6th Bdit. 16t. 

Abridged for Schools. ♦Uh Edition. Crown 8to. lOi. WL 

Hlatory of the ArUoles of Beligkn. By C. H. Hardwiok. 8xd 



Blatory of the Creadl. By 3,K lolv, BD. Sled BdiliOB. 

Orown Sto. 7a. 6d. 

Pearaon on the Oreed. Carefully printed from an early edition. 

With AnaljsuaiidliidalijI. Walfoid.M.A. PortSro. Sa. 

Liturgies and Offices of the Church, for the Use of Engliab 

Bnador^, in lUtuitration of the Bouk of Cotnmua ^tnjer. By the Rer. 
BdwanI Biir»iidgf . M.A. Crown 8to. 9«. 

▲a Hiatorioel and Explanatory Treatise on the Book of 

Oommon Pnyer Br Rev. W. Q. Hamphry, B.D. Oth Edition. enLufad. 
am»U Pofft Sto. 2a. 6d. ; Cheap Kdition, la. 

▲ Ckmunentary on the GKiapela, Xpistlea, and Aota of tho 
Apostlet. ^ Ber.W. I>entoii,Al]L HewBdltkm. 7toIs.8to. 9$.m6h. 

Motea on the OateeMam By Bt Ber. Bishop Barry. 8th Bdit. 

Fcap. 2a. 

Vhe Winton Ghuroh Gateohlsi. Questions and Answers om the 
Teaching of the Choroh Oatechiam. Br th« l»t« B«t. J. 8. B. MoBeJI, 

LL. D. 4th KtlitioD. doth, 8a. I or in Fonr Parte, t«wed. 

The Ohunih Teaoher'a Iffaimal of Ghilatiaa Inatnwtioa. By 
Bav.M.V.8adkr. IBth Wiowaa, IbM. 
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FOREIGN CLASSICS. 

A Stria for «m In SchodUt wttA EngHUh Note$, grammmtieal mid 
tiylaiMlory, ami nndtringi of difficult i d iom a tie iapmttom, 

Fcop. Bvo. 

MOM WtllMwtataL B7]>r.A.BiMlilMim. 6ibBdH. 8f. 

Or the Lager and Piooolomini. 2s. 6d. Wallr^n stein's Tod, 2s. ed. 
— ^ Maid of Orleana. By Dr. W. Wagner. 2nd Edit. 6<l. 

Maria Stuart By Y. KaBtner. 2nd Edition. 1<. 0<i. 

GotKlM% Btomumn aad DorolhM. By B. Bdl, MJL, and 

■. Wolfcl. I*. 6d. 

BaUada, txom Ublaod, Ooetbe, and SehaUar. By C. L. 
" Miaitioa. U.9L 

par YolteiM. By L. Direy. 7th Edition. It. Gd. 
▲-MDtnres de T^ldmaom, pii Vinson, Bj C. J. Dalilla. 4tti 

■dition. 2a. 6d. 

MMtlUlMfllLftFontaiiM. 93rF.S.A.OaM. IStfaBdit. l«.6d. 
UmIoIa, ^ Z.B. Saintine. By Dr. Dnbne. 15th Thoiuand. It. 6A. 
ZAmartine's Le Tallleur de Pierres da BalnUPodnt. Bj 

J. Bolcllo, *th TbouFand. Fcap. 8to. Is. 6d. 

Italian Primer. By Bev. A. C. Clapin» MJl. Fcap. 8vo. U. 



FRENCH CLASS-BOOKa 

Vtaoh Graiximar tea Pnblio Schools. By Bar. A. 0. Olapa» MJU 

Foop. 8to. 12th K-iition, reviped. Ze. 6d. 

Trenoh Primer. By Bev. A. C. Clapin, MJL Feap. 8to. 8th Ed. It, 
MiiMf of Mflodh Fhllolnty* By Bcnr. A. 0. danin* Vtep* 9fo« 

4ChEdit. It. 

Jm KoavMU ^Micnr ; or, Frenoh Bfeada&l'a Gooqpiaioii. By 
M* Wm & IMk BffllloB. Voap. 8vo. 1a M. 

French Examination Papers in Miscellaneous Grammar and 
Idiomi. Compilad kgr A. 11. M. Stedman, MJL. 3nl Kditkn. OrowB 



KtJ to the above. By G. A. Schruropf, Univ. d Fvuioa. Grown 
8to. S». (For Teachors or Private istadeate only.) 

Mannal of n«noh Prosody. By Arthur Goeset. M.A. Crown 

8to. 3s. 

Lozioon of Oo nveraatioiial French. By A. fioUovay. 2nd 

PKOF. A. BARRERE'S FREh'CH COURSE. 

Elements of French Grammar and First Steps in Idiom. 
Orown Bjo. 9a, 

Rreoia Of Comx>aimUTo FroBoh OranBW. 8nd£ditioa. Oromi 
Junior andnatod Ftonoh Cowie. Ciowb 8?^ It. 6d. 
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Chorg^ Bm mid 8amt 



F. B. A. OASOV VBBHOH OODBflOL 

Flnt French Book. Fcap. 8vo. Ostb Tbousan-i. Ij. 
Baoond French Book. 47th ThoasaBd. Feap. 8to. U, M. 
goy to First tad D taoodFkwMhBooki. SthSdii. Fo|».8?o. S«.6tf. 
FNDoh Fable* ioc lto giii—i, in Rm»,witiilnaii. lAUiXhOttMad. 

MMtNttMoriAtatitaM. UfhTboanBi. llBip.8fo. U.U, 
Elstolres AmuBanteesklMasttm. WiiklMak UOiTliMi. 

VnolM Qkrido to liodflm Vkmok OoBfMlte. HibTlMm. 

Band. Femp. Sto. Iv f>i 
Frenoh Poetry for Uie Young. With Notes. 5th Edition. Fm^). 
8to. 2m. 

Materials for FkwoH Croae Oompoaltlon ; or. Beleetiope fm 
thebcrtBBflttFmiirtflMs. mhThoos. 1bm.8wo.Si. Bar»i*> 

Piwatenn OontamponlBB. With Holai. liDlli Iditlon, n* 

TiMd. I2mo. 3«. 6d. 

Le Petit Oompagnon; a Frenoh TUk-Bock te LMto OIliUNB* 

mi| i ngMMd .^it^^^ ^V u fL^^4 THiHlniMiiT of Hio j ^muii ^4 

Bngluh Lan^naget. tfUlTkeWMi* with Additiou. 16mo. 2(. 6d. 

Modem Frenoh EngUih and ISng^h- French Dlotlonary. 4th 

Edition, reT-i*t>d. In 1 vol I ' hi 

Ttao ABO Tourist ■ Frenoh Int«rpret«r of all ^***'* 
Waati. 9rF. ■.A.Qmow 1«. 

MODERN FRENCH AUTHORS. 
EdUad, with IntroductioDs and Notes, by Zkwm BollUB, Senior 

French Mastor at Dulwich College. 
Daudet's La Belle Nivernaise. 'Is. 6d. For Beginners. 
Hugo's Bug Jargal. Ht. For Advanced Studentt. 



OOMBERT'8 FRENCH DRAMA. 

Being a Selection of the beet Tragedies and Comediee of MoUdra, 
Baeine, Cornflille, and Toltaire. With AmiBeBta and Hotel Iw A. 
Oeabwt. Sew KditiaB. nriMd by F. B. tea. UnWhStai. U.«wk| 

UJiJUM. COKTKUT8. 

MoLiKBK:— Le Muaothropa. L'Araro. Le BomgcoU Qcntilhonnne. Le 
Tartnlle. Le MAlade Imagioaire. Lm timnm flataalM. Lw Wwuimtim 
de Boapio. Let PrMerunc Ridiraks, Lloola dw IteMfc 1/Bool* iM 
Maik. LelUdapbiaMMLai. 

Baant-FMdnTlMfeer. AtbaUe. IpUfMa. Lh Wiidiiii I* 
Tllbalde; eo. Lie Triw fcamfa. Aadrooiaqao. BtilaaaltH. 

P. OoavauxBi— LeOkL Boomm. Oteaa. ^ e ^f e— t e. 

▼oiousat— Cam. 



GERMAN CLASS-BOOKa 

A Concise German Grammar. By Frz. Lange, Ph.D., Prof< >f^or 
R.M.A. Wooliricb. In tiim- PnrtA. 'Part I. KlwDcntary. 2*. Part II. 
Intormodiete. le.M. Scr*e reodu. Part HI. Adraaoed. Inthtprwm. 

Materials for German Prose Oompoeitlon. By Dr. Bnchheim. 
llth Bdition, thoroa«U/ raTwad. Faep. Ke/, Parte L and II.. S*. 

FutsIILaadlT.,4a 
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0«nnaa OonversaUan Qmammc, Bg L Sjdow, Snd Sdition. 

Book I. Styinology. BdOkn. Ojltil li.t|. 

Wortfolgtt, or Rules and Exeroiset on the Oidv of Wovdi to 
Qmaan BeateaoM. By Dr. F. Stock. U. 6d. 

A 0«reum Qrmmmmr (or Public SchoolB. By the Ber. A. 0. 

CUp n un<] F. HoU MQllsr. 5th BdiUon. Vcmp. 2a. 6d. 

A German Primer, with Exercises. By Rev. A. C. Clapin. 1«. 
KotMbo*'! Dor Gefuigene. With Notes Dr. W. Stromberg. U. 
Oeman Kzaxninatlon Fapen in Grammar and Idiom. By 

B. J. Moricb. 2m. 6d. K«7 for Tutort onlj. 5^. 

Biminlnatton Ooune. By Prof. F. I^nge, Ph.D. 



HODBBN OSBMAN SCHOOL CLASSIOa 

Small Crown 8to. 
H^ysPabehaFiir Kinder. Edited by Prof. I . Langr, Ph.D. l«.6d. 
Bechstein'B Miirchen. Edited by JProL 11. Uager, Ph.D. 
B«iMdMBr.WMp«. Baited bj F. Liage, FbJ). 8«. <M. 
8aihi]tav*iJ«ftiidjym. Bditod by Ptof. H. Hi^v, Ph.D. 

BbAnan't MMir UarVtn, der Kafnor. By Pral. P. Lngtt III J>. 

U6cL 

Heyse'f Hans Lange. By A. A. Macdonell, M.A., Ph.D. 2^. 
AnerbMli*! Aof Waohe, and Hoquette's l>er Oofirorene Kqm. 

Bj A. A. Macdonell, M.A. 'is. 
Moaer 8 Der Bibliothekar. By Prof. F. Lange, PhJ). 2$, 
Eber't nine Frage. By F. Stonr, B.A. 2$. 
lk<iftag*t Dto JcfoniallsfeaD. By Prof. P. Leage, PhJ). St. M. 
OvttkOW^ £^ and Sohwert. By Prof. F. Lange, Ph.D. 2$. 
German Epic Tales. Edited by Karl NenhauB. rh.D. 2^. ful. 

BomorMkMn. NovelleUen der besten deutschen Uomoristen der 
Q«f«nii*t Bditadl)grA.A.IfMdoiMU,lI.A.(hun. Aathaciwd Mition. 

ENQLISH CLASS-BOOKS. 
Oompanittve Chrtnunar and PhJlology. By A. 0. Fkiea* ]fJk.» 

Asidstant Ma.«t<^r at T,f <'(l>» Omn.ni.^r School. 2^. I. 

TlM lUamanta of tha SngUsh Tj^ngnaga. By £. Adams, PhJ). 
Tha Rudiments of Zngiish Grammar and Aaalyrii. B!7 

S. Adam, Ph.D. letk Thoiisiind. FoapkSvo. !«. 

AOeoulaatEhnrteaaiofPanlng. BylkB. AdaaM,RA. l«.6d. 
Ssamples for Grammatioal Analysis (Verse and Pcote). 8a- 

iMted, Ac, by F. BdwardB. Kew edition. Cloth, Is. 

Notas on Shakespeare's Midsummer Nidi's I>raaiB. By T. 
OoflBMBStt, &A. la JattasOaw, 1«. ; Beaiy T., lai MmM, 
T«Bp«sl,l«. 
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George B§U and 9m* 



By 0. P. ICABOV.FiUow of Univ. CoU. London. 
Vint NotlotLB of Qrammtr for Tooag LwiMn. Fotp. 9mm. 

4lBtTlioujMuid. Cloth. 9d. 

Tbii SUq^ in BngUih Onanar for Joaior Ohini. I>— y 

ISino. 44tliTkouwuL U. 
OtttUneo of »«nn«H arammar (or the Use of Janior CUsmo. 

71«t TtaiOVMad* OtowvBTo. it. 
XngUah Grammar, inoltiding the PrinciplM of Orammlini 

AiM^jsU. aOthBditkm. 12&th Thoawnd. Grown 8to. 8a. 6d. 

▲ Shortav Kntftah Ofwamw, wHh oopiou SmnImo. titfi 

Thoasand. Ctowti 8vo. 3*. 6d 
Sngllah Grammar Practice, being the EierciBes separately. 1«. 

Oodo standard Grammars. Parts I. and II., 2d. each. Parts UL, 
I?.,MdT..M.«aolL 



NolM Of I iMio Pi , fthdr ProparaHon, Ae. Bw Jbi6 Biekard, 
rark L«De Board Sehool, Leedi, and A. H. Tajfla^ Itodliy BoMd 

Bdiool, Leeds. Ind Bdition. Crown 8ro. 2«. 6d. 

A Byllabio System of Teaching to Read, combining the advan* 

tf»i.'i of the ' Phnnip' and th«» ' I^ook-and-Say ' Systems. Crown 8to. 1«. 

Praotloal Hint! on Teaohlng. By Rev. J. Menet, M JL 6th Edit, 
reruwd. Crown 8to. paper, 2*. 

How to Esum the Merit Grant. A Mannal of School Manage- 
ment. By H. Major, B.A., B.8c. Part I. (;}rd Edit.) lofant School, i». 
Part II. (2nd Sdit. roruod) , i*. Complete, 6f. 

Teit Leaiona in Dictation. 4th Edition. Paper oover, 1«. 6d. 

Drawing Ooplee. By P. H. Delamotte. Oblong 8vo. 12«. Sold 

■tao in parte at 1«. eaoh. 
Poetry for the Bohoohxxnn. New Edition. Foap. Svo. 1«. 6d. 

The Botaaist't Poolwt-BoOk. With a oopiou Index. Bj W. SL 
Hayward. 0th Bditiaa, nrfnd. OrowmSvow ekithUBj^ 4e.M. 

Xzperimental Ohemlstry, founded on tlwWork ol SMoUnidt 

By C. W. Heaton. Port 8to. St. 

Lectures on Mueioal Analysis. Sonata-form, Fugue, Jkc. Illus* 
trated from Olswhri MiStsw. Bf trot H. PL limlitur. 7a M. 

GEOQfiAPUICAL SEKIES. By M. J. BARaiKaTON Wako, MJL 

With Illiutratioiu. 
The Map and the Ctompaas. A BeacKng-Boolt of Geography. 

For standard I. New K-IiLjoh. Rd. 

The Bound World. A Beadiog-Book of Geography. Foe 
SISBdudn. lOd. 

The chUd's Geognpky. For llio Vm of Boliooli and for Hmm 

Tnition. 64. 

The OhJld'a Geography of England. With IntrodootoryEzer- 
cMwe on the British lihs—dBiSphs^wWhQeMOioas. fla«L WMhwfe 

Quertions, 2a. 

Ooography Szamination Papon, (See History and Geography 
Papers, p. IS.) 
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EelpB* Oourse of Poetry, for Schools. A New Selection frooi 
Um Bnglitb PMta. oaref allr compiled Kod adapted to the aereral staadMlt 
fer >>X Hdfi. «M of H.1IL &ppM*0n of BoKoolii 

I. Infanta and Standards I. aad 11. ISi pp. nnall 8to. M. 
II. Standarda III. and IT. 224 pp. orown Sto. l«.8d. 
III. Staadarda Y.. VL, and Vn. S88 pp. poit 8to. 9h 
Or in PARTS. lalaaii. IdLi Btaadud L, Sit Stadnd II., tL 
StMMiard IIL, 4d. 



Fiotore Bohool-BookB. In 

Illustrmtions. Royal ISnie. 
The Infant's Primer. SA. Bchool Frimar. M.— Sflhoo! BmSw. Bjr 7. 
moHd. la.— PoatiT Book for SdhMli. U«-4ht Idfe <rf Joaq^ U— «h« 
flalliUue Ptemldea. B7 the Rer. J. S. CBailn. U— The Soriptore Miraolaa. 

By Che Rev. J. K. Clarke. 1*.— The New Tertamont History. Bj the Rer. 
J. G. Wood, M.A. Is.— The Old Teetamont Hutorr. Bj the EeT. J. Q. 
Wood, M. A. The Story of Bnnyan'i Pilgrim's " — 

of Martin Lather. By Sarah Crompton. U. 



BOOKS FOR YOUNQ READERS. 

A Series qflitadm^ Books dtMgnedU>/tidlU(Ueih^ 

^ Rmimg by very young CkUdntL, IhU 9oU. limp eloth,9d. each, 

Thote with an aateritk ham » Itontlqleee or ottwr mulnitknb 

^TlM Old Boathouss. Bell and Fan; or, A Ck>ld Dip. \ 

*Toi and the Cat. A Bit of Caka. The Jay. The I 
BhMkHMi'iKert. TtaiMAHed. lln.Bw. 

*The Cat and the Hen. Sam and Us Dog Badlsg. 

Bob and Tom Leo. A Wreck. 

*T]m New.bom Lamb. Tha Roaawood Box. Poor 



B7M.B. \ 



*Tha Two BsnoU. A Tala of Ilia Jnbilee. 

Wintle. 9 lUnitrationA. 

*Tb» Worf of Tliraa Monkeys. 
•■taqrofmOat TUdbyHsnsIt 



The Blind B07. 

Babes in a Wood. 



ThollMoCMri. ANowMoor 



The Day and the Knight. The New Bank Note. 
ThaBogmlTlrit. AXteg'aWalkaaaWlalM'iOiy- 

*QaMB Boo aad Bnsf Bee. 

*A First Book of Gtoographf. B|y«lieBef.O. A.^ohM. 

Dlortratad. Doable riae. U 



mUm 



SyUabic Spelliog. ByC. Barton. 

Standard I.. 3d. 



In Two Farts. lalsats, 94, 
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BELL'S READING-BOOKS. 

VOB BOROOLt AVB FABOOBXA& LIBKJLBIBt. 
Vom Ready, PotlSfO. iStron^iy bOMilMtbttft !«. 

•LIfiB of Columbus. \ 
♦Chrlmm'i O mm Mifc <Maotod.) 

mnrtnlea. (Bttaotad.) 

Short Liyeei for Yonag Ghfltai. 
Qreat SnglUbHOnen. Short Lives ol. 
Oreat Sootsmen. Short Lives of. 
*MMtenasn Beady. ByCapt Marryat. Illas. (Abgd.) 
•Poor Jack. By Capt. Marryat, R.N. (Abridged.) 

*8oott's Talisman. (Abridged.) 

* Friends in Fur and Fathers. By C^^wynlzTn. 

* DiclLeiiB's Little NelL Abridged from Vbo • The OM 

Ouriocity Shop.' 

Parables firom Nature. (Selected.) By Mrs. Gatty. 
Lamb's Tales from Shakespeare. (Selected.) 
Bdgeworth's TalM. (A Selection.) 

* aoUlver's Travela. (Abridged.) 
•BriblBMB OnM6L mnftnM. 
•AiaUan Mlghta. (A Sdeetfai BtwilktaD.) 

*The Ytott of WakafleUL 

•0tllliiBlBOKMi4A. "BgOv^UmsA (Abridgia.) 
Mills: OllBqpMtof Lifein France. ByA.B.8]]ii. { 

Poetry for Boys. Selected by D. Mnnrow \ 
•Southey's Life of Nelson. (Abridged.) 
•Life of the Duke of Wellington, with Maps and Plans. , 
*8ir Boger de Coverley and other Essays Irom the 



S(oiulard« 

rr.i K. 



F. YI. i 

ru. 



MiHlofMOoMt By J. Bancimam. 



Uniform with the Series, in limp cloth, 6(/. each. 
Bliakespeare's Plays. Kemble's Beading Edition. With Ex- 



yiMWiocy Voiss tor Mml Oss. 

JULIUS OBBATl. THE MERCHANT OF VENIPK. KING JOHH. 
HBRBT THK FIFTH. MACBETH. AB YOU LdKJi IT. 



i 0£OiiO£ akAAs h SONS, Tork Blreely 0«v«Bt 
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